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PREFACE. 


The Author’s Complete School Algebra wrs written to meet the wants 
of our Common and High Schools and Academies, and to afford adequate prepara- 
tion for entering our best Colleges, Schools of Science, and Universities. 

The present volume is designed for use in these advanced coursers of training. 
Thus, while it is thought that the former affords as extended a course in Algebra 
as is expedient for the preparatory schools, it is believed that this will be found 
to contain all that these higher schools require. 

It was deemed necessary to make the work,a complete treatise, including the 
Elements, for purposes of reference, and for reviews, and also in consideration 
of the fact that our higher institutions have various standards of re<juiremcnt 
for admission. In fact, there are few students of Higher Algebra who do not 
find it necessary to have the Elements at hand for occasional consultation. 

This Elementary portion is embraced in the first 150 pages, and contains all 
the definitions, principles, rules, and demonstrations of the Complete ScHOOh 
Algebra, with an abundant collection of Neto ExamfUm ; but from It all ele- 
mentary illustrations, explanations, solutions, and suggestions, are omitted. 
The whole is so arranged as to secure readiness of Tefereuce and Convenience 
of review by somewhat mature students. 

The subjects treated in Part III., which constitutes the Coures 

proper, will be l>eBt seen by turning to the Table of Contents. In this place 
the author wishes merely to call attention to a few of the dlstinguulilng fea- 
tures of this Part. 

1. The conception of Function and VaHoFle Is introduced at once, and ts 
made familiar by sucli use of it as mathematicians are constantly making.' iKfo 
one needs to be told that this Conception lies at the foundation of all higher 
algebraic discussion ; yet, strangely enough, the very terius kre scarcely to li^ 
found in our common text-books, and the practical use of the conc^tion in 
totally wanting. 
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2. The first chapter in the Advanced Course is given to an elementary and 
practical exposition of the Ihfiniteaimal jLneUi/m. The author knows from his 
own experience, and from that of many others, that this subject presents no 
peculiar difficulties to ordinary minds ; and everybody knows that it is only by 
this analysis that the development of functions, as in the Binomial Formula, 
Logarithmic Series, etc., the general relation of function and variable, the 
evolution of many of the principles requisite in solving the Higher Equations, 
and many other subjects, are ever treated by mathematicians, except when the^ 
attempt to make Algebras. No mathematician thinks of using the clumsy 
and antiquated processes by which we have been accustomed to teach our pupils 
in algebra to demonstrate the Binomial Formula, produce the Logarithmic Series, 
deduce the law of derived polynomials, examine the relative rate of change of a 
function and its variable, etc., except when he is teaching the tyro. Wliy not, 
then, dismiss forever these processes, and let the pupil enter at once upon those 
elegant and productive methods of tliinking which he will ever after use ? 

3. By the introduction of a short chapter on Loci of JCguationa, which any 
one can read even without a knowledge of Elementary Geometry, and which 
In itself is always interesting to the pupil, and of fundamental use in the sub- 
sequent course, all the more ahatrufte principles of the Theory of Equaiiom are 
illustrated, and the student is thus enabled to see the truth, as well as to demon- 
strate it abstractly. How great an advantage this is, no experienced teacher 
needs to be told. 

4. In the treatment of the Higher Equations, while some things have been 
discarded which everybody knows to be worthless, but which have in some 
way found a place in our text-books, a far more full and clear discussion of 
practical principles and methods is given, than is found in any of the trea- 
tises in common use. 

5. The important but difficult subject of the Discussion of Equations has 
been reserved till late in the course, for several reasons. Thus, when the pupil 
reaches this topic, he has become familiar with most of the principles to be 
applied, and has become sufficiently imbued with the spirit of the algebraic 
analysis to be enabled to grasp it. To discuss an equation independently and 
well, is a high mathematical accomplishment, and should not be expected of the 
tyro. It is nothing else than to tlilnk in mathematical formulas, and hence is 
one of the later products of mathematical study. It is hoped that the position 
assigned to this subject In the course, and the manner of treating it, will insure 
better results than we have hitherto been able to obtain. 

C* In the selection of Snljeets to he Presented^ constant regard has been liad 
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to the demandfl of the subsequent mathei/liatical course. This has led to tlie 
omission of a number of tbeorems and tuetluxls* 'vrlilcb, tbough well enough 
in themselves as mere matter of theory, find no practical application la a sub* 
sequent course, however extended ; and has, at the same time, led to the 
introduction of not a few things which the advanced student always finds occa- 
sion to use, but for which he searches his Algebra in vain, if he has at hand 
nothing but our common American text-books. 

• 7. In Method of Treatment the following principles have been kept constantly 
in mind : 1. That the view presented be in line with the mathematical thinking 
of to-day. 2. That everjrthing be rigidly demonstrated and amply and clearly 
illustrated. 3. When long experience has shown that the majority of good 
students have difficulty in comprehending a subject, special pains should be 
taken to elucidate it. 4. No principle is thoroughly learned by a pupil until he 
can apply it ; and nothing so fixes principles in the mind as the use of them. 
Hence an unusually large number of examples has been introduced. 5, It is 
often necessary to multiply examples in order to meet the requirements 6f the 
class-room. 

8. Anmera . — The answers to examples are not generally annexed to them in 
the text. There are, however, two editions of the volume, one with the answers 
at the end, and the other without any answers, except an occasional one in the 
lM)dy of the book. 

9. Finally, the Order of Topics is such that a student requiring a less extended 
course |han the entire volume presents, can stop at any point, and feel assured 
that what he has studied is of more elementary importance than what follows. 
Thus students who do not desire to study the Higher Equations can conclude 
their course with the first chapter of Part III.; and a course which includes tho 
first three chapters of this part will be found as extended as most of our 
Academics, and perhaps many of our Colleges, will find expedient. 

Such works as those of Seuhet, Ctrodde, Comberousse, Wood, HY.vfERs, 
Hind, Todhunter, Yodno, and most of our American treatiw^s, have been at 
hand during the preparation of the entire volume. To WniTWoiiTn’s charming 
little treatise on Cilice and Ohancet tho author is indebted for a number of 
examples in the last section. 

The quick eye and cultivated taste of my friend, Mr. W. W. Beman, A.M., 
Instructor of Mathematics in the University, have done me excellent service iu 
reading the proof-sheets, and have, I trust, given the work a degree of typo* 
graphical accuracy not usually found in first issues of such treatises. 
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WHli these words of ezplaiiatioii as to what I have attempted todOj I coiiinut 
the volume to the hands of my fellow-laborera in the work of teaeliiug, assured ' 
from the generous and appreciative reception wliich they have given my previous 
efforts^ that tliis will not fail of a candid consideration. 

EDWARD OLXEY. 

Univeusity ot Michigan, 

Ann Arbor^ July, lEta 
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INTRODUCTION. 


SECTION I. 

GENERAL DEFINITIONS, AND THE ALGEBRAIC NOTATION. 


BRANCHES OF PURE MATHEMATICS. 

1* l^ure Mathematics is a general term applied to several 
branches of science, which have for their object the investigation of 
the properties and relations of quantity — comprehending number, 
and magnitude as the result of extension — and of form. 

2. The Several Branches of Pure Mathematics are Arith- 
metic, Algebra, Calculus, and Geometry. 

Arithmetic, Algebi^ and Calculus treat of number, and Geo- 
metry treats of magnitude as the result of extension. 

4. Quantity is the amount or extent of that which may be 
measured ; it comprehends number and magnitude. 

The term quantity is also conventionally applied to symbols used 
to represent quantity. Thus 25, xi, etc., are called quantities, 
although, strictly speaking, they are only representatives of quantities. 

5. Number is quantity conceived as made up of parts, and. 
answers to the question, How many ? ” 

6* Number is of two kinds, discontinuous and Contour 
ous* 

7. discontinuous Number is number conceived as made 
up of finite parts ; or it is number which passes from one state of 
value to another by the successive additions or subtractions of finite 
units ; t. units of appreciable magnitude. 

8. Continuotis Number is number which is conceived as 
composed of infinitesimal parts ; or it is number which passes from 
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one state of value to another by passing through all intermediate 
values, or states. 

9. Arithmetic treats of Discontinuous ^umhevr-^i 
its nature and properties, of the various methods of combining and 
resolving it, and of its application to practical affairs. 

XO* Algebra treats of the Equation^ and is chiefly occupied in 
explaining its nature and the methods of transforming and reducing 
it, and in exhibiting the manner of using it as an instrument for 
mathematical investigation.'*' 

11» Calculus treats of Continuom Number^ and is chiefly 
occupied in deducing the relations of the infinitesimal elements of 
such number from given relations between finite values, and the con- 
verse process, and also in pointing out the nature of such infinites- 
imals and the method of using them in mathematical investigation. 

' Geometry of magnitude and form as the result of 
extension and position. 


LOGICO-MATHEMATIOAL TEBBIS. 

IS. A Proposition is a statement of something to be con- 
sidered or done. 

14. Propositions are distinguished as Axioms^ Theorems^ Lemmas, 
Corollaries, Postulates, and Problems. 

15. An Axiom is a proposition which states a principle that 
is so simple, elementary, and evident as to require no proof. 

IS. A Theorem is a proposition which states a real or supposed 
fact, whose truth or falsity we are to determine by reasoning. 

17. A Demonstration is the course of reasoning by means 
of which the truth or falsity of a theorem is made to appear. The 
term is also applied to a logical statement of the reasons for the 
processes of a rule. A solution tells hoio a thing is done ; a demon- 
stration tells why it is so done. A demonstration is often called proof. 


* Tb« common definition of Algobrt^ which m^kes Its dlstin^tsbisg features to 1>e th$ 
notation, and the we of the eigne. Is entirely at fault When Algebra first appeared in Europe, it 
possessed neither of these features t What was it then ? On the oUier hand, the signs ea» 
common to all branches of mathematics, and the literal notation is aspromineut In the Oalculas 
aa la Algebra^ and Is used, more or less, in common Arithmetic and Geometry. 
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18* A Lemma is a theorem demonstrated for the purpose of 
using it in the demonstration of another theorem. 

19* A CoroUary is a subordinate theorem which is sug- 
gested, or the truth of which is made evident, in the course of the 
demonstration of a more general theorem, or which is a direct 
inference from a proposition. 

^0* A ]?oat%ilate is a proposition which states that something 
can be done, and which is so evidently true as to require no process 
of reasoning to show that it is possible to be done. We may or may 
not know how to perform the operation. 

21* A Problem is a proposition to do some specified thing, 
and is stated with reference to developing the method of doing it. 

22* A Mule is a formal statement of the method of solving a 
general problem, and is designed for practical application in solving 
special examples of the same class. Of course a rule requires a 
demonstration. 

28* A Solution is the process of performing a problem or an 
example. It should usually be accompanied by a demonstration of 
the process. 

21. A Scholium is a remark made at the close of a discussion, 
and designed to call attention to some particular feature or features 
of it 



PART L* 

LITERAL ARITHMETICt 


OHAPTEB I. 

FUNDAMENTAL BULESk 


SECTION L 
NOTATION. 

A System of Notation is a system of symbols by means 
of which quantities, the relations between them, and the operations 
to be performed upon them, can be more concisely expressed than 
by the use of words. 

Symbols of Quaotity. 

26. In Arithmetic, as usually studied, numbers are represented 
by the characters, 1, 2, 3, 4, 5, 6, 7, 8, 9, 0, called ^ Arabic figures, or, 
simply, figures. 

27* In other departments of mathematics than Arithmetic, num- 
bers or quantities are more frequently represented by the common 
letters of the alphabet, a,h,c,... m, w, . . • a;, y, z. These letters 
may, however, be used in Arithmetic ; and the Arabic figures are 
used in all departments of mathematics. This method of represent- 


* Pabts I. «nd n. are a compend of the oloments of the science, designed as a review for 
pnplls who have studied some elementary treatise, or for the use of such teachers and classes aa 
desire a text*book which contains a condensed treatment of the subject, to be filled out by them* 
selves. In the author's Coxflbtb School Alokbra, the topics here presented will bo found 
fully amplified. Illustrated, and applied. All the elementary principles are here stated, and are 
nsually demonstrated. There are also numerous examples under every topic. The Ksr to the 
OoxFUETB School Aloxbha will Ihmish additional examples for use In connection with this part. 

t Pari 1. treats of the fhmiliar operatlona of Addition, Subtraction, KnltipUcation, Division, 
Involution and Evolution, and the theory of FracUons. The ohly diilSrenee between the pro- 
cesses here developed and the corresp^i&g ones in conmon Arithmetic grows oat of the 
sttation. 
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ing quantities by letters is often called the Algebraic method, and 
the method by the Arabic characters the Arithmetical* It would be 
better to call the former the Literal method, and the latter the 
Decimal. 

2S» The lAteral Notation has some very great advantages 
over the decimal for purposes of mathematical reasoning. Ist, The 
symbols are more general in their signification ; and 2d, We are 
enabled to detect the same quantity anywhere in the process, and 
even in the result. Thus it happens that the processes become 
general formulae, or rules, instead of special solutions. 

20. In using the decimal notation certain latos are established, in 
accordance with which all numbers can be represented by the ten 
figures. Thus, it is agreed that when several figures stand together 
without any other mark, as 435, the right-hand figure shall signify 
units, the second to the left, tens, the third, hundreds, etc. ; also that 
the stem of the several values shall be taken. This number is, there- 
fore, 4 hundreds -f 3 tens + 5 (units). 

In like manner, certain laws are observed in representing numbers 
by letters. 

First Law, 

30. Known Quantities, that is such as are given in a prob- 
lem, are represented by letters taken from the first part of the 
alphabet; while UnUnown Quantities, or quantities whose 
values are to be found, are represented by letters taken from the 
latter part of the alphabet. 

Accented letters, as a", ad”, a!'”, etc., (read " a prime,’’ " a sec- 
ond,” “ a third,” etc.,) and letters with subscripts, as a,, a,, 

etc., (read ‘‘ a sub 1,” a sub 2,” etc.,) are sometimes used. This 
form of notation is used when there are several like quantities in the 
same problem, but which have different numerical values. Thus, in 
a problem in which several walls of different heights, breadths, and 
lengths are considered, we may represent the several heights by a\ 
a”, a'", etc., or a^, etc. ; the thicknesses by b', V\ b"\ etc., or 
^8, etc., and the lengths by V, T, V”, etc., or l^, l^, l^, etc. 

The Greek letters are also often used both for known and unknown 
quantities. 

Second Law. 

3t. When letters are written in connection, without any sign 
between them, their product is signified. Thus ahe signifies that the 
three numbers represented by a, 5, and c are to be multiplied together. 
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S2* A character like a figure B placed horizon tally^ oo , is used to 
represent what is called Infinity, or a quantity larger than any 
assignable quantity. 

Symbols of Opebatiok. 

3S. The Symbols of Operation used in Algebra are the 
same as those used in Arithmetic, or in any other branch of mathe-. 
matics, and need not be recapitulated here. 

Exponents. 

An Exponent is a small figure, letter, or other symbol 
of number, written at the right and a little above another figure, 
letter, or symbol of number.* 

35* A Positive Integral JEooponent signifies that the 
number affected by it is to be taken as a factor as many times as 
there are units in the exponent. It is a kind of symbol of multipli- 
cation. 

30* A Positive fractional JEocponent indicates a power 
of a root, or a root of a power. The denominator specifies the root, 
and the numerator the power of the number to which the exponent 
is attached. 

37* The JEtadical Sign^ V, is also used to indicate the 
square root of a quantity. When any other than the square root is 
to be designated by this, a small figure specifying the root is placed 
in the sign. 

38* A negative focponent, i. e,, one with the — sign before 
it, either integral or fractional, signifies the reciprocal of what the 
expression would be if the exponent were positive, i, e., had the 
+ sign, or no sign at all before it 

Symbols of Relation. 

39* The Sign of Geometrical Ratio is two dots in £he 
form of a colon, : . 

40, The Sign of Arithmetical Ratio is two dots placed 
horizontally, •• . 

41* The Sign of Equality is two parallel horizontal lines, 
5= , The double colon, : : , is the sign of equality between ratios. 

• In giving this definition, !>« careftil itnd not «dd, “ and Indicates the power to which the 
nnml^ !• to he rallied." ThU ia false ; an exponent does not necewailly indicate a power. 
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42^ The Sign of Variation is somewhat like a figure 8 
open at one end and placed horizontally^ a . 

43* The Sign of Inequality is a character somewhat like 
a capital V placed on its side, < , the opening being towards the 
greater quantity. 

Symbols of Aggreoatiost. 

44. A Vinculum is a horizontal line placed over several 
terms, and indicates that they are to be taken together. The paren- 
thesis, ( ), the brackets, [ ], and the brace, | j. , have the same 
signification. 

45. A vertical line after a column of quantities, each having its 
own sign, signifies that the aggregate of the column is to be taken 
as one quantity. Thus, + a xis the same as (a — & c)x. 

-h 
+ c 

Symbols of Continuation. * 

46. A series of dots, or of short dashes, -, 

written after a series of expressions, signifies etc.’^ Thus, a : ur 

: ar* : ar^ ar* means that the series is to be extended 

from ar^ to ar*, whatever may be the value of n. 

Symbols of Deduction. 

47. Three dots, two being placed horizontally and the third 
above and between, , signify therefore^ or some analogous expres- 
sion. If the third dot is below the first two, %• , the symbol is read 
‘‘ since,’' ‘‘because," or by some equivalent expression. 

Positive and Negative Quantities. 

4S. JPositive and Negative are ternis primarily applied to 
concrete quantities which are, by the conditions of a problem, 
opposed in character. 

III. — A man’s property may be called positive, apd bis d^U negative. Dis- 
tance up may be called positive, and distance down, negative. Time l^^ore 
a given period may be called positive, and after, negative. Degiiees 0 on 
the thermometer scale are called positive, and below, negative. 

49. The signs -f- and — are used to indicate the character of 
quantities as positive or negative, as well as for the purpose of indi- 
cating addition and subtraction. 
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SO* In problems in which the distinction of posithe and negative 
is made^ each quantity in the formulm is to be considered as having 
a sign of character expressed or understood besides the plus or 
minus sign, which latter indicates that it is to be added or sub- 
tracted. The positive sign need not be written to indicate character, 
as it is customary to consider quantities whose character is not 
specided as positive. 

III. 1. — In the expression ~ ex, let the problem out of which it artfse 

be such, that a, m, and x tend to a positive result, and h and c to an opposite, or 
a negative result. Giving these quantities their signs of character, we have 
(•fa) X (— &) + (-fwi) — (— c) X (-fx), which may be read, " positive a mult^ 
plied by negative &, plus positive w, minus negative c multiplied by positive x.” 
Suppressing the positive sign, this maybe written, «(-- ft) + m ~ (— <;)x, by also 
omitting the unnecessary sign of multiplication. 

III. 3. — As this subject is one of fundamental importance, let careful atten- 
tion be given to some further illustrations. We are to distinguish between dis- 
cussions of the relations between mere abstract quantities, and problems in which 
the quantities have some concrete signification. Thus, if it is desired to ascer- 
tain the sum or difference of 468, or m, and 337, or w, as mere numbers, the 
question is one concerning the relation of abstract numbers, or quantities. No 
other idea is attached to the expressions than that each represents a certain num- 
ber of units. But, if we ask how far a man is from his starting point, who has 
gone, first, 468, or m miles directly east, and then 327, or n miles directly west ; 
or if we ask what is the difference in time between 468, or m years B. C., and 
327, or n years A. D., the numbers 468, or m, and 337, or n, take on, besides their 
primary signification as quantities, the additional thought of (^position in direc- 
tion. They therefore become, in this sense, concrete. 

Again, a company of 5 boys are trying to move a wagon. Three of the boys 
can puU 76, 85, and 100 pounds each ; and they exert their strength to move the 
wagon east. The other two boys can pull 90 and 110 pounds each ; and they 
exert their strength to move the wagon west. It is evident that the 75, 85, and 
100 are quantities of an opposite character, in their relation to the j)roblem, 
from 90 and 110. Again, suppose a party rowing a boat up a river. Their 
united strength would propel the boat 8 miles per hour if there were no cur- 
rent ; but the force of the current is sufiScient to carry the boat 2 miles per hour. 
The 8 and 2 are quantities of opposite character in their relation to the problem. 
Once more, in examining into a man's business, it is found tliat he has a farm 
worth m dollars, personal property worth n dollars, and accounts due him worth 
c dollars. There is a mortgage on his farm of ft dollars, and he owes on account 
it dollars. The m, n, and c ai:p quantities opposite in their nature to ft and a. 
JJiU opposition in character is indicMed by caUiny those qiumtities which ecm- 
tribute to one result positive, and those which contribute to the opposite result 
negative. 

SI* Purely abstract quantities have, properly, no distinction as 
positive and negative; but, since in such problems the plus or 
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additive, and the minus or subtractive ferjns stand in the same 
relation to each other as positive and negative quantities, it is cus- 
tomary to call them such. 

III.— In the expression 6ae — + Ucty — 2ad, though the quantities, a, e, d, 
X and y be merely abstract, and have no proper signs of character of their own, 
the terms do stand in the same relation to each other and to the result, as do 
positive and negative quantities. Thus, 5ae and Sxy tend, as we may say, to 
increase the result, while — and — 2ad tend to diminish it. Therefore the 
foilaer may be called positive termSt and the latter negative. 

ScH . — Less than zero. Negative quantities are frequently spoken of 
as ^4ess than zero.'* Though this language is not philosophically correct, 
it is in such common use, and the thing signified fs so shaiply defined and easily 
comprehended, that its use may possibly be allowed as a conventionalism. 
To illustrate its meaning, suppose, in speaking of a man’s pecuniary affairs, 
it is said that he is worth *4es8 than nothing; ” it is simply meant that his 
debts exceed his assets. If this excess were |1000, it might be called nega- 
tive $1000, or —$1000. So, again, if a man were attempting to row a boat 
up a stream, but with all his effort the current bore him down, his progress 
might be said to be less than nothing or negative. In short, in any case 
where quantities are reckoned both Ways from zero, if we call those 
reckoned one way greater than zero, or positive, we may call those reckoned 
the other way “less than zero,” or negative. 

53, The value of a Negative Quantity is conceived to hicrease as 
its numerical value decreases* 

III. — Thus —3 > —5, as a man who is in debt $3 is better off than one who is 
in debt $5, other things being equal. If a man is striving to row up stream, 
and at first is borne down 5 miles an hour, but by practice comes to row so well 
as only to be borne down 8 miles an hour, he is evidently gaining ; i. e., —8 is an 
increase upon —6. Finally, consider the thermometer scale. If the mercury 
stands at 20° below 0 (marked —20°) at one hour, and at —10° the next hour, the 
temjwraturo is increasing ; and, if it increase sufliciently, will become 0, passing 
which it will reach +1°, +2°, etc. In this illustration^ the quantity passes from 
negative to positive hy passing through 0. 

It appears in geometry, that a quantity may also change its sign in passing 
through infinity. Thus the tangent of an arc less than 90° is positive ; but if 
the arc continually increases, the tangent becomes infinity at 90°, passing which 
it becomes negative. 

Now, as we know of no other way in which a varying quantity can change its 
sign, it is assumed as a fundamental principle in fiiathematicB that, if a vary- 
ma quAKTmr changes its sign, it passes through zero, or infinity. 


NAMES OF DIFFEBENT FOBMS OF EXPBESSIOK. 

A JPolynomlM is an expression composed of two or morG 
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parts connected by the signs plus and minus, each of which parts is 
called a Unn» 

3S. A Monomial is an expression consisting of one term ; a 
Minomial has two terms ; a Trinomial has three terms, etc. 

dS. A Coefficient of a term is that factor which is considered 
as denoting the number of times the remainder of the term is taken. 
The numerical factor, or the product of the known factors in a tern, 
is most commonly called the coefficient, though any factor, or fhe 
product of any number of factors in a term may be considered as 
coefficient to the other part of the term. 

57 • Similar Terms are such as consist of the same letters 
affected with the same exponents. 


SECTION IL 

ADDITION. 

58* Addition is the process of combining several quantities, so 
that the result shall express the aggregate value in the fewest terms 
consistent with the notation. 

59* The Sum or Amount is the aggregate value of several 
quantities, expressed in the fewest terms consistent with the nota- 
tion. 

50* Trop* 1* Similar terms are united ly Addition into one, 

Dkm. — L et it be required to add toe, 5ac, — 2a<;, and — Sac. Now is 4 
times and 5ac is 5 times the same quantity {ac). But 4 times and 5 times the 
same quantity make 9 times that quantity. Hence, 4ae added to 5a<; make 9ae. 
To add — 2ac to 9ae we have to consider that the negative quantity, — 2ac, is so 
opposed in its character to the positive, 9ac, as to tend to destroy it when com- 
bined (added) with it. Therefore, — 2cte destroys 2 of jfche 9 times ac, and gives, 
when added to it, 7ae. In like manner, Sac added to 7ac, gives 4ac. Thus the 
four similar terms, 4ac, fkte, — 2ae, and — Sac, have been combined (added) into 
one term, 4ac ; and it is evident that any other group of similar terms can be 
treated in the same manner, q. s. D. 

61* Cob. 1. — In adding similar terms, if the terms are all posi- 
tive, the sum is positive ; if aXl negative, the sum is negative ; if 
some are positive and some negative; the sum takes the sign of that 
kind (positive or negative) which is in excess, 

ScH. — The operation of adding positive and negative quantities may look 
to the pupil like Subtraction. For example, we say 4-d and —8 added make 
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+ 2. This looks like Babtraotion, and, in one view, It is Subtraction. But 
why call it Addition t The reason is, because it is simply putting the quanti- 
ties together — aggregating them — not finding their difference^ Thus, if one 
boy pulls on his sleigh 5 pounds in one direction, while another boy pulls 8 
pounds in the opposite direction, the combined (added) effect is 2 pounds in 
the direction in which the flHt pulls. If we call the direetUm in which the 
first pulls positive, and the opposite direction negative, we have +5 and —8 
to add. This gives, as illustrated, +2. Hence we see, that the sum of +8 
andi —8 is +2. 

But the difference of + 5 and — 3 is 8, as will appear from the following 
illustration: Suppose one boy is trying to draw a sleigh in a certain direction, 
and another is holding back 8 lbs. If it takes 10 lbs. to move the sleigh, the 
first boy will have to pull 13 lbs. to get it on. But if, instead of holdinghach 
8 lbs., the second boy pushes 5 lbs., the first boy will have to pull only 5 lbs. 
Thus it appears, that the difference between pushing 5 lbs. (or + 5) and hold- 
ing back 8 lbs. (—3) is 8 lbs. 

In like manner the sum of $25 of property and $15 of debt, that is the 
aggregate value when they are combined, is $10. +25 and —15 are +10. 

But the difference between having $25 in pocket, and being $15 in debt, is 
$40. The difference between +25 and —15 is 40. 

02 . Cor. 2. — The sum of Uoo quantities^ the one positive and the 
other negative, is the numerical difference, with the sign of the greater 
prefixed, 

03. Cor. 3. — It appears that addition in mathematics does not al- 
ways imply increase. Whether a quantity is increased or diminished 
hy adding another to it, depends upon the relative nature of the two 
quantities. If they both tend to the same end, the result is an increase 
in that direction. If they tend to opposite ends, the result is a dimi- 
nution of the greater hy the less. 


04:. JProp. 2. Dissimilar terms are not united into one hy addi- 
tion, but the operation of adding is expressed by writing them in 
succession, with the positive tenns preceded by the 4 * sign, and the 
negative by the — sign, 

Dem, — Let it be required to add + 4<;y*, + 8a&, — ^^and — mn. Any* is 4 
times cy*, and Soft is 8 times ab, a different quantity from cy * ; the sum will, 
therefore, not be 7 times, nor, so far as we can tell, any number of times cy* or 
a5, or any other quantity, and we can only exprecB the addition thus : +8a5. 

In like manner, to add to this sum — 2a;y we can only express the addition, as 
4cy* + dab + (— 2xy). But since 2xy is negative, it te^s to destroy the positive 
quantities and will take out of them 2xy. Hence the result will be 4<:!y* + 8a5 
— 2ixiy, The effect of — mn will be the same in kind as that of — and 
hence the total sum will be 4<!y* + Zab — 2aiy — mn. As a similar course 
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of reasoning can be applied to any caiie, the truth of the proposition ap 
pears. 

Bch.— I n such an expression as 4cy* + SoJ — 2aey — «m,the — sign before the 
mn does not signify that It is to be taken from the immediately preceding 
quantity ; nor is this the signification of any of the signs. But the quan- 
tities having the — sign are considered as op^ting to destroy any which 
may have the + sign, and eics wrm. 

OS. OoR . — Adding a negative quantity is the same as subtracting 
a numerically equal positive quantity ; that is,m + (~ n^Js m — n, 
shown as above, 

Dem. — S ince a negative quantity is one which tends to destroy a positive 
quantity, — n when added to m (i. e. + m) destroys n of the units in w, and 
hence gives as a result 


00. J^rob. — To add polynomials, 

RULE. — Combine each set of similar terms into one 

TERM, AND CONNECT THE RESULTS WITH THEIR OWN SIGNS. ThE 
POLYNOMIAL THUS FOUND IS THE SUM SOUGHT.* 

Dem. — T he purpose of addition being to combine the quantities so as to 
express the aggregate (sum) in the fewest terms consistent with the notation, 
the correctness of the rule is evident, as only similar terms can be united into 
one (60, 64). 


07. JProp. 3. Literal t erms^ which are similar only with respeci 
to part of their factors, may be united into otieterm with a polynomial 
coefficient. 

Dem. — L et it be required to add oflw, — 2cx, and 2ma^. These terms are 
similar, only with respect to ar, and we may say 5a times x and — 2c times a; 
make (5a — 2c) times x, or (5a — 2c).r. And then, 5a — 2c times x and 2w times 
X make (5a — 2c + 2i») times a, or (5a — 2c + %m)x, q. B. d. 


08. l?rop. 4. Compound terms which have a common compound, 
or polynomial factor, may be regarded as similar and added with 
resjyect to that factor. 

Dem. 5(a;* — y*), 2(x* — y*) and — 3(a;* — y*) make, when added with re- 
spect to («* — y*), 4(aJ* ~ y*), for they are 5 4- 2 — 8, or 4 l^mes the same quam 
ti^ {x* y^). In a similar manner we may reason on cither cases, q. E. n. 


* This ie the proficients role, as exhlhitea on pfgc 45 of the CoMPbira ficsoen AnesSm. 
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ScH.— The object and process of addition, as now explained, will be 
seen to be identical with the same as the pupil has learned them in Arith- 
metic, except what grows out of the notation, and the consideration of 
positive and negative quantities. For example, in the decimal notation let 
it be required to add 248, 10506, 5008, 81, and 106. The units in the several 
numbers are similar terms, and hence are combined into one : so also of the 
tens, and of the hundreds. The process of carrying has no analogy in the 
literal notation, since the relative values of the terms are not supposed to be 
knosvn. Again, there is nothing usually found in the decimal i^dltion like 
positive and negative quantities. With these two exceptions the processes 
are essentially the same. The same may be said of addition of compound 
numbers. 


Examples. 

^1, Find the sum of 2a — 7a, — 3a -f a;*, and a — 3a5*. 

Find the sum of a* -- + 3a*5 — 5ai*, 3a* — 4a®5 -f 3J* 

- Sab*, a* +b* + da*b, 2a* - U* - 6ab*, Sa*b -h 10a5*, and - 6a» 

- Wb + 4a5» 4- 2b*. 

✓ 3. Find the sum of 5ca*a;* + ^ha*x* + mx*y*, and 10ca*»* 

— 2ba*x* -f S7nx*y*. 

•^4, Add 2x^ — ^ -f- X*, 6x*y — a5 + ix* — x*, and 2z^ — 3 

+ 2 A 

w 6. Add !(« + y) and ^(x — y). 

6 , Add ax+2by+cz, Vx 4 - Vy 4- 3y^— 2a;^ 4- Bz^, 4tcz — Bax 

— 2by, and 2ax — 4a/5 — 2 A 

7. Add cz — 2ay, 2az — Bay, my •— az, with respect to z and y. 
Add (a4-J)\^«— (24-w?)\/y,4y^4-(a4-c)A,3?iv/y— (3d— e)A, 

— 2ni/a5 4- \2aVy, and (??i4-«)A+(^ + 3c) v/a:. 
z' 9. Add X* ^ xy + y*, ax* — axy 4- cty*> and — by* + bxy 4 - &c*. 

10. Add a(x 4- y) 4- b(x — y), m{x 4- y) —yt{x — y). 

11. Add BmVx -^y 4- BnVx — y — B'^x — y — Bn^/x — y. 

12. Add 3a^^?"*^ 4- 5^^ — 2c, ~ 4- 8c, and — 6aa*t — 

Vx y 

—3c. 

^ 13. Add \^a* — x*, — }v^a* — x*, and ^a* — i*. 



14 


IXmtAI. ABlTBlOtTIO. 


14. Add ^ ^ and — 2a(** — 1)*'^. 

Vx* - 1 (*» - 1 )* 

16. Add i(^ - y-t + *-*). and i(xi +-y- 

w <y 

16* Add (< 1 - 5 - 4 - c)^/x* — y*, (a + 5 — c) (x* — y*)^i and 

(5 + <? — a) Vx* — y*. f 

17. Cpndense the polynomial 4tax^ — 3y* 4- 2<;« — 4m a/ 5 
•— -f into 2(a — 2m) yS -t-3(m — l)y* + 8c?a; 


SECTION IIL 

SUBTRACTION. 

69. Bvibtraction is, primarily, the process of taking a les9 
quantity from a greater. In an enlarged sense, it comes to mean 
toking one quantity from another, irrespective of their magnitudes. 
It also comprehends all processes of finding the difference between 
quantities. In all cases the result is to be expressed in the fewest 
terms consistent with the notation used. 

70. The IHfference between two quantities is, in its primary 
signification, the number of units which lie between them ; or, it is 
what must be added to one in order to ^produce the other. When it is 
required to take one quantity from another, the difference is what 
must be added to the Subtrahend in order to produce the Minuends 

71. iProh* — To perform Subtraction* 

Change the signs of each tbbk in the subtra- 
hend FROK + TO — , OR FROM — TO -f , OB CONCEIVE THEM TO 
BE CHANGED, AND ADD THE RESULT TO THE MINUEND. 

Dbm.— S ince the difference songht is what mast he added to the subtrahend 
to produce the minuendi we may consider this difference as made up of two 
parts, one the subtrahend with its signs changed, and the other the minuend. 
When the sum of these two parts is adde^ to the subtrahend, it is evident that 
the first part will destroy the subtrahend, and the other pait« nr minuend, WIU 
be the sum. « 
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Tku 0 , to perfonn the example : 

From 

Take 

Bubtrakend with eigna ehangedy 

Minuend^ 

Difference, 

minuend. If, tkerefore, we add the aeoond and third of them (that is, the Bub< 
trahend, with its signs . changed, and the minuend) together, the sum will be 
whSt is necessary to be added to the subtrahend to produce the minuend, and 
hence is the difference sought, q. e. d. 

72* Cor. 1. — When a jparenihesis, or any symbol of like significa- 
tion (44), occurs in a polynomial, preceded by a — sign, and the 
parenthesis or equivalent symbol is removed, the signs of aU the terms 
which were within must be changed, since the — sign indicates that 
the quan tity within the parenthesis is a subtrahend. 

73 » Cor. 2. — Any quantity can be placed within a parenthesis, 
preceded by the — sign, by changing all the signs. The reason of 
this is evident, since by removing the parenthesis accordhig to the 
preceding corollary, the expression would return to its original form. 


bax — 66 — 8d — 4 ji» 
%ax + 26 ~ 6d + 8m') 


— 2005 — 26 + 5d — 8m 
Sax — 66 — 8d — 4m 


8oo 5 — 86 + 2d— 12m 


If these three 
^ quantities are 
added together, 
the sum will 
evidently be the 


Examples. 

1. How much must be added to 8 to produce 12 ? What is the 
difference between 8 and 12 ? How much must be added to dax* 
— (the subtrahend) to produce Sax* + 2y* ? 

Aimcer. — To Sax* we must add hax * ; and to — by* we must 
add + 7.V*. Hence in all we must add bax* + 

2. From dx* — 2a?* — a; — 7 take 2a?* ~ 3a?» + a? + 1 

3. From a* — a?* take a* + 2ax + a?». 

4. From 1 + Sa;^ + 3a? + a?^ take 1 — 3a?^ + 3a?— a?^. 

6. From a?^ + 2x^y^ + y"^ take a?^ — 20 ?^^*^ -f- y^, 

6. From + x* — Say^ take — sVl + a?* + 3ay^. 

7. From ay* + lOVoF take ay + a?v^* 

8. From 6a?* — SVmn -f 1 take 6*a? -f (mn)^ — 1. 

9. From a^ h + V'a — i take 6 + a — (ct — 6)^ -H a/oST, 
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10. Bemove the parentheses from the following: 

a — j (6 — (j) — ; 7a — j3a — [4a — (5a — 2a)] } ; 

2(a — — a + — {a — 5 —2 {c — d)] ; 

3(2a^d^c)--5 {a-(2d + c)} + 2 {d - - a)}. 

11. Include within brackets the 3d, 4th, and' 5th terms of 3a5 

— + aa; — 10% + 50. Also the 4th and 5th. Also the 2d and 3d. 

Tueort of Subtraction.— Subtraction is finding the difference between 
quantities, that is, finding what must be added to one quantity to produce C.he 
other. This difference may always be considered as consisting of two parts, one 
of which destroys the subtrahend, and the other part is the minuend itself. 
Hence, to perform subtraction, we change the signs of the subtrahend to get 
that part of the difference which destroys the subtrahend, and add this result to 
the minuend, which is the other part of the difference. 


SECTION IV. 

MULTIPLICATION. 

74. MtUHplication is the process of finding the simplest ex- 
pression consistent with the notation used, for a quantity which 
shall be as many times a specified quantity, or such a part of that 
quantity, as is represented by a specified number. 

CoK. 1, — The multiplier must always he conceived as an ab^ 
stract numheTf since it shows how many times the multiplicand is 
to be taken. 

76m Cor. 2. — The product is always of the same kind as the muU 
tipUcand. 


77m I^ropm Im — Tlio product of several factors is the same in 
whatever order they are taken. 

Dem.— let. ax 6, is a taken 6 times, ora + a + a + a + a to 5 terms. 

Now, if we take 1 unit from each term (each a), we shall get b units ; and this 
process can be repeated a times, giving a times &, or & x a. a x b ^b x a. 

2d. When there are more than two factors, as dbc. We have shown that ab 
= ba. Now call this product m, whence (ibe = me. But by part 1st, me = cm. 

abe=zbaesz edb c^. In like manner we may show that the product of any 
number of factors is the same in whatever order they are taken, q. S. D. 


7Sm J^rop^ 2 When two factors have the same siyn their prod-- 
uct is positive : wJten they have dijferent signs their product is fieg^ 
ative. 
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Let the iFactors be + a and + ft. Considering a as the multiplier 
we are to take + 6, a times, which gives ah, a being considered as abstract in 
the operation, and the product, + ah, being of the same kind as the multipli- 
cand ; that is, positive. Now, when the produtt, - 4 - ah, is taken in connection 
with other quantities, the sign + of the multiplier, a, shows that it is to be 
added; that is, written with its sign unchanged, r. (+ b) x (+ a) = + ah. 

2d. Let the factors be — a and — b. Considering a as the multiplier, we are 
to take — b,a times, which gives ah, a being considered as abstract in the 
operation, and the product, — ah, being of the same kind as the multiplicand ; 
thaf is, negative. Now, when this product, — ah, is taken in connection with 
other quantities, the sign — of the multiplier shows that it is to be subtracted ; 
that is, written with its sign changed. (—6) x ( — a) = + ah. 

8d. Let the factors be — « and + b. Considering a as the multiplier, we are 
to take + b, a times, which gives 4- ah, a being considered as abstract in the 
operation, and the product, + ah, being of the same kind as the multiplicand; 
that is, positive. Now, when this product, + ah, is taken in connection with 
other quantities^ the sign — of the multiplier shows that it is to be subtracted ; 
that is, written with its sign changed. ( + 6) x (— a) = — oft. 

4th. Let the factors be -I- a and — b. Considering a as the multiplier, we are 
to take — b, a times, which gives — ah,a being considered as abstract in the 
operation, and the product, — ah, being of the same kind as the multiplicand ; 
that is, negative. Now, when this product, — is taken in connection with 
other quantities, the sign + of the multiplier shows that it is to be added ; that 
is, written with its own sign. .*. (— 6) x (-i- <i) = — oft. q. B. l>. 

70m CoK. 1 . — The 'product of any number of positive factors is 
positive, 

80 m Cor. 2, — The product of an even number of negative factors is 
positive, 

Sim Cor. 3 . — The product of an odd number of negative factors is 
negative. 


82 m I^ropm Sm — Tlic pvoduct of two or more factors consisting of 
the same quantity affected with exponents^ is the common quantity 
with an exponent equal to the sum of tho exponents of the factors. 
That is or X a'* = ; or a”*- a"- a' = etc., whether the expo- 

nents are integral or fractional, positive or negative. 

Dbm. — 1st. When the exponents are positive integers.' Let it be required to 

multiply by and a*, a”* =: aaaa to m factors, a** = aaaoia to » 

factors, and = acuiaa to e factors. Hence the product, being composed 

of all the factors in the quantities to be multiplied together, contains m 4 * n 4* # 
factors each a, and hence is expressed o'* Since It is evident that this rea- 
soning can be extended to any number of factors, as r“ ‘ o’* x o* x oT, etc., 
etc., the proposttlen in this case is proved. 
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2d. When the exponeTUe a/re positive fraetiona. Let it be required to muitipl^ 

m « m 

by af ^ . Now means m of tbe n equal factors into which a is conceived to 
be resolved. If each of these n factors be resolved into h factors, a will be te- 
rn 

solved into hn factors. Then, since contains m of the n equal factors of (Z, 
and each of these is resolved into 5 factors, m factors will contain hm of the In 

m bm c 

equal factors of a. Hence . In like manner cf may be shown equal to 

Cm me bni en 

; and a** x a? = x a^. This now signifies that a is to be resolved iiito 

tn e tm 

hn factors, and hm + en of them taken to form the product. a** x = a** 

X =s a ^ , or a” which proves the proposition for positive fractional 
exponents, since the same reasoning can be extended to any number of factors, 

m e « 

AS X X etc. 

8d. When the exponents are negative. Let it be required to multiply a-"* by 
OT'^^m and n being either integral or fractional. By definition x = 

i X Now, as fractions are multiplied by multiplying numerators together 


and denominators together, we have ~ x -1- =r - j --- 
ctratioiL But this is the same as or 


^ by part 1st of the demon- 


Examples. 

1. Provo as above that 81^ X 81^ = 81^ and that 81"^ =: 81^. 

2. Prove that X m*' = 

3. Prove that 16~t x 16"* = 16" t 

4. Prove that 25" * x 25* is 1. 

5. Prove that ar^ x (t^ is a, 

ScH. — The student must be careful to notice the difference between the 
signification of a fraction nsed as an exponent^ and its common signification. 
Thus % used as an exponent signifies that a number is resolved into 3 equal 
factors^ and the product of 2 of them taken ; whereas t used as a common 
fraction signifies that a quantity is to be separated into 8 equal parts, and 
the sum of two of them taken. 

8S. JProh* — To multiply monomiaU. 

. R ULR — Multiply the numeeical coefficients as in the 

DECIMAL NOTATION, AND TO THIS PRODUCT AFFIX THE LETTERS OF 
ALL THE FACTORS, AFFECTING BACH WITH AN EXPONENT EQUAL TO 
THE SUM OF ALL EXPONENTS OF THAT LETTEIJ IN ALL THE 
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FACTORS. The sign of the product will be -f- EXCEPT WHEN 
THERE IS AN ODD NUMBER OF NEGATIVE FACTORS ; IN WHICH CASE 
IT WILL BE — . 

Dbm. — T his rule is but an application of the preceding principles. Since the 
product is composed of all the factors of the given factors, and the order of ar- 
rangement of the factors in the product does not affect its value, we can write 
the product, putting the continued product of the numerical factors first, and 
then grouping the literal factors, so that like letters shall come together. 
Finally, performing the operations indicated, by multiplying the numerical 
factors as in the decimal notation, and the like literal factors by adding the ex- 
ponents, the product is completed. 


84, JPvob, — To multiply tioo factors together when one or both 
are polynomials, 

RULE. — Multiply each term of the multiplicand by each 

TERM OF THE MULTIPLIER, AND ADD THE PRODUCTS. 

Dem. — Thus, if any quantity is to lie multiplied by /t + & — c, if we take it a 
times (i. e. multiply by a), then h times, and add the results, we have taken it 
a h times. But this is taking it e too many times, as the multiplier required 
it to be taken a + b minm <t times. Hence we must multiply by r, and subtract 
this product from the sum of the other two. Now to subtract this product is 
simply to add it with its signs changed (71). But, regarding the — sign of c 
as we multiply, will change the signs of the product, and we can add the partial 
products as they stand, even without first adding the products by a and h, 
Q. E, D. 


85, Theo. — The square of the sum of two quantities is equal to 
the square of the firsts plus tieice the product of the tieo, plus the 
square of the second, 

80, Theo. — The square of the difference of Uoo quantities is 
equal to the square of the firsts minus twice the product of the two^ 
plus the square of the second, 

87* Theo. — The product of the sum and difference of two quan- 
titles is equal to the difference of their squares. 

The demonstration of these three theorems consists in multiplying 
a? + y by oj -f ^ by iT — y, and x •¥ yhj x ^ y* 
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Examples. 

1. Multiply together Bax, — 3a*a;*, and 2aj»y*. 

2. Multiply together 3a;*, — twic", 2«i% a;“% — 2, and 

3. Multiply together 40a;^, x^y and ; also Ba^b^, and 

- < 

* -i _» i 

4 Multiply m* by m *, a"* by by m "byrn”, 

Ijy by 

5. Multiply Ba — 2& by a 4- 4^. 

6. Multiply jr* + 4- y* by a?* -- a;y + y*. 

7. Multiply 4- n*‘ 4- o* — wi*w* — ?n*y* — 7i*o* by w* + «* 
4-0*. 

8. Multiply a”* — + «* by a"* — 

9. Multiply together z a, z c,z — d, 

10. Multiply together x ^ y, x ^ y, x^ ^ xy y^ and x^ — xy 

4- y*. 

Sue, — Try the factors in different orders, and compare the labor required. 

11. Multiply oTb * — ** 4- 1 by *'4-1. 

12. Multiply 4- BaT^n^ by 

13. Square the following by the theorems (85, Si ^) : 

l + a, x-% az + s^r, a^ — <rh*, af + z, x'^ + y", 

|a^ — — ay~'^x\ 2a* + ia:y~*. 

14. Write the following products by {87 ) : 

(3m* + 5»») X (3m* - 6 b»), (V^y^ + i;/d^) X (vfy^ - ^3*^), 

(1 4* fa) X (1 - fa), (99aa? 4- 9 V^) X (99aaj — 9a^a?^). 

15. Expand (a 4- 5 4- c) (a 4- 5 — c) (a — 5 4- c) (-- a 4- J 4- c)« 
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MtTLTIPLIOATION BY DeTACHED OoEFFICIBNTB. 

S8m In cases in which the terms of both multiplicand and multi- 
plier contain the same letters, and can be so arranged that the ex- 
ponents of the same letters shall vary in the successive terms of 
each according to the same law, a similar law will hold good in the 
product, and the multiplication can be effected by using the co- 
egUcients alone, in the first instance, and then writing the literal 
factors in the product according to the observed law. A few 
examples will make this clear : 

1. Multiply 2a* — 3a*a; + 6ax^ — by 2a* — a* + 7a?*. 

OPERATION. 

2-3+ 5- 1 
2-1+7 

4-6 + 10- 2 
-2+3-5+1 
+ 14-21 + 35-7 

4 _ 8 + 27 - 28 + 36 -7 

Prod., 4a« - Sa^a; + 27a3a;» - 28a*a;* + 3Caa?* — 7a?» 

2. Multiply a?* + 2a? — 4 by a:* — 1. 

SuG. — By writing these polynomials thus, + 0®* + 2a! — 4, a;* + Oaj — 1, 
the law of the exponents in each case becomes evident. Hence we have. 

1+0+2-4 
1 + 0-1 

1 + 0 + 2-4 

-.1-0-3 +4 

1 +0 + 1-4-2 + 4 

Prod., a* + 0®* + — 4®* — 3® + 4, or ®® + ®® — 4®* — 3® + 4. 

3. Multiply 3a* + 4aa; — oa?* by 2a* — 6aa? + 4a;*. 

4. Multiply 2a* — 3a5* + 55* by 2a* — 65*. 

Bug.— T he detached coefficients are 3 + 0 — 8 + 6, and 3 + 0 — 5. 

5. Multiply a*^ + a*a? + oa?* + a?* by a — a;. 

6. Multiply a?* — 3a?* + 3a? — 1 by a?* — 2a; + 1. 
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SECTION V. 

DIVISION. 

89. Division is the process of finding how many times one 
quantity is contained in another. 

« 

90m The problem of division maybe stated: Given the product 
of two factors and one of the factors^ to find the other ; and the suffi- 
cient reason for any quotient is, that multiplied by the divisor it 
gives the dividend. 

91. Con. 1 . — Dividend and divisor may both be multiplied or 
both be divided by the same number without affecting the quotient. 

92m Con. 2 . — If the dividend he multiplied or divided by any 
number, while the divisor remains the same, the quotient is multiplied 
or divided by the same. 

93m Con. 3 . — If the divisor be multiplied by any number while the 
dividend remains the same, the quotient is divided by that number / 
but if the divisor be divided, the quotient is multiplied. 

94:m Cor. 4. — The sum of the quotients of two or more quantities 
divided by a common divisor, is the satne as the quotient of the sum 
of the quantities divided by the same divisor. 

93 m Cor. 5. — The difference of the quotients of two quantities 
divided by a common divisor, is the same as the quotient of the dif- 
ference divided by the same divisor. 

These corollaries are direct consequences of the definition, and need no 
demonstration ; but they should be amply illustrated. 

Def. — Cancellation is the striking out of a factor common to both 
dividend and divisor, and does not affect the quotient, as appears from {91). 


97m Lemma 1. — Whm the dividend is positive, the quotient has 
the same sign as the divisor / but when the dividend is negative, the 
quotient has an opposite sign to the divisor. 

98. Lemma 2. — "When the dividend and divisor consist of the 
mme quantity affected by eaponents, the quotient is the common 
quantity with an exponent equal to the exponent in the dividend, 
minus that in the divisor. 
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These lemmas axe immediate eonsequenoes of the law of the signs and 
exponents in multiplication. 

99 ^ CoK. 1 . — Any quantity with an eo^onent 0 is 1, since it may 
he considered as arising from dividing a quantity hy itself 

Thus, X representing any quantity, and m any exponent, =r == 1. 

*100* CoH. 2 . — Negative ea^onents arise from division when 
there are more factors of any number in the divisor than in tfie divir 
dend, 

101* Cor. 3. — A factor may he transferred frmn dividend to 
divisor {or from numerator to denominator of a fraction^ which is 
the same thing) ^ and vice versa^ hy changing the sign of its exponent* 


102* JProb* 1* — To divide one monomial hy another. 

RULE. — Divide the numerical coefficient of the divi- 
dend BY THAT OF THE DIVISOR AND TO THE QUOTIENT ANNEX THE 
LITERAL FACTORS, AFFECTING EACH WITH AN EXPONENT EQUAL TO 
ITS EXPONENT IN THE DIVIDEND MINUS THAT IN THE DIVISOR, AND 
SUPPRESSING ALL FACTORS W'HOSE EXPONENTS ARE 0. ThE SIGN 
OF THE QUOTIENT WILL BE -f WHEN DIVIDEND AND DIVISOR HAVE 
LIKE SIGNS, AND — WHEN THEY HAVE UNLIKE SIGNS. 

Dem. — The dividend being the product of divisor and quotient, contains all 
the factors of both ; hence the quotient consists of all the factors which are 
found in the dividend and not in the divisor. 


103* JProb* 2* — To divide a polynomial hy a monomial. 

RULE. — Divide each term of the polynomial dividend by 
THE monomial DIVISOR, AND WRITE THE RESULTS IN CONNECTION 
WITH THEIR OWN SIGNS. 

Dbm. — T his rule is simply an application of the corollaries (94, 


104. Dbf. — A polynomial is said to be arranged with reference to a certain 
letter when the term containing the highest exponent of that letter is placed Rrst 
at the left or right, the term containing the next highest exponent next, etc., etc. 
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lOS* Proh* S* — To perform division when both dividend and 
divisor are polynomials, 

HAVINa ARBAKGED DIVIDEND AND DIVISOE WITH 
EEFEBENCE TO THE SAME LETTEB, DIVIDE THE PIB8T TEEM OF THE 
DIVIDEND BY THE FIRST TERM OF THE DIVISOR FOE THE FIRST 
TERM OF THE QUOTIENT. ThEN SUBTRACT FROM THE DIVIDEND 
THE PRODUCT OF THE DIVISOR INTO THIS TEEM OF THE QUOTIENT, 
AND BRING DOWN AS MANY TERMS TO THE REMAINDER AS MkY 
BE NECESSARY TO* FORM A NEW DIVIDEND. DIVIDE AS BEFORE, 
AND CONTINUE THE PROCESS TILL THE WORK IS COMPLETE. 

Dem. — T he arrangement of dividend and divisor according to the same letter 
enables us to find the term in the quotient containing the highest (or lowest if 
we put the lowest power of the letter first in our arrangement) power of the 
same letter, and so on for each succeeding term. 

The other steps of the process are founded on the principle, that the product 
of the divisor into the several parts of the quotient is equal to the dividend. 
Now by the operation, the product of the divisor into the find term of the 
quotient is subtracted from the dividend ; then the product of the divisor into the 
Mcond teiTO of the quotient ; and so on, till the product of the divisor into each 
term of the quotient, that is, the product of the divisor into the uJtole quotient, 
is taken from the dividend. If there is no remainder, it is evident tliat this 
product is equal to the dividend. If there is a remainder, the product of the 
divisor and quotient is equal to the whole of the dividend except the remainder. 
And this remainder is not included in the parts subtracted from the dividend, by 
operating according to the rule. 

ScH. — This process of division is strictly analogous to “Long Division^* 
in Common arithmetic. The arrangement of the terms corresponds to the 
regular order of succession of the thousands, hundreds, tens, units, etc., 
while the other processes are precisely the same in both. 


Examples. 

1. Divide by n" byn'^ by {ahy , by a®, 

by by a;”*, x"* by 


2. Free 




nents, and explain the process. 

3. Divide 15ay* by 3ay, ^a^h^c^d by 4«*^*c*, by a^b^t 

— 35a^ftx^by 7a*^, by — 40a6*c, y* by y\ — j/* by 

by — by — 

by and a^y^^ by a^y'K 
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4 . Divide by Bak, llx^y^a^b + 

— 44 a;*y*a^* by lla;*y*, ISoa;* — 15a*a; + Sax by — 5ax, 4a^ 

-- 12 a‘'*®m* + 5280 by — 12a"'*®, 20937^^*" — 247ir^'*‘‘^' by l^xy, 
+ 3a*y^ - ay* by y* i’+" - *’+** - »’+- - S'+** by S’*, «*• 

n 1 

— 2aa;‘'" ~ + Sax by aaf'^K 

96, Divide 4a;* — 282 ;^ + 49y* by 2a; — 7y. 

6. Divide 6a;^ — 13aa;* 4- 13a*a;*— 13a*a;— 5a* by 2a;*— 3aa;— a*. 

7. Divide a;* + y* -f Sxy — 1 by a; -f y — 1. 

8. Divide a®5** — 64 by ab* — 2, a; — 4a^ by x^ — 2a^. 

9. Divide a;^ — a by — a^, 243a® -f 1024 by 4 + 3a. 

10. Divide y» - j^y* + f^-y^ _ - J^y + | by y* - 1 + 6. 

11. Divide 1 + 2a;* — 7a;* — 16a;® by 1 4- 2a; + 3a;* 4- 4a;®. • 

12. Divide (a;* — y*)* by (a; — a® 4- 5’* by a 4- 5“*. 

13. Divide ^ by y — i. 

14. Divide 1 by 1 — a;*, also by 1 4- a;*, 1 4- Xy and by 1 — a;. 

15. Divide a'+" 4- drb 4- ab^ 4- by a" 4- 5". 

16. Divide a*”*~**b'’^c — a*”‘+""*^* 4- a""^''V’” 4- a* 

— 4- by 4- 

17. Divide w”*'’'* 4- amn'"'^ 4- nm^ 4- an*"^' by m + n, 

18. Divide mw(a;® 4- l)4-(w* 4- m*) (a;*4'a;)4-(w* 4-2wm) (a;® 4- a;*) 
by nx^ 4- rax 4- n, 

19. Divide liTcx^ 4- 2(A — lc)x^ — (7^* 4- 4 — A;*)a;* 4* 2 (A 4- Ic^x 

— Ilk by kx"^ — ^ 4- 2a% 

20. Divide a; 4- y 4- « — 3 by x^ 4- y^ + 


Division by Detached Coefitoients. 

lOH* Division by detached coefficients can be effected in the same 
cases as multiplication (88), The student will be able to trace the 
process and see the reason firom an example* 
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1. Divide 10a* — 27a*a? -f 34a®a;* — ISoa?* — 8a:* by 2a* — Soa: 
-f 4a;*. 

OPERATION. 

2-8 + 4)10-27 + 84-18-81 5 -6 -2 

10 — 15 + 20 1 5a* — Oaaj — 2»* QimU 

-12 + 14-18 
-12 + 18-24 

- 4+ 6-8 ^ 

- 4+ 6-8 


27 Divide a;* — 3aa;* — 8a*a;* + 18a*a: — 8a* by a;® + 2aa; — 2a*. 
^ 3. Divide 6a* — 96 by 3a — 6. 

/ Bug. — The detached coefficients are 6 + 0 + 0+ 0 — 96 and 8—6. 

- 4. Divide 3^* + 3a;y* — 4a;®^ — 4a:* by a: + 

^5. Divide a;’ + by a; + ^ ; also a:* — y* by a;* — y*. 


Synthetic Division. 

107. When division by detached coefficients is practicable, as in 
the examples in the last article, the operation may be very much 
condensed by an arrangement of terms first proposed by W. G. Hor- 
ner, Esq., of Bath, Eng., which is hence called Horner’s method of 
synthetic division. A careful inspection of the operation under 
Ex. 1, in the last article will acquaint the student with the process. 


21 

10-27 + 34-18-8 

+ 8 

+ 15 - 20 + 24 + 8 

-4 

1 -18- 6 


5 -6 -2 


6a*— 6aa:— 2®’', Quot. 


OPERATION. Explanation op Operation.— Arrange the 

coefficients of the divisor in a vertical column 
at the left of the dividend, changing the signs of 
all after the first. Draw a line underneath the 
whole under which to write the coefficients of 
the quotient. 

The first coefficient of the quotient is found 
evidently by dividing the first of the dividend by the first of the divisor, 
and in this case is 5. As the first term of the dividend is always destroyed by 
this operation, we need ^ve it (10) no farther consideration. Now, multiplying 
the other coefficients after the first (t. «. + 3 and — 4) mth their signs changed^ 
by 5, we have + 15 and — 20, which are to be added (?) to — 27 and + 84. Hence 
we write the former under the latter. The first term* of the second partial divi- 
dend can be formed mentally by adding (?) + 15 to — 27, and the next term of 
the quotient by dividing this sum (— 12) by 2. Hence — 6 is the second term of 


Strictly, the ** coefficient of; bat this form is need for brevity. 
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Hie quotient. (We did not add (?) — 20 to + 84, because there is more to be 
taken in before the first term of the next partial dividend is formed.) 

Having found the second term of the quotient (— G), we multiply the terms 
of the divisor, except the first, (with their signs changed) by — G, and write the 
results, ~ 18 and + 24, under the third and fourth of the dividend, to which 
th<*y are to bo added (?). Now wo have all that is to bo added* to + 84 (viz., 

— 20 and — 18) in order to obtain the first term of the next partial dividend. 
Hence, adding, we get — 4. which divided by 2 gives — 2 as the next term of 
tlu" <yiotient. Multiplying all the terms of the divisor except the first, as before, 
we have — G and + 8, which fall under — 18 and — 8. Now adding + 24 and 

— G to — 18, nothing remains. So also +8 — 8 = 0, and the work is complete, 
ns far as the coefficients of the quotient are concerned. 

2. Divide - 6x^ + 15^;^ - 24a;8 + 27x» - 13a: + 5 by - 2x^ 
4* 4a;2 — 2a; + 1. 


OPEBATION. 


1 

1 5 4. 1.5 _ 24 + 27 - 18 + 5 

+ 2 

+ 2-4+ 2- 1+ 8-5 

-4 

- C + 12 - G + 10 

+ 2 

+ 10-20 

-1 ! 



l-a+5 0 0 0 0 


Quot.y JT' — 8j* + 5 

' 3. Divide 4^® - 24y® -f — 80y® + 60y® — 24y + 4 by 2y* 
-4^ + 2. 

^ 4. Divide a*** — by a: — y ; also 1 by 1 — a;, 

5, Will a; + 2 divide + 2^ — Ta’ — 20a; + 12 without a re- 
mainder ? Will a;— 3 ? 

- 6 . Will a: + 3, or a: — 3, divide a;* — 6a;* — ICa: 4* 21 without a re- 
mainder ? Will a; 4- 7, or a* — 7 ? 


** The student will not ihil to pec that tbis addition is equivalent to the ordinary anbtraction 

(duce the eigna of the terms have been changod. 
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OHAPTEB n. 

FACTORING. 

SECTION I. 

FUNDAMENTAL PROPOSITIONS. 

lOSn The Factors of a number are those numbers which mul- 
tiplied together produce it. A Factor is, therefore, a Divisor, A 
Factor is also frequently called a measure^ a term arising in Geome- 
try. 

109* A Common THvisor is a common integral factor of 
two or more numbers. The Greatest Common Divisor of two or 
more numbers is the greatest common integral factor, or the product 
of all the common integral factors. Common Measure and Com^ 
mon Divisor are equivalent terms. 

110. A Common Multiple of two or more numbers is an 
integral number which contains each of them as a factor, or which 
is divisible by each of them. The Least Common Multiple of two 
or more numbers is the least integral number which is divisible by 
each of them. 

111. A Composite Number is one which is composed of 
integral factors different from itself and unity. 

112. A Frime Number is one which has no integral factor 
other than itself and unity. 

113. Numbers are said to be Prime to each o<4erwhen they have 
no common integral factor other than unity. 

ScH. 1. — ^The above definitions and distinctions have come into use from 
considering Decimal Numbers. They are only applicable to literal numbers 
in an accommodated sense. Thus, in the general view which the literal no- 
tation requires, all numbers are composite in the sense that they can be fae- 
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tored ; but as to whether the factors are greater or less than unity, integral 
or fractional, we cannot afBirm. 


l^TOpm Im — A monomial may be resolved into literal fac- 
tors by separating its letters into any number of groupSy so that the 
sum of all the exponents of each letter shall make the eaeponent of 
that letter in the given monomial. 


llSm I*rop. 2m — Any factor tohich occurs in every term of a 
polynomial can be removed by dividing each term of the polynomial 
by it. 


110 m ^ropm 3m — If two terms of a trinomial are positive and 
the third term is twice the product of the square roots of these twoy 
and POSITIVE, the trinomial is the square of the sum of these square 
roots. If the third term is negative, the trinomial is the square of 
the DIFFEEENCE of the two roots. 


117m JPropm 4:m — Thc difference between two quantities is equal 
to the product of the sum and difference of their square roots. 


llSm l^vop* 3 m — When otie of the factors of a quantity is giveny 
to find the other y divide the given quantity by the given factory and 
the quotient toill be the other. 


llQm J^TOPm Sm — Ihc differcncc between any two quantities is a 
divisor of the diffebence between the same powers of the quan* 
tities. 

The SUM of two quantities is a divisor of the diffebence of the 
same powersy and the sum of the same odd powers of the quan- 
tities, 

DBH.-~Let « and y be any two quantities and n any positive integer. Mrst, 
« — y divides flf — y". Second, it nU seen , » 4* y divides af — y*. Third, if » is 
odd, oj -f y divides *f y*. 
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FIRST. 

Taking the first case, we proceed in form with the division, till four 
of the 

terms of the « — yyxi* — + ^ ^ etc. 

quotient (enough to a* — a^~ V 

determine the law) are — y* 

found. We find that each g" 

remainder consists of two terms, — y" 

the second of which, — y", is tlio — r”-\y8 

second term of the dividend constantly j***- — y* 

brought down 'Unchanged ; and the first a;**-*y3 — a^-*y4 

contains a? with on exponent decreasing by aj***'*y4 — y* 

unity in each successive remainder, and y with an 

exponent inermnng at the same rate that the exponent of x derreasea. At tliis 
rate the exponent of x in the wth remainder becomes 0, and tliat of y, a. Hence 
the nth remainder is y* — y* or 0 , and the division is exact. 

SECOND AND THIRD. 

X + y)3f^ ± y" ( — y"~^y 4 — T"-*y8 , etc. 

+ r" -V 

- a*"- V ± y~ 

— iC**~V — a"-^y8 

a:""‘*y2 db y" 

Taking g + y g"-^y8 4 - r"“*y3 

for a divisor, we — g"‘*y3 ± y** 

observe that the exponent — 

of g in the successive re- =t y" 

mainders decreases, and that of y increases 

the same as before. But now wc observe that the first tenn of the remainder is 
— in the odd remainders, as the 1st, IM, 6th, etc., and + in the even ones, as the 
2d, 4th, 6th, etc. Hence if n is even, and the second term of the dividend M — y", 
the nth remainder is y* or 0, and the division is exact. Again, if n is odd, 
and the second term of the dividend Is + y* , the nth remainder Is — y" + y* , 
or 0, and tlie division is exact, q. e. d. 

J20. Coil. — The last proposition applies equctlly to cases involve- 
ing fractional or negative exponents, 

Dem. — Thus, g^— y^ divides g^— y^, since the latter is the difference between 
the 4th powers of cf and y*. So In general a}"» — y“V divides xT y" r ^ a 

n 

being any positive integer. This becomes evident by putting g~«s:e, and 
—i — S2 -!!2 

y f :s:w\ whence «*“<*» = «•, and y”^ « «•. But Is divisible by e— w, 

hence g" «• — y~ ^ is divisible by g*" — y"* ^ , 



ifAoraBCiQ. 


81 


121* J^TOp. 7* — A trinomial can he resolved into two binomial 
factorSy when one of its terms is the product of the square root of 
one of the other tioo, into the sum of the factors of the remaining term. 
The two factors are respectively the algebraic sum of this square rooty 
and each of the factors of the third term. 

III. — Thus, in «* + 7® + 10, we notice that 7® is the product of the square 
root of ®*, and 2 + 6 (the sum of the factors of 10). The factors of + 7® 
+ ^0 are ® + 2 and x 4- 5. Again, — 3® — 10, has for its factors ® + 2 and 
a; — 5, — 3® being the product of the square root of x* (or ®), and the sum of 
— 5 and 2, (or — 8), which are factors of — 10. Still again, +8® — 10 
= (® — • 2) (® + 5), determined in the same manner. 

Dem. — T he truth of this proposition appears from considering the product of 
® + « by ® + 6, which is ®* + (a + 6) ® + ab. In this product, considered as a 
trinomial, we notice that the term {a + h)x is the product of V®* and a + Z>, the 
sum of the factors of ah. In like manner (® + a) (® — 6) = ®* + (a— h)x — ab, 
and (® — «) (® — i) = ®* — (a + i)® + db, both of which results correspond to the 
enunciation, q. E. D. 

[Note. — I n application, this proposition requires the solution of the problem; 
Given the sum and product of two numbers to find the numbers, the complete 
solution of which cannot be given at this stage of the pupil’s progress. It will 
be best for him to rely, at present, simply upon inspection.] 


122* Prop* 8 * — We can often detect a factor by separating 
a polynomial into parts. 

Ex. Factor z* + 12z — 28. 

Solution. — The form of this polynomial suggests that there may be a bino> 
mial factor in it, or in a part of it. Now ®* — 4® + 4 is the square of ® — 2, 
and (®* — 4® + 4) + (16®— 32) makes ®* + 12® — 28. But (®*— 4® + 4) + (16®— 32) 
= (®- 2)(®-2) + (®-2)16 = (®-2)(®-2 + 16) = (®-2)(® + 14). Whence 
® — 2, and ® + 14 are seen to be the factors of ®* + 12® — 28. 


Miscellaneous Examples. 

1. Factor 7/^*^ — 4a;*y» — 7a;*y* 4* 12zy^, 

2. Factor 1 — 2\/x + x, 2b6a^ -f 544a* 4 289, 1 — c®. 

3. Factor a;* — a? — 72, a® 4* 5®, ^ ^ — 2, a* 4- 23a 4 22. 

a* a* 

4. Factor + c* - d*, c* - d'*, c* - d'*. 
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5. Factor 4a;* — 5y‘*, ^ a;* 4- 22a; — 7623. 

6. Factor a;“ - 1, 507w* + 132Cm*wf -f 867^8, -v/a - VA. 

7. Factor — 2«a; — a*, a* =t 4&* Va^ + 4^>8c*’", a;* + V^+2a;^. 


8. Factor 3« 4- 3^ ~ 6 Va^. 

9. Resolve x into two equal factors ; also two unequal factors., 

10. Resolve dSx^y*z^ — SVy^z into two foctors of which one is 
2y* Vz, 

11. Resolve into two equal factors ; also into four equal 

factors. 

12. Remove the factor 7(a^*8)^ from 84a^^*. 

“f" 

ah^ -i“ from rt* 


13. Remove the factor - r + « from — -ttx’ 

n/7-t 


14. Remove the factor a* — aH 4- a* ft* 
4- hK 


) 16. Factor 15a 4- 5aa; — a; — 3, 2labcd--2Bcdxy 4- 16abnm^20mnxy, 

21a;* + 2Zxy - 20y*, 13a*x* - 12a*jr^ + 3«*. 

16. Factor dx^ — 12x^y^ — 4y* 4- 1, l%cd^m^ — %Xcd^m^ 
+ 96c*t?*w*. 

17. The terms of a trinomial are 30a5, 9a* and 25^*. What sign 
must be given to each that the trinomial may be factored ? 


18. The terms of a trinomial are — 9a, 12 Va and 4. Wliat must 
be the signs of the last two terms that the trinomial may be 
factored ? 

19. Is a * — 6*" exactly divisible by a'^ — 5 or a^ 4- ^ ? 

20. Is w* — w* exactly divisible by Vm — Vn ? by \/m 4- Vwf 

by n't 

21. Is .rioi 4- exactly divisible bya;4-^? bya; — y? 

22. Is ar*®’* -f. yio7» exactly divisible by «'* — y** ? by a?** 4- ? 

23. What is the quotient of {]c^ 4* -r {J^ ^/y ^ rax ? 
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24. What is the quotient of (x^ + -5- {x^ + y^) ? 

25. Write the following quotients: («» + 5®) -r* (a* + 5*); 

(.<;*"• — z^”^) (a; — «) ; (a:*”* — «**) (a? + «) ; (a:**^* + 

-r (« + «), w being a positive integer. 

2G. Factor x^ + ax + x a, 1 — a# 1 + a, ^ — ^ 5 ^ and 
a;® ~ a; — 9900. 

27. Factor fi] ~ 20a, 4a; + 4a;^ + 1 and 36a"* — 65**. 

28. a;® — a;® — 2a; + 2, Ga?® — 7aa?* ~ 20a»a;, a;*" + 31af" — 32. 


SECTION //. 

GREATEST OR HIGHEST COMMON DIVISOR. 

1^3* Def — It is scarcely proper to apply tho term Greatest Common Divisor 
to literal quantities, for the values of the letters not being fixed, or specific, 
great or small cannot be affirmed of them. Thus, whether a* is greater than a, 
depends upon whether a is greater or less than 1, to say nothing of its character 
as positive or negative. So, alsci, we cannot with propriety call greater 

than y. If a = |, and y = i, — y * = 6 ^ 4 ^ a — y = i ; .’.in this case 
— y ^ < a — y. Again, if a and y are both greater than 1, but a < y, y^ 
though numerically greater than a — y is absolutely less, since U is a greater 
negative. 

Instead of speaking of G. C. D. in case of literal quantities, we should speak 
of the nigficst Common Divisor, since wliat is meant is tho divisor which is of 
the highest degree with reference to the letter of arrangement. 

[Note. — Tlio general rule for finding the Greatest or Highest Common 
Divisor is founded upon the four following lemmas.] 

Lemma 1. — The Greaieat or Highest C. D* of two or more 
numbers is the product of their common prime factors. 

Dbm. — S ince a factor and a divisor are the same thing, all the common fac. 
tors are all the common divisors. And, since the product of any number of fac- 
tors of a number is a divisor of that number, the product of aU ihe common prime 
factors of two or more numbers is a common divisor of those numbers. More* 
over, this product is the Oreatest or JERgheti C. D , since no other factor can be in- 
troduced into it without preventing its measuring (dividing), at least, one of the 
given numbers. Q. B. D. 3 
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Examples* 

1. What is the G. C. D. of 72, 84, and 180 ? 

Solution. — Resolve the numbers into their prime factorSi and take the pro- 
duct of those which are common to all. 

2. Find the G. 0. D. of 48, 204, and 228. 

3. Find the G. C. D. of 81, 123, and 315. 

4. Find the Highest C. B. of Sx^yz* and 15a;* y. 

Solution. — Here we see that w, x, and y are all the literal factors com- 
mon to both ; and since 8 and 15 have no common factor, x x x x y is the 
Highest C. D. 

5. Find the H. C. D. of 14^*/«m* and 30X;*?*w*w*. 

6. Find the H. 0. D. of Ba^bc, 18a*5*, and 26a*5^wm. 

7. Find the H. C. B. of and 

8. Find the H. 0. B. of 5a*a;*^— 10aa?®y4- hax^y and 3a*a;*^ 

— 3a;*y®. 

9. Find the H. C. B. of a;* —a; — 12 and a;* -- a;* — Da; -f 9. 

Solution,— — a; — 12 = (« - 4) (r 4- B){121). a;* — «* — 9a? + 9 = a?*(a? — 1) 

— 9(a? — 1) =r (a?* — 9) (a? — 1) = (jj — 8) (x 4- 8) (a? — 1). Now we see that a? 4 3 is 
a common divisor of the two polynomials, and since it is the only divisor com* 
mon to both, it is the H. C. D. 

10. Find the H.C.B.of 45*a;* - 125*a;* 4- 125*aj - 45* and 45»a;* 

— 85*a:* - 45*a; 4 85*. - 

ScH. — Tlie difficulty of factoring renders this process impracticable 
in many cases. There is a more general method. But, in order to demon- 
strate the rule, we require three additional lemmas. 

Lemma 2. — A polynomial of the form Ax“ 4 Bx“~‘ 
4 Cx“ ~ • - - - - Ex 4 F, which has no common factor in every 
term^ has no divisor of its own degree except itself, 

Dem — 1st. Such a polynomial cannot have one factor of the nth degree — ^its 
own — with reference to the letter of arrangement, and another which contains 
the letter of ammgement, for the product of two such factors would be of a 
higher (or different) degree from the given polynomial. 

2d. It cannot liave a factor of the nth degree with reference to the letter of 
arrangement, and another factor which does not contain that letter, for this last 
factor would appear as a common factor in eveiy term, which is contrary to the 
hypothesis, q. e. d. 
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127* Lemma 3. — A divUor of any number is a divisor of any 
multiple of that number, 

IiiL. — This is an axiom. If a goes into h, q times, it is evident that it goes 
into n times h, or n times q, or nq times. 

12S* Lemma 4. — A common divisor of two numbers is a divisor 
off heir sum and also of their difference, 

Dem. — Let a be a 0. D. of m and going into m, •p times, and into n, q times. 
.Then (m i ti) -i- a = p ± g'. q. E. D. 

122* JProh* — To find the M, C, D. of two polynomials without 
the necessity of resolving them into their prime factors, 

RULE, — Ist Arranging the polynomials with reference 

TO THE SAME LETTER, ANI) UNITING INTO SINGLE TERMS THE LIKE 
POWERS OF THAT LETTER, REMOVE ANY COMMON FACTOR OR FACTORS 
WHICH MAY APPEAR IN ALL THE TERMS OF BOTH POLYNOMIALS, RE- 
SERVING THEM AS FACTORS OF THE H. C. D. 

2d. Reject from each polynomial all other factors which 

APPEAR IN BACH TERM OF EITHER. 

3d. Taking the polynomials, thus reduced, divide the one 

WITH the greatest EXPONENT OF THE LETTER OF ARRANGEMENT, 
BY THE OTHER, CONTINUING THE DIVISION TILL THE EXPONENT OF 
THE LETTER OF ARRANGEMENT IS LESS IN THE REMAINDER THAN IN 
THE DIVISOR. 

4th. Reject any factor which occurs in every term of this 

REMAINDER, AND DIVIDE THE DIVISOR BY THE REMAINDER AS THUS 
REDUCED, TREATING THE REMAINDER AND LAST DIVISOR AS THE 
FORMER POLYNOMIALS WERE. CONTINUE THIS PROCESS OF REJECT- 
ING FACTORS FROM EACH TERM OF THE REMAINDER, AND DIVIDING 
THE LAST DIVISOR BY THE LAST REMAINDER TILL NOTHING RE- 
MAINS. 

If, AT ANY TIME, A FRACTION WOULD OCCUR IN THE QUOTIENT, 
MULTIPLY THE DIVIDEND BY ANY NUMBER WHICH WILL AVOID THE 
FRACTION. 

The last divisor multiplied by all the first reserved com- 
mon FACTORS of THE GIVEN POLYNOMIALS, WILL BE THB^H. 0. D. 
SOUGHT. 
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A &nd B represent any two polynomials whose H. C. D. is 

sought. 

1st. Arranging A and B with reference to the same letter, for convenience in 
dividing, and also to render common factors more readily discernible, if any 
common factors appear, they can be removed and reserved as factors of the H. 

C. D., since the H. 0. D. consists of all the common factors of A and B. 

3d. Having removed these common factors, call the remaining factors C and ' 

D. We are now to ascertain what common factors there are in C and D, oi to 
find their H. C. D. As this H. C. B. consists of only the common factors, we can 
Tt^eet from each of the polynomials, O and D, any factors which are not common. 
Having done this, call the remaining factors £ and F. 

dd. Suppose polynomial E to be of lower degree with respect to the letter of 
arrangement than F. (If E and F are of the same degree, it is immaterial which 
is made the divisor in the subsequent process.) Now, as E is its own only divisor 
of its own degree <Lem. 2), if it divides F, it is the H. C. B. of the two. If, in 
attempting to divide F by E to ascertain whether it is a divisor, fractions arise, 
F can be multiplied by any number not a factor in E (and E has no monomial 
factor), since the common factors of E and F would not be affected by the opera* 
tion. Call such a multiple of F, if necessary, F'. Then the H. C. B. of E and 
F', is the H. C. B. of E and F. If, now, E divides F', it is the H. C. B. of E and 
F. Trying it, suppose it goes Q times, with a remainder, R. 

4th. Any divisor of E and F' is a divisor of R, since F' — QE = R, and any 
divisor of a number divides any multiple of that number (Lem. 3), and a divisor 
of two numbers divides their difference. The H. C. B. divides E, hence it di- 
vides QE, and, as it also divides F', it divides the difference between F' and QE, 
or R. Therefore the H. C. B. of E and F', is also a divisor of £ and R, and can- 
not be of higher degree than R. 

5th. We now repeat the reasoning of the 8d and 4th paragraphs concerning 
E and F, with reference to E and R. Thus, R is by hypothesis of lower degree 
than E ; hence, dividing E by it, rejecting any factor not common to both, or in- 
troducing any one into E, which may be necessary to avoid fractions, we ascer- 
tain whether R is a divisor of E. If it is, it divides F', since F' = R + QE (Lem. 
3, 4), and hence Is the H. C. B. of E and F'. 

6th. Proceeding thus, till two numbers are found, one of which divides the 
other, the last divisor is the H. C, B. of E and F, since at every step we show 
that the H. C. B. is a divisor of the two numbers compared, and the last divisor 
is its own H. B. 

7th. Finally, we have thus found all the common factors of A and B, the pro- 
duct of which is their H. C. B. Q. S, B. 


EXAMPLBa 

1. Find the H.C.D.of laa'J* + Sb*y* - 16ab*p + lia^by + Uy* 

— 15(i6y*, and — 6a*i*y — +2a6»y* + 6a»Jy — 6«*Jy* 

- %bv* + Ubv*. 
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OPBBATION. 

12a*6* + 85*y* - 15fl5*y 12a»6y + 86y=* - 15<%» {A) 

ea^b* ~ 6a*&»y - 2&*y=« + 2a6*y* -h 6a*by - 6a«5y« ^ 26y< + 2a6y» . - 

4a*b Jrby* -- + Aa*y + y* - bay* (C) 

8a*6 — 8a*6y — 6y* + ady* + ba^y — 8a*y* — y* + ay* {D) 

(46 + 4y)a*~(66y-»-5y*)a + %" + y*) (i^) 

(8& 4- 8y) g* ->• (8&y -t- 3y*) a* 4- (&y* 4- y*) a ~ (Z>y* + y*) (20 


(G) (J?) 

4a* — 5ya + y*) 8a* — 8ya* + y*a — y* 

4 

12a* — 12ya* + 4y*a -- 4y*(8a 
(Jf") - - - . 12a* -- ISyg* + 8y»a 

(Z) - - bya* + y^a ~ 4y* 

4 

(Jif) 13ya* -f 4y*a— l«y*(8y 

(iV*) 12ya* — 15y*a 4-. 8y* 

(0) - • Reject 19y* - - - 19y’‘a ~ Wy* G 

{P) a — y)4a* — 5ya + y*(4a — y. 

4a* —• 4ya 

— ya + y* 

— yg-hy* 


The H. C. D. of (A) and (B) is (6) (6 ■^■y) (a — y) = a5* + dby — b*y — 5y*. 

ScH. — ^It often occurs that one or more of the above steps are not required, 
especially the removing of a compound faJctor from the given polynomials. 

2. Find the H. C. D., with respect to x, of — 8a;® H- 21a;* — 20* 
^ 4, and 2a;® - 12a;* + 21a; - 10. 

OPEBATION. 

2»*-12aJ* +21af-10 )a;«- 8a;* + 21a5* - 2(to + 4 


2 

(C) " 2®* ~ Iftc* + 42a;* - 40a? + 8(«-2 

2a;^ - 12a!* + 21®* - 10® 

- 4®» + 21®* ~ 80® + 8 

— 4®* + 24®* — 42® + 20 

(D) Reject - 8 - 3®* 4 - 12® - 12 

Ie) a;* - 4® + 4 


»• — 4 ® + 4 ) 2 ®* — 12 ®* + 21 ® — 10 ( 2 ® — 4 
2 ®* — 8 ®* + 8 ® 

- 4®* 4- 18®~10 

— 4 ®* 4 - 10 ® — 16 

{F) - Reject — 8 - — 8® 4 - 6 (E) 

{Gf) ® — 2 )®* — 4 ® 4 * 4 (® — 2 

®* — 2 ® 

— 2 ® 4 - 4 

— 2 ® 4 - 4 


Hence ® » 2 is the H. C. D. 
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8. Find the H. C. D. of 2x^ + 5 — 8a; + a?*, and 42a;» + 30 — 72a^ 

4 Find the H. 0. D. of fiaz* -f 2a -f 4ax, and 7b + l^bx -f 7bz* 
-f UhxK 

5. Find the H. C. D. of 6a* + 7az — • 3a;*, and 6a* + lloa; 4* 3a;*. 

6. Find the H. C. D. of 4a* — 4a* — a&* i+ ^*, and 4a* + 2ah 
- 2^*. 

7. Find the H. C. D. of 12a;* — 24a;*;y + 12a;*^*, and 8a;*^* 

— 24a;»y* + 24a;y* — 8y*. 

8. Find the H. C. D. of 52aa;* — • 24aa;* — 44aa;* — 12a + 8aa;* 
•f 60aa;, and 14a*i 4- 60a*^a;* — • 16a®^a;* 4- 2a*ia;* — 74a*da; 

— 2a* ^a;*. 


130 m JProhm — To find the IL (7. D. of three or more polynomials. 

B C/XjS'.— Find the H. C. D. of any rw'O of the given poly- 
nomials BY ONE OF THE FOEEGOINQ METHODS, AND THEN FIND 
THE H. 0. D. OP THIS H. 0. D. AND ONE OF THE KEMAINING POLY- 
NOMIALS, AND THEN AGAIN COMPABE THIS LAST H. C. D. WITH 
ANOTHER OF THE POLYNOMIALS, AND FIND THEIR H. 0. D. CON- 
TINUE THIS PROCESS TILL ALL THE POLYNOMIALS HAVE BEEN 
USED. 

Dem. — For brevity, call the several polynomials, A, B, C, D, etc. Let the H. C. 
D. of A and B be represented by P, whence P contains all the factors common 
to A and B. Finding the H. C. D. of P and C, let it be called P'. P', therefore, 
contains oil the common factors of P and C ; and as P contains all that are 
common to A and B, P' contains all that are common to A, B, and C. In like 
manner if P" is the H. C. D. of P' and D, it contains all the common factors of 
A, B, C, and D, etc. Q. E. D. 


Examples, 

1. Find the H. C. D. of a;* + 11a; 4* 30, 2a?» 4- 21a; + 54, and 9a;» 

4- 53a;* — 9a; — 18, The H. C. D. is a; -f 6. 

2. What is the H. 0. D. of 10a;* -I- 10a;*y* 4- 20a;*y, 2a;* 4- 2y*, 
and 4y* 4- 12a;*y* 4- 4a;*y 4- 12ay* ? 
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SECTION III. 

LOWEST OE LEAST COMMON MXTLTffLB. 

Bef. — In speaking of decimal numbers, the term LtoAt Common 
Jiultvple is correct, but not in speaking of literal numbers. For example, the 
numbers {a + Z>)* and (a* — 6*) are both contained in (a + b)* x (n — b), and in 
any multiple of this product, as mia + b)* {a — b). But whether w(a-f b)* (a—b) 
is greater or lees than (a + b)* {a — b) depends upon whether a is greater or less 
than b, and also whether m is greater or less than unity. In speaking of litenil 
numbers, we should say Lowest Common Multiple^ meaning the multiple of low- 
est degree with respect to some specified letter. 


132^ J^rob* — To find the L, G. M, of two or more numbers, 

R ULE , — Take the literal number of the highest begebb, 
OR the largest decimal number, and multiply it by all the 
FACTORS found IN THE NEXT LOWER WHICH ABE NOT IN IT, 
Again, multiply this product by all the factors found in 
THE next lower NUMBER AND NOt IN IT, AND SO CONTINUE 
TILL ALL THE NUMBERS ARE USED. ThE PRODUCT THUS OBTAINED 
IS THE L. 0. M. 

Dbm. — L et A, B, C, D, etc., represent any numbers arranged in the order of 
their degrees, or values. Now, as A is its own L. M., the L. C. M. of all the 
numbers must contain it as a factor. But, in order to contain B, the L. C. M. 
must contain all the factors of B. Hence, if there are any factors in B which are 
not found in A, these must be introduced. So, also, if C contains factors not 
found in A and B, they must be introduced, in order that the product may con- 
tain C, etc,, etc. Now it is evident that the product so obtained, is the L. C. M. 
of the several numbers, since it contains all the factors of any one of them, and 
hence can be divided by any one of them, and if any factor were removed It 
would cease to be a multiple of some one or more of the numbers. Q. E. D. 

1. Find the L. 0. M. of (a;® — 1), (x^ — 1)> and (x + 1). 

Solution. — ^The L. C. M. must contain ~ 1, and as it is its own L. M., if it 
contains all the factors of the other two, it is the required L. C. M. The factors 
of a;® — 1 are {x — 1) (aj* + a; -f 1). But this product does not contain the factors 
of (a?* — 1), which are (a? + 1) (a? — 1). Hence, , we must introduce the factor 
(a; -f- 1), giving (aj* — 1) (a; 1), as the L. C. M. of a;® — 1 and x* — 1. Now, as 

this product contains the third quantity, it is the L. C. M. of the three. 

a. i'Lnd the L. C. M.of (a + 5)», a* - »*, (a - i)*, and a* + 3a*i 
+ 3ai» + S‘. 
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3. Find the L. 0. M. of (»* — 4), {x^ + 2), and (** — 2). 

4. Find the L. €• M. of («* — 2a* + 1), (1 + a), (a — 1), and 4. 

5. Find the L. 0. M. of 3a*5*a:y, 57aa;*, 87y*, and 9a* 6^. 

6. Find the L. C. M. of (1 - 18a + 81a»), (3o* + 1) (1 - dVa), 
and (27a^ — 9« — Sv^a + 1). 

« 

ScH. — ^In appl 3 ring this rule, if the common factors of the two numbers are 
not readily discerned, apply the method of finding the H. C. D., in order to 
discover them. 

7. Find the L. C. M. of a;*— 2aaj*-h 4a*» — 8a*, »* + 2aaj*-f 4a*a5 
•f 8a*, and a;* — 4a*. 

Solution. — T he L. C. M. of these numbers must contain aj® — 2ax* + ia*x 

— 8a* ; and as It is its own L. M., if it contains all the factors of + %ax* 

+ 4a*a; + 8a®, it is the L. C. M. of these two polynomials. But as the common 
factors of these numbers, if they have any, are not readily discerned, we apply 
the method of H. C. D., and find that x* + 4a* is the H. C. D. of the two. Since, 
then, aj® — 2aa;* + 4a*a; ~ 8a* contains the factor + 4a* of the second number, 
it is only necessary to introduce the other factor in order to have the L. C. M. of 
the two. Now, (aj* -f 2aa?* + 4a*® + 8a®) -f- (®* + 4a*)=:®.f2a. Hence, (®®— Soar* 
+ 4a*® — 8a®) (® + 3a) or ®* — 16a^ is the L. C. M. of the first two numbers, 
ednce it contains all the factors of each, and no more. Now, to find Whether 
®* — 10a* is a multiple of the remaining number, ®* — 4a*, or, if it is not, what 
factors must be introduced to make it so, we proceed in the same way as with 
the first two numbers. But our first step (or 117) shows us that ®* —16a* ia a 
muHiple of ®* — 4a*. ®* — 16a* is the L. C. M. of the three given numbers. 

a Find the L. C. M. of a;»- Zx - 70 and »» - 39a: + 70. 

9. Find the L. C. M. of a:* + * — 2, **— a: — 6, and a;* — 4a: + 3. 

10. Find the L. C. M. of o»- 4a** + 9a6*- lOJ* and a’+ 2a*6 
-3a6*+ 20**. 

11. Find the L. C. M. of x*— 9a:* + 26a: — 24, a:*— 10a:* + 31a: 

— 30, and x* — 11a:* + 38a: — 40. 

12. Find the L. C.M. of a:*-10a:* + 9, a:*+10a:*+20a:*-10a:-21, 
and a:* + 4a:*— 22x*— 4a: + 21. 
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DEFINITIONS AND FUNDAMENTAL PRINCIPLES. 

13S* A Fraction^ in the literal notation, is to be considered 
as an indicated operation in Division. 

134, Sen. — In the literal notation it becomes impracticable to consider 
the denominator as indicating the number of equal parts into which unity is 
divided, and the numerator as indicating the number of those parts repre- 
sented by the fraction, since the very genius of this notation requires that 

Of 

the letters be not restricted in their signification. Thus in it will not do 

to say, h represents the number of equal parts into which unity is divided, 
since the notation requires that whatever conception we take of these 
quantities should be sufficiently comprehensive to include all values. 
Hence h may be a mixed number. Now suppose ft = 4f. It is absurd to 
speak of unity as divided into 4| equal parts. 

133m CoK. 1 . — Since numerator is dividend and denominator 
divisor, it follows from {0 1, 32 ^ 03) that dividing or multiply^ 
ing both terms of a fraction does not alter its value ; that multU 
plying or dividing the numerator multiplies or divides the value of 
the fraction ; and that multiplying or dividing the denominator 
divides or multiplies the fraction. 

136m OoR. 2 . — A fraction is multiplied by its denominator by 
simply removing it. 

137m The terms Integer or Entire Number, Mixed Number, 
Proper and Improper, are applied to literal numbers, but not with 
strict propriety. " 

Whether m + n is an integer, a mixed number, or a fraction, depends npon 
the values of m and w, which the genius of the literal notation requires to be 
understood as perfectly general, until some restriction is imposed. 

As a matter of convenience, we adopt the following definitions : 
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138. A number not having the fractional /om is said to have 
the Integral Form ; as #» + », %c*d — Sa*”** + 

139. A polynomi^ having part of its terms in the fractional 
and part in the integral form, is called a Mixed Humber. 

140. A Froper Fraction^ in the literal notation, is an ex- 

pression wholly in the fractional form, and which cannot bo expressed 
in the integral form without negative exponents* « 

Bj calling such an expression a proper fraction, we do not assert anything 
with reference to its value as compared with unity. Thus is a proper frac- 
tion, though it may be greater or less than unity. It may also be written 
ob-*. 

141. An Improper Fraction is an expression in the frac- 
tional form, but which can be expressed in the integral or mixed 
form without the use of negative exponents. 

142. A Simple Fraction is a single fraction with both 
terms in the integral form. 

143. A Compound Fraction is two or more fractions con- 
nected by the word o/. 

TWs term is not generally applicable in the literal notation. Thus we may 

3 3 am 

write of ^ 'with propriety, but not y of “, unless a and b are integral, so 

a 2 

that the fraction may be considered as representing equal parts of unity, as ^ 

does. If the word of is considered as simply an equivalent for x , the notation 
is of course, always admissible. But it is scarcely a simple equivalent, 
i 

144. A Complex Fraction is a fraction having in one or 
both its terms an expression of the fractional form. 

145. A fraction is in its Lowest Terms when there is no com- 
mon integral factor in both its terms. 

146. The lowest Common denominator is iho mxm- 
her of lowest degree, which can form the denominator of several 
given fractions, giving fractions of the same values respectively, 
while the numerators retain the integral form. 

147. FeduCtionf in mathematics, is changing the form of an 
expression without changing its value. 
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EEDDCtlONB. 

148m There are five principal reductions required in operating 
with fractions, viz. : Ta Lowest Terms,— From Improper Fractions 
to Integral or Mixed Forms,— Fi'om Integral or Mixed Forms to Ini'- 
proper Fractions, — To Forms having a Common Denominator , — 
and from the Complex to the Simple Form. 

149 m Prohm Im — To reduce a fraction to its lowest terms, 

RULE. — Kbject all common factors from both teems; or 

DIVIDE BOTH TERMS BY THEIR H. C. B. 

Dbm. — Since the numerator Is the dividend and the denominator the divisor, 
rejecting the same factors from each does not alter the value of the fraction 
(^r). Having reject^ cH the common factors, or, what is the same thing, the 
H. C. D. (which contains all the common factors), the fraction is In its lowest 
terms {14:5). 

ScH. 1. — Since the H. C. D. is the product of all the common factors 
{100)^ the above process is equivalent to dividing both terms of the frac- 
tion by their H. C. D. Whenever the common factors of the terms are not 
readily discernible^ the process for finding their H. C. D. {129) may be 
resorted to. 

Sen. 3. — The opposite process is sometimes serviceable, viz. : the intro- 
duction of a factor into both terms of a fraction, which will give it a mor(» 
convenient form. It requires no special ingenuity to solve such problems, 
since, if the factor does not readily appear, it can be found by dividing a 
term of one fraction by the corresponding term of the other. 


150 m jPvobm 2 m — To rcducc a fraction from an improper to an 
integral or mixed form. 

Perform the division indicated {133). 

151m Cor. — By means of negative indices {exponents) any 
fraction can be expressed in the integral form. 


152 m JProbm 3m — To reduce numbers from the integral or mixed 
to the fractional form. 

RULE , — Multiply the inteoeal part by the given de- 
nominator, AND ANNEXING THE NUMERATOR OF THE FRAC- 
TIONAL PART, IF ANY, WRITE THE SUM OVER THE GIVEN DE- 
NOMINATOR. 
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Dbk. — I n the case of a number in the integral form, the procees eoneiflta of 
multiplying the given number by the given denominator and indicating the 
division of the product by the same number, and hence is equivalent to multi- 
plying and dividing by the same quantity, whidh does not change the value of 
the number. The same is true as far as relates to the integral part of a mixed 
form, after which the two fractional parts are to be added together. As they 
have the same divisors, the dividends can be added upon the principle that the 
sum of the quotients equals the quotient of the sum (9d). 


1S3» JPvob. 4m --To reduce fractiom hacing different denomi- 
natora to equivalent fractions having a common denominator, 

RULE, — Multiply both terms of each fraction by the 

DENOMINATORS OF ALL THE OTHER FRACTIONS. 

Dem. — ^This gives a common denominator, because each denominator is the 
product of all the denominators of the several fractions. The value of any one 
of the fractions is not changed, because both numerator and denominator are 
multiplied by the same number {ISif). 

ISdm Cor. — To reduce fractions to equivalent ones having the 
Lowest Common Denominator^ find the L, C, M, of all the denomi- 
nators for the new denominator. Then multiply hath terms of each 
fraction by the quotient of that L, C, M, divided by the denominator 
of that fraction, 

ISSm I^robm 3m — To reduce complex fractions to the form of 
simple fractions, 

RULE, — Multiply numerator and denominator of the com- 
plex FRACTION BY THE PRODUCT OF ALL THE DENOMINATORS OF 
THE PARTIAL FRACTIONS FOUND IN THEM; OR, MULTIPLY BY THE 
L. C. M. OF THE DENOMINATORS OF THE PARTIAL FRACTIONS.* 

Dem. — T ills process removes the partial denominators, since each fraction is 
multiplied by its own denominator, at least, and this is done by dropping the 
denmninator. It does not alter the value of the fraction, since it is multiplying 
dividend and divisor by the same quantity. 


Addition. 

136m JPrahm — To add fractions, 

RULE, — Reduce them to forms having a common denomina- 
tor, IF THEY HAVE NOT SUCH FORMS, AND THEN ADD THE NUMERA- 
TORS, AND WRITE THE SUM OVER THE COMMON DENOMINATOR. 

* The pnpll is sapposed to iinvc obtained sufficient knowledge of fractions In common arith- 
metic to perform these operations. 
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DBM.^The'vedttction of the several fractloius to forms having a common denomi- 
nator, if they have not such forms, does not alter their values {13S), and hence 
does not alter the sum. Then, when they have a common denominator (divisor), 
the sum of the several quotients is eqiml to the quotient of the sum of the sev- 
eral dividends divided by the common divisor, or denominator {94). 

mVrn Cob. — in the mixed form may either he redaeed 
to the improper form and then added, or the integral parte may he 
added into one sum, and the fractional into another, and theee reeulte 
added. 


SUBTEACTIOK. 

l.SS» JProh. — To eidttract fractions. 

R ULE. — Eeducb the fractions to forms haviho a commoh 

DENOMINATOR, IF THEY HAVE NOT SUCH FORMS, AND SUBTRACT THE 
numerator OF THE SUBTRAHEND FROM THE NUMERATOR OP THE 
MINUEND, AND PLACE THE REMAINDER OVER THE COMMON DENOMI- 
NATOR. 

Dkm. — T he value of the fractions not being altered by the reduction, their dif- 
ference is not altered. After this reduction, we have the difference of two quo- 
tients arising from dividing two numbers (the numerators) by the same divisor 
(the common denominator). But this is the same as the quotient arising from 
dividing the difference between the numbers by the common divisor (95). 

ISQm Coe. — Mixed numbers may he subtracted by annexing the 
subtrahend with its signs changed., to the mhiuend, and then combining 
the terms as much as may be desired. The reason for the change of 
signs is the same as in whole numbers {71). 


Multiplication. 

IGO. JRvob* Im — To multiply a fraction by an integer. 

jKCTXJ^.—MULTIPLY THE NUMERATOR OR DIVIDE THE DENOMI- 
NATOR. 

Dsm. — S ince numerator is dividend and denominator divisor, and the value of 
the fraction is the quotient, this rule is a direct consequence of {^2, 93). 

ISlm JRrob. 2* — To multiply by a fraotiqn. 

RULE.--^rsvtiviri by the numerator and divide by the 

DENOMINATOR.* 


* It Is ftssamed that the pupil knows how to divide a fraction by an integer, from his stndy 
of arithmetic. Nevertheless the problem will be lotrodoced hereafter for the porpose of lamil* 
larbstng the popU with the literal operations. 
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Dfiic. — ^Let it be required to multiply which i« either an integer or a jfrao* 
tton, by 

let. Suppose a and h are both integers. Multiplying m by a g^yes a product 
5 times too large, since we were to multiply by only a &th part of a ; hence we 

divide the product, am, by &, and have 

2d. When either a or 6, or both, are fractions. Let e be the factor by whidi 
numerator and denominator of must be multiplied to make ^ a simple frao 

tion (Jfdf/f)* Then will ^ be a simple fraction, i. e., ac and be are each integral ; 
and the multiplication is effected as in Case 1st, giving This reduced by 

dividing both terms by e pves Hence we see that in any case, to multiply 

by a fraction, we have only to multiply the multiplicand by the numerator of 
the multiplier, and divide this product by the denominator. It is also to be ob- 
served that this reasoning applies equally well whether the mvltiplieand is inte- 
gral or fractional. 

162 . Cor. — To muUiply mixed numbers^ first reduce them to 
proper fractione. 


Divisiok, 

163* JPTOb. 1. — To divide a fraction by an integer. 

RULE. — ^Divide the kumeratob or multiply the dehomi- 

HATOR. 

Hem. — Since numerator is dividend, and denominator divisor, and the value 
of the fraction the quotient, this rule is a direct consequence of {92 f 93). 

164» Prob^ 2. — To divide by a fraction. 

RULE. — Divihe by the numerator and multiply the quo- 
tient BY THE denominator. Or, WHAT IS THE SAME THING, 
INVERT THE TEEMS OF THE DIVISOR AND PROCEED AS IN MULTIPLI- 
CATION. 

Hbm. — ^The correctness of the first process appears from the fact that division 
is the reverse of multiplication, and, hence, as we multiply by the numerator 
and divide by the denominator in order to multiply by a fraction, to divide by 
one we must dttade by the numerator and muUiply by the denominator. 

The process of inverting the divisor and then multiplying by it is seen to be 
the same as the other, since this multiplies the dividend by the denominator of 
the divisor and divides by the numerator. 

Again, this process may be demonstrated thus : Inverting the divisor show^ 
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haw many times it ia contained in 1. Then if the given dirisor is contained so 
many times in 1, it will be contained in 5, 5 times as many times ; in | as many 
times ; in times as many times ; or in any dividend as many times the 

number of times it is contained in 1, as is expressed by that dividend, whether 
it be integral, fractional, or mixed. (The author prefers this demonstration.) 

ScH. 1. — Since to multiply one fraction by another we may multiply the 
numerators together for the numerator and the denominators for the denomi- 
natpr, and since division is the reverse, we may perform division by dividing 
the numerator of the dividend by the numerator of the divisor, and the de- 
nominator of the dividend by the denominator of the divisor. 

This method will coincide with the others when thsy are worked by per- 
forming the operations by division as far as practicable, and tAis is worked 
by performing the multiplications equivalent to the divisions when the latter 
are not practicable. 

Con. — reciprocal of a quantity being 1 divided by that 
quantity, the reciprocal of a fraction is the f reaction inverted. 

General Scholium. — In both multiplication and division of fractions, or by 
fractions, all operations which can he performed by dividing should he so per- 
formed, in order that the result may be in its lowest terms. 


Signs of a Fraction. 

16S. In considering the signs of a fraction, we have to notice 
three thmgsy viz.: the sign of the numerator, the sign of the denomi- 
nator, and the sign before the fraction as a whole. This latter sign 
does not belong to either the numerator or denominator separately, 
but to the whole expression. 

Thus, in the expression — in the numerator the sign of 4a is -h, 

and of 5cd is In the denominator, the sign of 2a? is +, and of 4y* + also. 
The sign of the fraction is — . These are the signs of operation 

The essential character of a fraction, as positive or 
negative^ can only be determined when the essential character of all 
the numbers entering into it is known. It may then be determined 
by principles already given 
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Examples. 

1 . Rednoe the foirowing fractions to their lowest terms : 

770a» &v«‘ 25rta:» 72a‘J^c’* a: + 1 3 »j»m - 3«» 

1310«»S*^*’ SSa’** 24a54c* ’ 1 — »*’ + a4»j«» + 12«*’ 

a;-4 _ y-4 flt} _ 1 a;» — 3a; — 4 3« + Zag Zx* + ISa 9 

»■*— 1 + oVd’ **—43: — 6* 4jt— 454^*’ *' + 6*»+6’ 

6*»-3*-45 (1+*)' ix»y^+% 3*»+2**-8* 

6** + 19*+10’ (1-*T a:»y-l ’9*»-123:*-3C*+48’ 

0:3— 9a:* + 13a!— 5 «^*— 8«J+5a a:*— 8a;* +21o;— 18 

7a:3-19a;*4'17a;-5 ’ 7Z>*-m*+6^ ' 3a;S-16a:* +21a; ' 

16a:* — 53a:* + 45a: + 6 
8a:* - 30a:3 -f 31a;* - 12‘ 


« T1T1_AX» A ni 1. a*— «*J -«5*+ J. {«*— 

2. What factor wiU change to ^ ? 

a* 4- «*a:+ a*a:* 4 aa:* 4 a:* ^ a* — .r® ^ a:* 4 fa:* 4 fa: 4 1 ^ 

a 4 a: a* - a:* ‘ - f 

4a:* — O' 4 4 Oja* — 12^^* — 4 ISy* Of;?* — 2^*] 

a; — 1 »* — < 7 * Jt? 4 5" 


3. Hedace 


p* — q* P + q 

1 a:* 4 14a:* 4 27 we* 4 w* 4 ^mn — a: — y 


1— a: a:* 4 4 we 4 w 

1 — fli ® 2 a* 4 4a*a: 4 6a*a:* 4 4aa;* 4 a:* a:" 

a 4 2— a?’ a* 4 3a*a; 4 3ai* 4 a;* * 1— a; 


and 


nirr I to integral or mixed forms. 


4, Express 


8g*^y* (we 4 


7a*5y*’ (# 14 ^ 1 )""*’ 




a:’""(<e 4 ^)3 


in the integral form. 


a;*""(a — 5)* 


5. Eeduce the following mixed to fractional forms: 1 4 
. , 14a*5 4 12a*5* - 3a5 ^ 4 


J 4 7ce 4 6<i5 • 


1 4 2a:- 


1-a:' 
4a: — 4 


+ 2a5« -5* ^ ^.r+ c« -a« 1-* 

^ a* -b* ’ ^ ^ ** 26e ’ ®?T . * 1 + * 



inucTioNs. 




3a. Ax ay 7y , 4w* 

55* 4^r» 


6 . Reduce ;r:r, 5«* ^ x~« to forms having a 0. D. 


7. Reduce 2 — ? and — z , - - to forms having a 0. B. 

X ^ a a* + a;* ® 


8 . Reduce , -r-r n* — to equivalent 

X x(a* — a?*) a + ar a — x ^ 

fractions having the L. C. D. 

1 X aj® 

9. Reduce - 7 ; — — ll~T 2 > T~Z1 — Ti equivalent frac- 


a; — / (x--y) 
tions having the L. C. D. 

10. Reduce ■ and 

(1 + 2 c)* 1 — a;* 


(x-y)^ 
to forms having the L. C. D. 


11. Reduce — ^, — , — and — z to forms havmg the 

“ on* 


M*’ m** W* -f W®* 


L.O. B. 


12 . Reduce forms having the L. 0. B. 


9a;* - 16 


13. Reduce the following complex fractions to simple ones : 

& X a c 

|n*-fa» . 3 . F~5. _ n ”* 

be ’ +*c*a:*’ 1 + yt’ ! + |’ ” 

a 


•m 




f 

,, .,,a a a ,o 7 j7 — ». 1 , 1 

U. Add g, g, y, and ^ and ’ l — 1 + »» ’ 


a + 6 , o — J — 2 c 

— and j 5 

b~c 


^ a<? 


> and 


a;* H" a;* + a; -h 1 
1 a; -H 1 


and 


3 


be * a? + 3* a?* — 3a; + 9' 


;,and 


*•—»•+ a: — 1 ’ 
+ a + 1 _ 1 

*» + 27 ’ o - d’ 


1 , 2a 


4 



50 


LITERAL ARITHMETIC. 


15, Add 2L~— — -i-y and ; a — 

a* — a;c -h a;* a + ar a» -h j*r» ' \ 5 / 


1 7 . , A i h 

and b H + 4a*ic®. 

c 


10. Add — T -, and — t — 7 ; - 7 — 7 

a 5 — 1 J + l’l + x-faj* 

a?4*3a; — 4 ,3*4*5 

3:443? — 3 .u + T 


and 


1 — a: 

i — . X 4- a:* ’ 


17. Add 


{a 4- c) (rt 4- rf) 


and 


P 


{a + c) (a -f c) ’ 3wy* — x 


and 


y — Gmpy^ a* y^ ^ 


(3/ny * — a;) * ’ y’ a: + y’ a;* 4- ary 
2 2 


18. Add 


L. and (a-5)«-f (5-g)«4-(^-^)« 

a^b'b — <!c'-d (a — 5) (5 — c) (c — a) 


19, Prom — ^-TT take ^ 


a: 3 

from — take • ^ 


a? + 3 ’ a5 ab * 


^ IU>I\C — — — — , 

a: — 7 ar — J 


OA T? IV — 25 , 4« — 5 « (a* 4- 5*)* , . 

20. From 7a: — take x — ; from take 

3 2 ab{a — 5)* 

5 1 24 

21. From , — 7777 rr take — -5^. 

2 (a: 4-1) 10 (a: — 1) 5 (2a: + 3) 


22. Multiply 


ix 4- 12 
7 


i>y 


14fl 

3a: + 9' 


a;g -5« ^ a:* 4* 5g , 
«a: 4- «5 ^ a; — 5 ’ 


a --^b 
a + h 


by 


a 4 5 
a-5’ 


g — a;^ 
5 4* y 


r i>y 


fL±J. 
b — 


5 , , , « . 1 


g» + 2a- — 3 , 
»* + 6 x + 6 ^ 


4a:* - 12z - 40 
SS*^ 18a: + 15‘ 
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23. Multiply " ^ by 4c; — J*-* by Ja:»; — 1|=-* by 

106-* !+*,, „ , , at. • y- a:‘+- , «’+* 

- 27^! + ® 5 j^Hnby--.; jprby|=^.. 

«. Multiply by 4^ ; by the 

• + 1J* + ^ + 1 yt - 1 ' " 


r + y 

2a“ — 36 


reciprocal of (l + f)(l» + i) ^ 5 ^ 1 + -« 

‘’y r« + 3 + I ’ 1 + i*+irr* by 

{.r» ~ ?/')» _ a* — 1 . , a« — 1 

“y (.-r* - y“)‘ + (a:* + y*)* ’ (« + !)* ’’y (a» - a)*' 

25. Multiply together and 1 + —^ . 

26. Multiply x‘ — x + 1 bya:'*+a:‘*+l;.l — ^--r by 

Ct ‘T‘ O 


0»V T-k- -J 1 U * 9 1 U -9-9 wy 

27. Divide *ir^y 5 byrn^M^ ; by m *w * ; 

2 *^13 ' w»;i* ’ 4<xa; 


!. Divide ■ by • by 1 +9a*j 


r* ^y 


29. Divide 


1 + a ^ ’ « 4* 5^6 ^ 3« -h 6^ ’ (« a:/ ^ 




a; 1 — a; \ /<?— 

1 + jc X )* Vc-f^ c*+&*/ 


30. Divide ?w^ — by m 4- by ; a*— 

^ n b(a 4 - 6 )* ■ 

’ (t+F •" sru, - STj) 



UTBsiai liSrrsKKno. 


/i-y\ 

-■ fe t -yj* by ( —?) 
1 + \ 1+?^/ 


31. Divide 

33. Divide 

33. Divide 

34. Free 


(ix-yy 

a 4- (6’a)'^ — (a’d)'^ 
a h 


by 


a*+6*’ 


1 1 1 „ _,, , 

o’ ^ ^ 

a* 






+ of negative exponents. 




and «-J 


35. What is the reciprocaJ of (^) * — w’ 

(ot + w)~* o 
(«» — m)“* 

4rt® 3 w2*c . 

36. Is the fraction — essentially positive, or negative, 

when a, m, x, and y are each negative ? 


Solution. — S ince (—a)* = a*, 4a* is essentially positive. Since (— m){— z) 
= mXf the term 3m*, in itself, is positive, and the numerator becomes 4a* 

— (+ 3m*), or 4a* — Swwj { 72 y Now, whether 4a* — 8m* gives a 4- or a — 
result, depends upon the numerical values of a, m, and *. If 4a* > dm*, 4a* 

— 3m* is + ; but, if 4a* < 3m*, 4a* — 8m* is — , Again, since (— • *)•* = — **, 
the first term of the denominator, 3*'^, is essentially negative. And since 
(~y)* = y*, the term 4y* is essentially positive and the denominator becomes 

— 2** + (+4y*), or — 2*® + 4y*. Whether this is + or —, depends upon the 
relative values of * and y. If we suppose 4a* > Sm* the numerator becomes + , 

and if 3** be greater than 4y* the denominator becomes and we have — 

which gives a positive result. 


37. What is the essential sign of — ~ • , when a= —1, Z>=3, 
a;= —3, and y 2 = — 4? 


88. What is the essential sign of — "^ben a = — 3, 

— 4tom 

bz=z--^S, w — 1, and ^ == 1 ? 



. im&cTtoxik 


IS 


— 9 i * 

39. What is the essential sign of — — - ^ Z-— ^ ^hen a= 

— an* — 

& = — 2, m = — 8, and a; = — 2 ? 

40. Simplify ^ ‘ ^ ^ 


a; + — 

1 ■ . i ’’ 

-T *+« 

y(xyz + a; + «)’ 

y + 5 



1 

1 . 

X 

y 

a ^ X 

1 

•« 

H 

-*)* 

(a-y)* 


1 

(ff — 

1 

9 t \ 8 ^ />»\ 




3 a ^ “ 4 “ c 


1 1-1 

be ^ c« db 


a + h — ( 


\ and 


a + • 


1 4 - 


(a® - *•). 


a 

I 


-32, 


1 
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CHAPTER IV. 

jPOfFEBS JiJirD BOOTS. 

SECTION I. 

INVOLUTION. 

Befinitioks. 

168. A JPowev is a product arising from multiplying a number 
by itself. Tlie JDegree of the power is indicated by the number 
of factors taken. 

ScH. — It will be seen that a power is a species of composite number in 
which the component factors are equal. 

160* A Moot is one of the equal factors into which a number is 
conceived to be resolved. The Megree of the root is indicated 
by the number of required factors. 

TtO. An JEJxponent or Index is a number written a little 
to the right and above another number, and 

1st. If a Positive htefjer, it indicates a Pmoer of the number; 

If a Positive Fraction, the numerator indicates a Power, and 
the denominator a Root of the number ; 

3d. If a Negative Integer or Frcwtion, it indicates the Reciprocal 
of what it would signify if positive. 

ScH. — ^It is obviously incorrect to read 4^, “the | power of 4.’^ There is 
no such thing as a 2-fiftlis power, as will be seen by considering the definh 

« * * 

tionof a power. Bead 4 , “4exponent also a*, “a exponent cT*, 

“a exponent — J.” These are abbreviated forms for, “a with an exponent 

— etc. In this way any exponent, however complicated, is read without 
difScu^ty. 
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171* A Madicud I^uniber is an indicated root of a number. 
If the root can be extracted exactly, the quantity is^ called Rational; 
if the root cannot be extracted exactly, the expression is called Irra- 
tionaly or Surd* 

17 2 ^ A Root is indicated either by the denominator of a frac- 
tional exponent, or by the Mddical Sign^ >/» This sign used 
alone signifies square root Any other root is indicated by writing 
it6*index in the opening of the v part of the sign, 

17 S. An Imaginary Quantity is an indicated even root 
of a negative quantity, and is so called because no number, in the 
ordinary sense, can be found, which, taken an even number of times 
as a factor, produces a negative quantity. 

Thus V — 4 is imaglnaiy, because we cannot find any factor, in the ordinary 
sense, which multiplied by itself once produces — 4. Neither 2 nor — 2 pro* 
duces — 4 when squared. For a like reason V — 3aS or ^ — \4Sixy* 

are imaginaries. 

174:* All quantities not imaginary are called Real 

17 S* Similar Madicals are like roots of like quantities. 

Thus 4v'5«, 3j?\/5a, and (a* — x*y/5a are similar radicals. 

176* To nationalize an expression is to free it from radicals. 

177* To affect a number with an JEkeponent is to per- 
form upon it the operations indicated by that exponent. 

17 S* Involution is the process of raising numbers to required 
powers. 

179* JEvolution is the process of extracting roots of numbers. 

180* Calculus of Madicals treats of the processes of re- 
ducing, adding, subtracting, or performing any of the common 
arithmetical operations upon radical quantities. 


• Involution. 

ISl* JProb* 1* — To raise a number to any required power* 

R ULE, — Multiply the numbee by itself as many times, iess 

ONE, AS THEEE ABB UNITS IN THE DEGBEB OF THE POWBB. 

182* OoE. — Since any number of positive factors gives a positive 
product f all powers of positive monomials are positive^ \Agalni 
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since an evbk number ^ negative factors gives a posxtiyb proiuct^ 
and an odd number gives a ^ViaAiiYE product, it foUows thcU even 
powers of negative numbers are positive^ tmd odd powers negative. 


1S3* JPPOb. affect a monomiat with any eaponent, 

RULE. — ^Pebfokm upoist the ooepficibot the operations 

INDICATED BY THE EXPONENT, AND MULTIPLY THE EXPONENTS* OF 
THE LETTERS BY THE GIVEN EXPONENT. 

Debi, — l8t. When the exponent by tehieh the monomial is to he affected is a positive 

• 

integer. Let it be required to affect 4a*6*‘ • with the exponent p; or in other 
wor^ raise it to the pth power, p being a positive integer. The pih. power of 

« a » « 

4a»6*'aj~* is x x-* x to p factors. But as 

the order of the arrangement of the factors docs not affect the product (77)> 

this product may be considered as, p factors each 4, Into p factois each into p 

• 

factors each ft**, into p factors each Now p factors each 4 give 4^ by definition. 

p factors each a”* are expressed since a** is m factors each a, and p factors con 
taining m factors each, make in tlie whole pm factors, or aP”^, Again, p factors 
m €? * A 

each d^are expressed b*, since 5' is 7i factors each and p factors, containingn 

i £? 1 11 

faetors each, are pn factors each b^,oTb^ , And itince flr -*= — , p factors, or — x — 

of Of X* 

X L . . . to p factors make as fractions are multiplied by multiplying 
numerators together for a new numerator and denominators for a new denomi- 
nator, and iB* X X aj* - - - top factors are o^. But -i- z= Hence collect* 

« 5* 

ing the factors we find that {Aa*}fx'^*)f = 4w^6 ^ Q. B. D. 


fid. When the exponent is a positive fraction. Let it be required to affect 
!L * 

40*5'^ with the exponent This means that 4a"*& ***“■• is to be resolved 

into q eqiuLl factors and p of them taken. Now, if we separate each of the fac* 

tors of AeTb ^ x--^ Into q equal factors, and then take p of each of these, we shall 
hare dofoe what is signified by the exponent-^. 

' 1. 

By definition, 4 * represents one of the g equal factors of 4. 

^ obtain one of the q equal factors of or*, we take one of the q equal factors 
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pi a from each of the m factoni represented. But ^ of the g equal factors of 
1 » 

a is represented hjr o * , and m of these is o* by definition. 

<« • 

To separate }/ into q equal factors, we notice that h* is n of the r equal fac- 
tors of 6. Now, if we resolve each of these r factors into q equal factors, h is 
resolved into rq equal factors ; doing the same with each of the n factors repre- 
sented, and taking one from each set, we have h resolved into rq equal factors 

and n of them taken ; that is is one of the q equal factors of 6 . 

To resolve *-*= ^ into q equal factors, we consider that a fraction is 

resolved by resolving its numerator and denominator separately. But one of the 

« 

^equal factors of 1 is 1 ; and one of the q equal factors of is 2 ^ as seen in the re- 

1 1 - • 

solution of a**. Hence qne of the q equal factors of a?-** or _L is ~ ^ 

« 

Collecting these factors we find that one of the q equal factors of is 

1 m * * 

And finally p of these being obtained according to Case 1st, gives 

??!??? -2f 

4« fljtf ^ , as the expression for aj“* affected with the exponent ^ ; which 

9 

result agrees with the enunciation of the rule. 

8d, When the exponent is neqative and eiihefr integral or fractional. Let 

H 

it be required to affect with the exponent — This by the definition 

of negative exponents, signifies that we are to take the reciprocal of what the 

expression would be if f were positive. But 4u"*6’‘a?-* affected with the exponent 
t (positive) is by the preceding cases, whether t is integral or frac- 
tional. The reciprocal of this is . But since these factors can be 

transferred to the numerator by changing the signs of their exponents, we have 

as the result of affecting 4a”*6^a;~* with the exponent — f, which 
result agrees with the enundation of the rule. 


184* JProbm 3m — To expand a binomial ejected toith ar^ expo- 
nent. 

RULE.—TKn bulb is best stated in a fobmitla. Thus, 

LET h AND m BE ANY KUMBBES WILATEVBB, POSmVB OB 
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KBOATIVE, IKTBGBAL OE FRACTI02JAL, THEK WILL (a + ft)” EEPEB- 
SBOT jkJSX BINOMIAL, AFFECTED WITH AISTY EXPONENT, AND 


(« 


4 - 3)** = a** -f 

X • ^ 

w(m-l)(w-2) 

^ 1 • a • 3 

, »»(*n — !)(»» — 2)(wi — 

+ 1 • 2 • 8 -"4 ® ^ 

wi (w — 1) (wi — 2) (m — 3) (/M — 4) 
+ 1 • 2 • 3 • 4 • 5 


H- etc. 


This is the celebrated Binomial Formitla, or Tbborsm, Its demonstra- 
tion will be found in the subsequent part of the work. At this stage of his 
progress the student should learn the formula and become expert in a]>p1ying it. 


18S» Cor. 1. — T/ie eorpansion of a binomial temiinatea only when 
the exponent is a positive integer y since only when m is a positive 
integer wiU a factor of the form m(m — (m — 2) (m — 3), etc,y 
become 0, as is evident by inspection, 

ISO. Cor. 2. — When m is a positive integer y that is when a bino- 
mial is raised to an y power y there is one more term in the develop- 
ment than units in the exponent. 

Since the first coefficient is 1 ; the 2d, m ; the 8d, — — ^ , the 4th, 
the 6th, , etc, we notico that the 

2*0 2 * 0*4 

last factor is w — (the number of the tenn — 2) ; and the number of the term, 
therefore, which has m as a factor is the (w + 2)th term. But this is 0. 
Hence the (fn + l)th term is the last. 

JST. Cor. 3. — When m is a positive integer y the coefficients equally 
distant from the extremes are equal. 

Thus (u + 2»)»* = (& + u)"* ; the former of which gives or + + 

4 -, etc., and the latter +, etc. 

2 A 

Whence it appears that the first half of the terms and the last half are exactly 

symmetrical. 

±HS. Cor. 4. — The sum of the exponents in each term is the same 
as the exponent of the power, 

ScfH.— The last two corollaries apply to the form (« + y)*, and not to such 
forms as (2a* — UJ*)**, after the latter is fully expanded. 
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189 0 OoR. 6 . — A convenient rule for suiting out thepowere of 
hinomiale may he thus stated : 

1^. There is one more term in the development than there are 
units in the exponent of the power, 

2d, The first contains only the first letter of the binomial^ and the 
last term only the second^ while all the other terms contain both the 
lett^s, 

3d, The exponent of the first letter of the binomial in the first term 
of the development is the same as the exponent of the required power 
and DIMINISHES by unity to the right, while the exponent of the 
second letter begins .at vmity in the second term of the expansion and 
INCREASES by unity to the right, becoming, in the last term, the same 
as the exponent of the power, 

Uh, The coefficient of the first term of the expansion is unity ; of 
the second, the exponent of the required power ; and that of any other 
te/i'm may be found by mxdtiplying the coefficient of the preceding 
term by the exponent of the first letter in that term, an d dividing the 
product by the exponent of the second letter + 1, 

100, Cor. C . — If the sign between the terms of the binomial is 
minus, as (a — b)®, the odd terms of the expansion are + and the 
even ones . This arises from the fact that the odd terms involve 
even powers of the second or negative term of the binomial, and the 
even terms involve the odd powers of the same. 


Examples. 

1. What is the square of 3a^ ? Of ? Of ? Of ? 

Of 2i\/x ? Of iV2 ? Of - ^ ? 

ar* 

2. What is the square of 1 — a; 4- ? Of 2a — 3x^ ? 

3. Expand the following: (3— 2a:— a:*)*, (3a;»— 1) , (a?— , 

4. Affect 3a^a;^ with the exponent 4; 4a*a;® with the exponent 2; 

a^x with the exponent — m, with the exponent i, | ; 6x^y with the 
exponent f, — 3* 





imam, iiamnamc. 


6« Perform the following opemtions and explain each as a process 
of factoring, according to (Dem. 1^5): (125a^a;*)^, (64a«ar)^, 

6. Expand the following by the Binomial Formula : (x + y)**, 
(* — y)S (3a* — »)», (a: + y)-», {x-y)-*, (5 + a:*)^, («*-«*) 

(1 - .■)•, vSJ=iV. 5 ^.. (a- + to')‘ 


Three results. 


a*s*= oVi — 


= «(1 - ¥* - 


= (1 — a:*)”^ = 1 + ^a:* +|a;* + -^i^a:* + -^a:* +, etc. 


Vl - i* 

(«* + Ja.*)» = etc. 


7. Write out by Con’s. 5 and 6, the expansions of the follow- 
ing: (a+d)», (a-J)*, (a*-S*)», (a:^-i^*)«, {a*+y*)‘, (a:'*-y-’)«. 


SECTION II. 

EVOLUTION. 

191. Prob. 1.— To extract any root of a perfect power of that 
degree, 

RULE , — Resolve the number into its prime factors, and 

SEPARATE THESE INTO AS MANY EQUAL GROUPS AS THERE ARB 
UNITS IN THE DEGREE OF THE ROOT REQUIRED; THE PRODUCT OF 
ONE OF THESE GROUPS IS THE ROOT SOUGHT. 

192, ScH. — ^The sign of an even root of a positive number is ambiguous 
(that is + or — ), since an even number of factors gives the same product 
whether they are positive or negative {79^ 89). The sign of an odd root is 
the same as that of the number itself, since an odd number of positive factors 
gives a positive product and an odd number of negative factors gives a 
negative product {80, 8£), 

193* Cor. 1. — 77ie roots of monomials can be extracted by 
exacting the required root of the coefficient and dividing the expo^ 
nent of each letter by the index of the root, since to extraet the squar e 
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ro<4 iB io a nwn5er witA tAe eapmeru tAe cube ro&t the nth 
root 1, etc, (183). 

1940 Cob. 2. — The root of the product of several iivmhers is the 
same as the prodtujt of the roots. 

TBufl, 'X/abcx = *Va • Vi « Vc - V5I since to extract the i»th root of aibex 
we hare but to divide the exponent of each letter hy m, which gives, 
JL 1. i 1 - 

or Va • "Vb-Vc’ Vaj. 

19S* Cor. 3. — The root of the quotient of two numbers is the same 
as the quotient of the roots. 


Thus, i/ — is the same as since to extract the Hh root of ~ we have 

y 11 n 

but to extract the rth root of numerator and denominator, which operation 

1 

is performed by dividing their exponents by r. Hence 4 /^ = 


Examples. 

1. ’ Extract the square root of each of the following numbers by 
resolving them into their factors, i. e. by {191 ) : 222784 ; 21316 ; 
and 5499025. 

2. Extract the square root of each of the following, as above: 

3. Extract as above ; V25a^^, ^ 64a” •a;^, 49a:y^, 

Un^y*, ^ 1728®*^*. ^-33a»»r‘* 

4. Solve exercises 2 and 3 also by {193). 

5. Show as in {194) that ^8 x 27 = v^x^27; also that 

6. Is Va±T=: Is Is 

Why does the reasoning in the cases which are true not apply to the 
others ? State the true propositions ; also the false assumption. 

ScH. — ^The extraction of roots by resolving numbers into their iaoto r a 
according to thk rule, is limited in its application for several reasons. In 





the case of decimal numbers we can always find the prime factors by trial, 
and hence if the number is an exact power, can get its root. But in case 
the number is not an exact power of the degree required, we have no method 
of approximating to its exact root by this rule, as we have by the common 
method already learned in arithmetic. In case of literal numbers the diffi- 
culty of detecting the polynomial factors of a polynomial is usually insuper- 
able. Hence we seek general rules which will not be subject to these 
objections. 


196* Trob. 2* — To extract roots whose indices are composed of 
the factors 2 and 3 . 

Solution. — To extract the 4th root, extract the square root of the square root. 
Since the 4th root is one of the 4 equal factors Into which a number is conceived 
to be resolved, if we first resolve a number into 2 equal factors (that is, extract 
the square root) and then resolve one of these factors into 2 equal factors (that 
is, extract its square root) one of the last factors is one of the 4 equal factors 
which compose the orl^nal number, and hence the 4th root. In like manner 
the 6th root is the cube root of the square root, etc. 


191* Prob* 3* — To extract the mth (any) root of a number. 


Solution. — Instead of giving in detail the demonstrations of the processes for 
the extraction of roots, we assume that the student is familiar with the subject 
as presented in common arithmetic,* and propose here to show him how to see 
a rule for the extraction of any root of a decimal number, and of a polynomial, 
in the expansion of a binomial. Thus 


For the 
Square root 
Cube ” 
Fourth " 
Fifth « 


(a + 6)* =(i* (2a + Vp gives the rule ; 

(a + 6)*=a® + (8a*-f-3a6-l'5*)& ” “ 

(a+6)*=a*+(4a’» + 0a»&4-4ad*+6»)6 " « « 

(a + 6)« =a» + (5a* + 10a»6 + 10a*5* + 5a6» + h*P « “ « 

etc., etc., etc. 


In all cases a represents the part of the root already found, and h the next 
figure or term of the root ; observing that in decimal numbers, a is tens with 
reference to b. 


The method of x>ointing off decimal numbers into periods, and the reason, 
are shown for the square and cube root in common arithmetic ; and the same 
reasoning extends to other roots. 

A polynomial must be arranged as for division, since this is the form which 
a power takes when the root is similarly arranged. 

The solution of a few examples will familiarize the student with this method. 


* Tlie whole sabjoet is faUy pfotsatsd In the OouKinra fioaooh Ambbba. 
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Examples. 

1. Extract the square root of 7284601. 

BOLXJTIOW. 

Tlie formula is {a + 6)* = a* + (2a + &) 6. 


At flret a* = the greatest square in 7. a = 2. 'i^264^i )2699 

4 

2a = 2 (20) = the 2H(U Divisor. 40 82B 

828 -I- 40 = 8 is tlie probable* second root figure. 

(2a + 6) = 40 + 8 is the True Divisor if 8 is the second root 
figure. But 48 x 8 = 884. 8 is too large. Wo will try 

6 as the second root figure ^ 

W hence (2a -♦-&)=: the True Divisor 46 276 

Woie, 2a = 2 (200) = the THal Divisor 620 5246 

6240 -t- 620 = the probable next root figure 9 

(2a + b)= 620 + 9 = the True Divisor 529 4701 

Again, 2a = 2 (2090) = the JHal Divisor 6880 | 48601 

.*. 48501 -I- 6380 = the probable next root figure 9 

(2a + 6) = 5880 -f 9 = the True Divisor 5889 I 48501 


2. Extract the cube root of 99252847. 

BOLUTIOK. 

The formula is (a + 6)* = a® + (3a* + 3a6 + 6*) 6. 

At first a® = the greatest cube ii 

jga* = 3 (40)* = the TruU Divisoi 
86262 -f- 4800 = 7, the proba 
(8a* + m + 6*) = 4800 4- 840 + 
if 7 is the next root figure, 
times in 35262, 7 is too large 
Now, the corrections to be added 
the true divisor, are 

Hence the true divisor is 

New Trial Divisor, 3a* = 8 (460) 

^ (806 = 8(460)8 = . 

OorroctioiiB i “j (3}^ **** 

7¥ue Divisor 

The new root figure cannot be larger than this quotient. It Is often not so large, and tbs 
probability of its being considerably less Increases with the degree of the root we are extracting* 


i99. .-.a = 4. 9l}252847l463 

64 

r 4800 35252 

hie next root figure. 

49 = 5689, the IVue Divisor 
But, as this does not go 7 
; and we try 6. 
to the trial divisor to make 

8a6 = 3(40)6 = 720 

and 6*=(6)* = 86 

5556 88886 

* = 034800 1016847 

4140 

9 

638949 1916847 
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5. Extract the square root of each of the following numbers ; 7225, 
9801, 553536, 5764S01, 3456A2, 2, ,5, 3, 60, 1.25, 1.6. 

6. Extract the cube root of each of the following numbers : 74088, 
122097755081, 2936.493568, 01234, 12.5, .64, .08, 2, 6. 

7. Extract the 4th root of 52764813. (See 196 .) 

Extract the 6th root of 2985984. (See 196 .) 

9. Extract the 8th root of 1679616. (See 196 .) 

10. Extract the 5th root of 5. = 1.37974 — . 

11. Extract the 7th root of 2. = 1.104 4-. 

12. Extract the square root of 49a;*^* — 30a;*y -f 16y*— 24a;y® 

flOLUTION. 


Formula : (a + 5)* =a* + (2a + h)b. 


a*=25jj* 

a-=5r* 

25a?* — 80® V + 49a;*3^* —24a:y * + 16y* 1 6®* — 3ajy + 4y * 
35a?* 

2a:=.2'rial Div. = 
5=-3ac>-+-iar* = 
True Piv.=102?* 

11*1 
1 1 

— 30a?'*y+49a?*y* 

~80a‘*y+ 9a?*y* 

2a= Trial Div.=: lOtB* —bxy 1 

6=40a;*y*-i-10a;*= 4^* 

and True Div.=10»*—6iey+4y* 1 

1 40a?*y* — 24iy * + 16y* 

1 4(te*j^* —3413^® + lOiy * 


CONDENSED SOLUTION. 

26aJ^— 30ar®y+49j?*y*-’24iy* + 10y^ |6a?*— 8ay+4y* 
25.T* 


10a?*— ary 

— 80a?'*y+49a?*y* 


-30a?®y+ 9a? V 


6a^+4y* 

40a?*y* — 24a?y® + 1%* 
40a?*y * — 24ay ■* + 16y* 


6 



13. Extract the cube root of 6a5*a;* 4'27a*(;® — 36a*^ca;— 54a*c* + ^a*h*C3C^ 

+ 



• Ueing m and n instead of a and ft, to avtrfd confnrion. 
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15. Extract the. cube root of each of the following : a* — 8J* 
+ 13ai* — 6a»S, 6a:« — 1 - 3x‘ + »• — 3x, BGx* + 1 — 63*!' — 9* 
+ 8** — 36*« + 33a:», 60f*** + 48ca:« - 27c« + 108c‘* - 90c*** 
+ 8*» — 80c>*», 204c**» - 144c‘* + 8** — 36c*'— 171c'** + 64c« 

■ +10ac**', 27* - 8*^ - 36 + 36** + 12*-* — 54** + 9*“* + 27** 

+ *-•- 6 *"*. 

16^. What is the 4th root of — 96a®a; + 216a»a;* — 216fla;« 
+ 81a;* ? 

17. What is the 6th root of 729 — 2916a;* + 4860a;* — 4320a;* 
-h2160a;*- 576a;i«+ 64a;i«? 

[Notb. — S olve the 16th and 17th both by (197) and (196)\ 

18. Find the fifth root of 32*' - 80*' + 80** - 40*» + 10* — 1 ; 
also of *-” + 15*— -5*-*‘ + 90*-“-60*-'"+380*-’-270*-*+495*-* 
- 550*-*+ 513 - 465** + 275**- 90*« + 15**- *‘». 

19. Find the 6th root of 6a*& 4- 16a*d*— 20a®^*-h 15rt®^* 


SECTION III. 

CALCULUS OF RADICALS. 


Eeductiok. 

IBSm jPvobm !• — To simplify a radical by removing a factor. 
RULE. — Resolve the number under the radical sign into 

TWO FACTORS, ONE OF WHICH SHALL BE A PERFECT POWER OF THE 
DEGREE OF THE RADICAL. EXTRACT THE REQUIRED ROOT OF THIS 
FACTOR AND PLACE IT BEFORE THE RADICAL SIGN AS A^ COEFFICIENT 
TO THE OTHER FACTOR UNDER THE SIGN. 

Dem. — process is simply an application of Con., Akt. 

199. OOR . — The denominator of a mrd fraction can always he 
removed from under a radical sign by multiplying both terms of the 
fraction by some factor which will make the denominator a perfect 
power of the degree required. 
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ScH. — A surd fraction is conceived to be in its simplest fonn when the 
smallest possible whole number is left under the radical sign. 


200* JProh* 2* — To simplify a radical^ or reduce it to its lowest 
terms, when the index is a composite number, and the number under 
the radical sign is a perfect power of the degree indicated by one of 
the factors of the index. 

RULE, — Extract that root of the number which corre- 
sponds TO one of the factors of the index, and write this 
root as a surd of the degree of the other factor of the 
given index. 

Dem. — T he Twnth root is one of the mn equal factors of a number. If, now, 
the number is resolved first into m equal factors, and then one of these m factors 
is again resolved into n other equal factors, one of the latter is the f»nth root of 
the number. 

201* ^rob* 3* — To reduce any number to the form of a radical 
of a given degree, 

RULE, — Kaise the number to a power of the same degree 

AS THE RADICAL, AND PLACE THIS POWER UNDER THE RADICAL SIGN 
with THE REQUIRED INDEX, OR INDICATE THE SAME THING BY 
FRACTIONAL EXPONENT. 

Dem. — T hat this process does not change the Value of the expression is evi- 
dent, since the number is first involved to a given power, and then the corre. 
spending root of this power is indicated, the latter, or indicated operation, being 
just the reverse of the former. 

202* OoR. — To introduce the co^cient of a radical under the 
radical sign, it is necessary to raise it to a power of the same degree 
as the radical ^ for the coefficient being reduced to the same form as 
the radical by the last rule, we have the product of two like roots, 
which is equal to the root of the product. 


203* JProb* 4* — To reduce radicals of different degrees to equiv- 
alent ones having a common index. 

Express the numbers by means of fractional in- 
dices. Eeduce the indices to a common denominator. Per- 
form UPON the numbers the operations represented by the 
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KUMBBATOBS, A»’D IITDICATB THE OPBBATIOJST SIGHIFIBI) BY THE 
DEHOMIHATOB. 

Dbm, — ^The only point in this rule needing further demonstration is, that mul- 
tiplying numerator and denominator of a fractional index by the same number 

a tM • 

does not change the value of the expression, t. e., that aj** = Now, signi- 
fies the product of a of the 6 equal factors into which x is conceived to be re- 
solved. If we now resolve each of those b equal factors into m equal factors, a 
of them will include ma of the mb equal factors into which x is conceived to be 
resolved. Hence ma of the mb equal factors of x equals a of the b equal factors. 

[The student should notice the analogy between this explanation and that 
usually given in Arithmetic for reducing fractions to equivalent ones having a 
common denominator. It is not an identity. 

204» JPvob* — 7h reduce a fraction having a monomial radi- 
cal denominator, or a monomial radical factor in its denominator, 
to a form having a rational denominator^ 

RULE. — Multiply both terms of the fraction by the radi- 
cal IN THE denominator WITH AN INDEX WHICH ADDED TO THE 
GIVEN INDEX MAKES IT INTEGRAL. 

20Sm JPvob^ 0* — To rationalize the denominator of a fraction 
when it consists of a binomial, one or both of whose terms are radi- 
cals of the second degree. 

RULE. — Multiply both terms of the fraction by the de- 
nominator WITH ONE OF ITS SIGNS CHANGED. 

Dem. — In the last two cases the student should be able to show, 1st. That 
the operation does not change the value of the expression ; and, 2d. That it 
produc<!S the required form. [This is the substance of all demonstrations in Re- 
ductions^ 

200. I^vap* A factor may be found which will rationalize 

any binomial radical. 

m 

Dem. — If the binomial radical is of the form V(a + fc)”* , or (a + ft)* , the fac- 

n — m. 

tor is (a + ft) * , according to (204). 

— ~ I. A’, 

If the binomial is of the form + Vb**, or a”* -i- ft*. Let a”* = x, and 
X LI 

b*z=:y; whence «"* = a;* , and b^zsy^ . Also let p be the least common multiple 

w ^ 

of m and w, whence x**^ and y^ are rational. But a;**' = «**, and = ft*. If 
now we can find a factor which wiU render of + y^, x^ ± this wiU be a fac^ 
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tor which will render a* + 6**, a^± h* which is rationid. To find the fad)or 
which moltiplied by aj» + y»’ gives ajv ± we have only to divide the latter by 

the former. Now »)^r y*r 

ar + jr 

— ± (.4), the + sign of the last term to be taken whenjp is odd, and 

the — sign when it is even {119). Therefore ^ 

+ ± is a factor which will render Va* + rational, 

JL L. < 

being understood to be a*", and y'" = 6* , and p the L. C. M. of m and n. 

If the binomial is VoT — %/hF , the factor is found in a similar manner, and is 

ajKj*— 1) 4. sifip—9)yr ^ x^P-*yi^r ^ ^ yKj»-»). 

207 . J^rop, 2 . — A trinomial of the form + V b + VV 
may dc transformed into an expression with hut one radical term hy 
multiplying it hy itself with one of the signs changed, as -f V b 

— The product thus arising may then he treated as a hinomial 
radical hy considering the sum of the rational terms as otie term^ 
<md the radical term as the other. 

Thus, {^"a + + ‘n/^) {•^'a + sTb •—fT) = a + 5 — c + 2\/^. Again, 

[(a + 6 ~ e) + 3v^] x [(a + 6 — c) — 3\/ db] = a* + 6* + c’ — 2ab -- 36c 

— 3ac, a rational result. 


Examples. 

1. Reduce th^ following to their simplest forms: ^/lO%a^x^y 

V^3a0a»5v, Vlia9996*” »*»-•, 

yude^, (7047a:i Vx* - *» + x*, V{x* - y*) (x-y), 

(ar""y*)“, 7V36dxy^, (a — S) [(a* — J*) (« — 5)]t 5V704a:"^*, 
_ab\/63a-’x*b-K 

2. Reduce the following to their simplest forms (see ScH. 199) : 


i/i i/i- vr e--i]' 

li/| ^1^3- i/h fl’”‘ 


^1**" 
07 


Sx* 4- 6iy "h 3y» 
6(a:* — y*) 
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3. Beduce the following to their simplest forms (see 1900) : 

Vl25a»a!*», V363a»a:*, Vliaa:‘*y», V-10a9a:‘*, 

■ Vl36a*a:- 406a»a:» +105a*3:» - 136oa:«. 

4. Beduce 5az^ to the form of the square root; also 7^^; also 

also 3a — 2. Beduce to the form of the 3d root, — to the form 

of tlie 5th root Beduce to the form of the 4th root, — to the 

o 

form of the cube root Beduce to the form of the cube root, — 
to the form of the 4th root 

0 . Introduce under the radical signs the coefficients in the follow- 
ing expressions : 

2VJ, iVs", iVT, 2xVx\ {x+y)^x» - Sx*y + Zxy» - y\ 

{x + y)Vx-)i, ~ \/l2Ex, o»^l— 

C. Beduce to equivalent forms having a common radical index, 
and also \/3, 'V^S ; also VSS*, and v''^ ; also 
2 a/c, d'Vif and iVS; also 2‘V^'2a^, also x — y and 

(x + y)^. Explain each operation upon the principles of factoring 
as in (203). 

7. Prove upon the principles of factoring that = ^8; also 
that ^5 = ; also that 's/Z = ^7. 


8. Beduce the following to equivalent forms having rational do- 

. , 2a 5 Va V 1 1 

nominators: -- 7 —, - 7 =, in=y -^7= > ~7=y “vs-’ 

'^Zx • 2A/a* vy Vy v2 

^ 

^ 5 ' V3’ 


nominators : 


\/a;» -h -f- y* 

Vi-y 

3 


2a: 


9 Bednce the following to equivalent fortns having rational de- 

— Vy 

»* a: + V y + Vy’ 

3 3 9 - Vio 3 + aVa 


3 ^ 


+ Vy’ 


Vs + V'a’ v^s + v^5 — V6 + VS VS"— Vs 
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a? Vg;» + 1 — a; 

Va* + a;» — • « ^ + 1 + 

Va;* + a? 4^! + Va;* -f a; — 1 B 

Vi»* + a; + T — ViC* + ic — 1^ V3 4* 4- 1 


V^a? — ■ 1 4* 4" 1 

Va; — 1 — V5"+T* 


and 


V5 +V3-a/2‘ 


u-S)' 


be 


10. What factx)r will rationalize What 

What Vs + VB + V5? 

11. By what must numerator and denominator of — 
multiplied to reduce it to the form of a simple fraction ? By what 

(lilt 

a:* 

1^. Introduce the coefficients of each of the following into the 
parentheses: 8 (a* — a;®)^, a* (a 4- and a;*(l — a;*)^. 


13. Show that 


— Va* 4- _ Va* 4- 

a — Ja; + 4- hz 


also 


that 


Vz^ Va ^ / 

-“r 


'Vx — a 


Vx — Va 

Vz -\-V^ 


SECTION IV. 

CX)MBINATIONS OF RADICALS. 


Addition and Subtraction. 

20S. JEroh* !• — To add or md>tract radicals. 

RULE.—Iv THE radicals ABE SIMILAR, THE RULES ALREADY 
GIVEN {66, 71) ARB SUFFICIENT. If THEY ARE NOT SIMILAR, MAKE 
THEM SO BY {198^ 203), AND COMBINE AS BEFORE. If THEY CAN- 
NOT BE MADE SIMILAR, THE COMBINATIONS CAN ONLY BE INDICATED 
BY CONNECTING THEM WITH THE PROPER SIGNS. 

[Note. — T he student is preBumed to be able to give the demonetrationfl of 
the problems and propositions in this section, as they are but a recapitulation of 
what has preceded.! 
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Multiplicatxoit. 

209* l^f*op* !• — 27be proditct of the same root of tvoo or more 
quantities, equals the like root of their product. (See 19^») 

210. JProp. 2.'-^Similar radiccds are multiplied hy multiplying 
the quantities under the radical sign and writing the product under 
the common sign ; 

<9 

Or by indicating the root hy fra>ctional indices, and, for the pro- 
duct^ taking the common number with an index equal to the sum of 
the indices of the factors. (See S2.) 

211. JProh. 2. — To multiply radicals. 

RULE. — If the factors have hot the same index, reduce 

THEM TO A COMMON INDEX, AND THEN MULTIPLY THE NUMBERS 
UNDER THE RADICAL SIGN, AND WRITE THE PRODUCT UNDER THE 
COMMON SIGN. 


Division. 

212. JProp. — The quotient of the same root of two quantities 
equals the like root of their quotient. • 

213. ^vob. 3. — To divide radicals. 

RULE. — If the radicals are of the same degree, divide 

THE NUMBER UNDER THE SIGN IN THE DIVIDEND BY THAT UNDER 
the SIGN IN THE DIVISOR, AND AFFECT THE QUOTIENT WITH THE 
COMMON RADICAL SIGN. 

If THE RADICALS ARE OF DIFFERENT DEGREES, REDUCE THEM TO 
THE SAME DEGREE BEFORE DIVIDING. 


Involution. 

211. JProh. I.— To raise a radical to any power. 

RULE. — Involve the coefficient to tHE required power, 
AND also the quantity UNDER THE RADICAL SIGN, WRITING THE 
LATTER UNDER THE GIVEN SIGN. 

213. Coil — To raise a radical to a power whose index %s the in* 
dex of the root, is simply to drop the radical sign. 
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Evolutiok, 

216» Prob» S» — To extr(zct any required root of a monomial 
radical 

RULE. — Extract the required root of the coefficient. 

AND OF THE QUANTITY UNDER THE RADICAL SION SEPARATELY, 
affecting the LATTER WITH THE GIVEN RADICAL SIGN. KeDUCE 
THE RESULT TO ITS SIMPLEST FORM. 


[Note. — This problem should not be taken till after Quadratic Equations.] 

JErohm 0» — To extract the square root of a binomial^ one 
or both of whose terms are radicals of the second degree. 

Solution. — Such binomials have either the form a ± nVT or mV a ± nV~B. 
Now observing that (x ± yY = x* ± ^X'y + y*, wo see that if we can separate 
either term of any such binomial surd into two parts, the square root of the pro- 
duct of which shall be \ the other term, these two parts may be made the first 
and third terms of a trinomial (corresponding to x* ± 2xy + y*), and the middle 
term being the second term of the given binomial, the square root will be the 
sum or difference of the square roots of the parts into which the first term is 
separated. 

[Note. — ^This process requires the solution of a quadratic equation. Thus to 
extract the square root of 12 — t'liO. Letting x and y represent the terms of 
the binomial root, we have x* + y* =s: 12, and 2xy = ~ i^l^. Whence x = V'5 
or VT, and y = V7 or V^, and the root is VS — V7, The sign between the terms 
being determined by the sign of the surd in the given binomial. On this ac- 
count this subject should be reserved until after the student has studied quad- 
ratic equations, or the solution effected by inspection. Thus, in this example 
VliO = 2V35. Now 4/35 = V5 X V7, and since the sum of the squares of these 
factors is 12, we have Vl2 — = yS — VT.] 


Examples. 


1 , Add VbO and V98* Add \/ll2ab^x and ^^Ib^ab^x. Add 
and ^hOOa^x^. Add 's/x^y^ and Va*^. Add 
and ~ V 10 O 8 . Add 5Vf and Add Vi and -^^5^40. Add 

V|, VI and iV^ Add VlSS^, V^O^* and 3 VI^^. 


% Show that ^ (^) ~ 


Show that 




-f a;» 
-f*2aa;+ic* 
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Add 


• and 


tt+Va*— a;* a — 


also 


*s/n^x--'\/a--x 
\/« + a:+ -y/a— a; 


Va + ^ + Va ~ X 
Va + i — Va — a; 


and 


3. From 3v^ take From -v/lo^ take From 

take Vi* From jVj take — |v^. From take ^x^y^. From 
take 


4. Show that 

6. Show that 


'j/ 2304 'j/ 421873 “ 

/a^b+'Zab^ +b^ 

j/ y 


®+2a^ + ^* 


^ab's/h 


G. Multiply ^3 by V2.* Multiply -^2 by Multiply 

Vf by -v^, 'V^2aa; by 2A/ccy by Vl + ic* by 

V^i + a;®, 'C^bj 2A/i 3'V^2, 2\^^ by 3V5, by 6^3. 


7. Multiply 9 + 2VlO by 9 — 2'\/l0, ^a:® — ^a:y + by 
'^x -f 3\/6 + 2 — 2 by %'s/b + ISy^ ^ — 2 ^6” by 
3^4- 


8. Divide ff'v/S by ^\/2, 8^9 by 2 Vbby\^, JV^by^VlO. 

9. Diyide 2^32 + 3^^ + 4 by 4 a/ 8^ 4V^ by 2^, 

6 + 2\/3 — by v^, 's/ab^x — d®ca; by Va — c, 

(a + b)\/a‘— 1 by (a — &) V(a + 1)«, a + b — c + 2\/ab by 
^ „ ( a:* + a:* — Va;® — 


~ll>y4i/i!=^, 

-a* ) a;*H-«* 


* It li of the ntmoBt importanee that the pupil be able to i^ve a complete analyaie of finch 
examples. ThQi,<\^ 2 = V 8i since the fonner is onsof the itpo equal factors of S, and th< 
"latter is three of the six equal fiictdrs of a In like mannerV^= V g. Oonseqnentl] 
X = Vs X VG* Now since the product of the same root of two numbers is equal U 
the like root of the product, Vl x Vo= V72. 
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10. Eaise to the second power. liaise ^\^2ax* to the 5th 

power. Cube — iVf. Square V3 — V^. Cube SVa^. Cube 

Va — 

11. Extract the square root of 27 ; the cube root of 

; the4throotof the 6th root of 224^^; the 

cube root of (1— «j)Vl— the cube root the sqijare 

root of 

12. Extract the square root of 49-hl2\/5^; of 57+12^15; of 
(a^ +a)x—2aa:\/a; x--2\/a:—l; of V18— 4; of c*. 
(See 


SECTION V. 

IMAGINARy QUANTITIES. 

218^ An Imaginary Quantity is an mdicated even root 
of a negative quantity, or any expression, taken as a whole, which 
contains such a fonn either as a factor or a term. 

Thus V^, 6/— a;*, 24^—4, V— 6, 8--V—1, etc., are imaginary 

quantities. 

210^ ScH. 1. — It is a mistake to suppose that such expressions are in any 
proper sense more unreal than other symbols. The term Impossible Quantities 
should not be applied to them: it conveys a wrong impression. The ques- 
tion is not whether the symbols are symbols of real or unreal (imaginary) 
quantities or operations, but what interpretation to put upon them, and how 
to operate with them when they occur. 

220% ScEL 2. — A curious property of these symbols, and pne xrhich for 
some time puzzled mathematicians, appears when we attempt to multiply 
by Now the square root of any quantity multiplied by itself 

should, by dehnition, be the quantity itself ; hence V —arx \/~jr= —x. 
But if we apply the process of multiplying the quantities under the radicjils, 
we have = + a? as well as — x. What then is the pro- . 

duct of \AZ^x\/~a; ? Is it —a?, or is it Iwth +» and The true 

product is —a? ; and the explanation is, that y/ai* is, in genaral^ 4 - a? and —a?. 
But when we know what factors were multiplied together to produce A'*, and* 
the nature of our discussion limits us to these, the sign of y/ x* is no longer 
ambiguous : it is the same as was its root. 
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221t l*rop, — JEoery imaginary monomial can be reduced to the 

form in — i, tTt tcAtcA m rtcd {not imaginary), m may be 
rationed or mrd, 

Dem. X y'—y, p being an even number, is the general symbol for an imagin- 
ary monomial. Now if jj is a power ot 2, we may write at once jj = 2*, whence 

p ■- J{^ — — . 2 ^ 2 •• 

X y = ;r V — y = x 1) = .-r Vy l = m V —1. If p contains other 
factors than 2, let r represent their product, and 2’* the product of all the factors 
of 2 contained in p ; whence p = r2’*, in which r is odd, since the product of any 

p, rs» 

number of odd factors is odd. We then have x \ —y = x V —y = x r,y(— 1) 

— fin — •»*/ f .L. rt" .. e" 

X V y V —1 X Vy y y — 1 = x Vy y —l, since any odd root of — 1 

ti* o” 

is — 1. Putting X V y = m, this becomes m y — 1. 

222. ScH. — When w=l, i. s., when there is but one factor of 2 in the 
index of the root, the form becomes m 1. This form is called an imagin- 
ary of the second degree ; m 4^ — 1 is of the fourth degree, etc. In this dis- 
cussion we shall confine our attention mainly to imaginaries of the second 
degree. 


22S. JPTobe — To add and subtract imaginanj monomials of the 
second degree^ or such as may be reduced to this degree, 

RULE, — Reduce them to the form mV— and then com- 
bine THEM, considering THE SYMBOL AS A SYMBOL OF 

CHARACTER.* 

Examples. 

1. Add V — 4: and V — 9. 

Operatiok. V~ 4 : — ij = 2 and = 8 

... 4/114 + = 2 V^\ + 3 V^i = 5 

ScH. — The last operation should not be looked upon as taking the sum of 
2 times a certain quantity (represented by V^) and 3 times the smne 
quantity, but as 2 ^ a certain character added to^ 3 of the same ebaraeter. 


* See {48^ 49 f 80). Wo mean to My that, as a guantUy (coiisiderod numerically), m and 
tn 4 /^, are exactly the Mmd, juf t a» Is the case in the expressions + m and — m { but that the 
symbol y— gives some pecallar or concrete significance to m, as does the ilgn +, or — , or $. 
IVAat this concrete significance la, we cannot here My. It has Its clearest hitmrpNtatlon in the 
Co-ordinate, or General Geometry. 
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Thus the operation of reducing yCTj and to the forms 2\/^ and 
8 is to be looked upon as rendering the expressions homogeneous. It 
is, however, to be observed that the symbol y'— 1 is subject, also, to the 
ordinary laws of number, and may be operated upon accordingly. Thus it 
has a double significance. 

2. Add 4-\/ — 27 and 3V ~ 16; also 3a V — 25 and 2a V — 4; 

also d’V— 16 and 16 + cV — 9 = (4J* + 3c)\/7u. 

3. Add A?'— 1034 and 

Operation, i^-1034 = 'y'!^ a/^- 

6V^i. 

4. Show that in general ^ — x ± ^ — ;/ = (a/^ ± ^Vy)V — 1, 
when w is odd. 

5. From \/ — 9 take a/ — 4. From 4V — 27 take 3\/ — 16. 
From 3aV — ‘^5 take 2aV ~~ 4. Show that aV — i — cV — 

= (aV^ — cV^)V 1. 

6. From — 4096 take V — 9. i?em. iV — 1- 

ScH. — It would seem improper to omit the 1 before the symbol y'— 1 in 
such a case as the last, though it has been customary to do so. If we are to 
consider as a sign of character (“affection,” as some say), there is no 

more reason for omitting the 1 in such a case, than there is in such as 4 — 5 
= — 1. That is, if we write 4^/^ — we ought to write 

4 — 5 = — , or $5 — $4 = f , to be consistent. 

7. Show that ; also 

that - 16a/3 ; also that 

- = 1 ; also that 2\rr-a _ 


224, JProp, — Every polynomial containing some real, and 
some imaginary terms of the second degree, or such as can he re- 
duced to this degree, can he reduced to the form arizbA/ — 1, in 
%ehich a and b are real, a and b may he rational or surd. 

Dem. — T his is evident from the fact that all the real terms can be combined 
into one (it may be a polynomial) and represented by a, and the imaginary terms 
being reduced to the form m V— i can also be combined into one term repre 
sented by ± 6 
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ScH. — ^The form a ± 5y'—l is considered the general form of an 
Imaginary quantity of the second degree. When a = 0, it becomes the same 
as —1. The two expressions a + and a — are called CWir 

jugate Iinaginaries. Hence the sum of two conjugate imaginaries is real 
(2a). Also the product of two conju^te imaginaries is real [(a + 5\/*— l) 
X (a — 1) = a* + J®, as will appear hereafter]. The square root of the 

product of two conjugate imaginaries, taken with the + sign, is called the 
Modulus of each. Thus + + 5* is the modulus of both a + 6y'~l and 

a — 

Exs. — Find the sum, and the difference of 2 + and 3— V —64:; 
also of a + V and a + Last results, %a + ( -f Vc) 

{Vb 1. 


Multiplication and Involution. 

22S, I^vobf, — To determine the character of the product of sev- 
eral imaginary monomial factors of the second degree^ 

RULE, — Divide the number of factors by 4, and if 0 or 2 

REMAINS, the PRODUCT IS REAL, AND + IN THE FIRST CASE AND -- 
IN THE SECOND ; IF 1 OR 3 REMAINS, THE PRODUCT IS IMAGINARY, 
+ IN THE FIRST CASE AND — IN THE SECOND. 


Dbic. V —1 X V — 1 or since the symbol expoiunt 2 de- 

stroys the symbol 4/“ {220). 

Again, x x or ( But ( 

= —1 ; lienee, Y —1 x Y — 1, x V— 1 or ( Y — l)* ~ — 1 Y —1, 

Again, -t^x +^x t^x v:::! or ( idl)* = ( 4/^1)' Y^y 
= (-l)(-l)= + l. 

Again. 

Y^ X fCITx vC7x 4^ X 4/=Tor(4^)‘=(V=T)’(4^)'{4C:a) 

= +14^. 


Collecting these results, and extending them in a similar manner, we have. 


(4^)'=-l, 

{Yz:iy^-xsrz:i, 

(Y~^y=^r. 

(4^r=+i4/rT. 

(4^)‘=-l, 

(4/1:1)’ =- 14 ^, 


(V^T)’ =+i, 
(4/3T)» =+i4C:7. 
(4/ri)’»=_i. 
(VZT)"=_14/^, 

(4^)'’=+i4/:=I. 
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Whence we see that the four fonna —1, — 1 1, -f 1, and + 1 V"— 1 are all 
the different forms which arise« and that these results correspond to the enun- 
ciation of the rule. 

Examples. 

1. Multiply 4'\/-“ B by 2 V — 

Operation. = and 2 == 2 V 2 4 ^. 

.‘. 4 X 2 V'^ =4 Vs X 2 4 T 4 ^^ =8 4 ^ VflJ* = - 


2. Show that x V— = also that 3 a/ — 5 x 4 -y/— 3 

= —12^/1^ What is the product of —2a/ — 2 by —3a/— 3 ? 


3. Show that 2 x — 8 = 2a/— 1 ; also that 256 x 
V'^^=12V3 j/- ; also that -v^ x4'^^=4 ‘vloi 


SUG*B, 


i. 4^ = >^2 4^=1, and 4^8= 4^8 .*. 4^12 x 4^=? 


= Vi 4^ X Vs V-1 = Vl6 V(- 1)* = W V(- 1)*= 2 4^. 

V:=:2 X 4 4^ = W 4^ X 4411 'V(iriT»x4 Vi? 

=4'ViM^V(^‘ =4*4^1^ -.f ss 4 I'm V^. 


4. Show that (3— 2 a/— x (5+3 a/“-^)=39— 2a/ — 1 ; also that 
(1 + a/^) X (1 - a/^) =2. 

5. Show that 2 is the modulus of + a/— 2 and a^^ — a/— 2. 
What is the modulus of 3 + 2 a/ — 3 and 3— 2 a/ — 3 ? Of 5 — 3^— 1 
and6-f3A/^? 

6. Show that (a/--^7)^= — 7^ a/ — 1 ; also that (a/— 8)'* =8®. 

7. What is the 5th jjower of 2 a/~ 3 ? Of 3^— 2 ? 

8. What is the product of a/-^> a/— yS a/— and a/— w*? 


Division- op Imaginaeies. 

2^7. JPTOb * — ^To divide one imaginary of the second degree by 
another. 

72 Eeditce the imaginary term, or terms, to the poem 

OR ^(a/— l)", AND DIVIDE AS IN DIVISION OF RADICALS, 
OBSERVING THE PRINCIPLES OF { 226 ) TO DETERMINE THE CHARAC- 
TER OP THE QUOTIENT OP IMAGINAEIES. 
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Examples. 

1. Divide 16 by V— 4. 

Operation, f — 10 = and = V— 16 -i- 

r= = 2(y^)‘’. But bj (;2;^) (1/^)° = + 1 ; hence the 

quotient iB 2. 


SOH. — A superficial view of the case might make the quotient ± 2. Thus, 
as the radicals are similar it might be inferred that -4- 1^111 = |/ ^ 

= VI = ± 1. (See 220.) 


2. Show that W — 3 — 2^/ — 4 = Ia/ 3 ; also that — a/ — 1 

Oy' — 3 = 3; also that 1 V — 1 = — a^ ^ 1; also 

that 6 -7- 2 a/'^ = - 3a/^. 

3. Divide 2V — 1 by ^ — 2; also 3^ — 16 by — 12; also -y^a 
by a/ — 1. 

St 70*8. 2 V— 1 -*■ V —2 =s V 16 V(— I)*-*- 1 = v^— 1. 

4. Show that 8^ — 16 h- 2 ^ ^ = 4a^ 2^^ — 1. 


6. Show that (1 + a/"^) (1 - V^) = a/^; also that 

(4 + ^*172) (2 — a/^) = 1 + ; also that 

— ^ 3 + 2v^a/^ 1 4. 1 « ~ « 

1 4- (3 — 2a^ — 3) = — ; also that 1 

21 


— g* — gp + — X 

a* + a; 

”” a* + ^ * 


also that 


a + a/ — a? 
g 4- A^ — ^ 4. g ~ V ^ h 
a — a/ — d G -H a/ — 6' 


6. Simplify 


(eg 4- (g - ^a/^ 1)^ 

(a 4- 4- (a - ^a/^)*' 


[XoTB. — ^Here ends the subject of Literal Arithmetic. The student is now 
prepared for the study of Algebra, properly soH^alled ; t. The Jddence of the 
JSquation.] * 
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AN ELEMENTARY COURSE IN 
ALGEBRA. 


OHAPTEB L 

SIMPLE EQUATIONS, 

SECTION L 

EQUATIONS WITH ONE UNKNOWN QUANTITY. 

Definitions. 

1, An JEquation is an expression in mathematical symbols, of 
equality between two numbers or sets of numbers. 

2, Algebra is that branch of Pure Mathematics winch treats 
of the nature and properties of the Equation and of its use as an 
instrument for conducting mathematical inrestigations. 

3, The First Meniber of an equation is the part on the left 
hand of the sign of equality. The Second JHemJber is the part 
on the right 

4, A Numerical Equation is one in which the known 
quantities are represented by decimal numbers. 

3, A Literal Equation is one in which some or all of the 
known quantities are represented by letters. 

B, The Eegree of an Equation is determined by the highest 
number of unknown Actors occurring in any term, the equation 
being freed of fractional or negative exponents, as affecting the un* 
known quantity. 

y. A Simple Equation is an equation of the first degree. 

5, A Quadratic Equation is an equation of the second 
degree. 

9* A Cubic Equation is an equation of the third degree. 
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10, Equations aboye the second degree are called Higher 
MgueUiofiSm Those of the fourth degree are sometimes called 
Biquadratics. 

Tbansformation op Equations. 

1 1, To Transform an equation is to change its form without 
destroying the equality of the members. 

12. There are four principal transformations of simple equations 
containing one unknown quantity, viz : Clearing of Fractions, Trans- 
position, Collecting Terms, and Dividing by the coefficient of the 
unknown quantity. 

13. These transformations are based upon the following 

Axioms. 

Axiom 1. — Any operation may he performed upoix any term or 
upon either member^ which does not affect the value of that term or 
member, without destroying the equation* 

Axiom 2. — If both members of an equation are increased or di- 
minished alike, the equality is not destroyed* 


14. Broh. — To clear an equation of fractions* 

RULE . — Multiply both members by the least or lowest 
common multiple op all the denominators. 

Dem. — This process clears the equation of fractions, sinc^, in the process of 
multiplying any particular fractional term, its Senominator is one of the factors 
of the L. C. M. by which we are multiplying ; hence dropping the denominator 
multiplies by this factor, and then this product (the numerator) is multiplied by 
the other factor of the L. C. M. 

• This process does not destroy the equation, since both members are increased 
or diminished alike. 

Ili.. — A n equation is aptly compared to a pair of scales with equal arms, kept 
in balance by weights in the two pans. - 


Transposition. 

IS. Transposing a term is changing it from one.member of 
the equation to the other without destroying the equality of the 
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16. JProb^ — To trapispose a term. 

B ULE.---Dmv it from the member im which it stahds and 

INSERT IT IN THE OTHER MEMBER WITH THE SIGN CHANGED, 

Dem. — I f the term to be transposed is +, dropping it from one member 
diminishes that member by the amount of the term, and writing it with the — 
sign in the other member, takes its amount from that member; hence both 
members are diminished alike, and the equality is not destroyed. (Repeat 
Axiom 2.) ♦ 

2d. If the term to be transposed is dropping it increases the member from 
which it is dropped, and writing it in the other member with the + sign tn* 
creases that mem^r by the same amount ; and hence the equality is preserved. 
(Repeat Axiom 2.) 

17. To Solve an equation is to find the value of the unknown 
quantity; that is, to find what value it must have in order that the 
equation be true. 

IS. An equation is said to be Satisfied for a value of the un- 
known quantity which makes it a true equation ; i, e.y which makes 
its members equal, 

19. To Verify an equation is to substitute the supposed value 
of the unknown quantity and thus see if it satisfies the equation. 

ScH. 2. — The pupil must not understand that the verification is at all 
necessary to prove that the value found is the correct one. This is dcmon< 
strated as we go along, in obtaining it. The object of the verification is to 
give the pupil a clearer idea of the meaning of an equation, and to detect 
errors in the work. 


20. IBrob. 1 . — To aolm a eimple equation with one unknown 
quantity. * 

RULE. — 1. If the equation contains fractions, clear it of 
THEM BY Art, 14, 

2. Transpose all the terms involving the unknown quan- 
tity to the first member, and the known terms to the second 
member by Art. 16, 

3. Unite all the terms containing the unknown quantity 
into one by addition, and put the second member into its 

SIMPLEST FORM. 

4. Divide both members by the coefficient of the unknown 

QUANTITY. 
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Dbm.— T he first step* clearing of fractions, does not destroy the equation, 
since both members are multiplied by the same quantity (Axiom 2). 

The second step does not destroy the equation, since it is adding the same 
quantity to both members, or subtracting the same quantity from both members 
(Axiom 2). 

The third step does not destroy the equation, since it does not change the 
value of the members (Axiom 1). 

The fourth step does not destroy the equation, since it is dividing both mem 
hers by the same quantity, and thus changes the members alike (Axiom 2). 

Hence, after these several processes, we still have a true equation. But now 
the first member is simply the unknown quantity, and the second member is all 
known. Thus we have what the unknown quantity is equal to; i. e. its value. 

21» ScH. 1. — It must he fixed in the pupiVs mind that he can make hut two 
clasm of changes upon an equation : viz., Such as do not appect the value 
op the membbbs, or such as appect both members equally. Every operor 
tion must he seen to conform to these conditions, 

22. Cor. 1. — All the signs of the terms of hoth members of an 
equation can be changed from 4- to —^or vice versa, without destroy- 
ing the equalitj/y since this is equivalent to multiplying or dividing 
by — 1. 

23. ScH. 2. — It is not always expedient to perform the several trans- 
formations in the same order as given in the rule. The pupil should bear in 
mind that the ultimate object is to so transform the equation that the un- 
known quantity will stand alone in the first member, taking care that, in 
doing it, nothing is done which will destroy the equality of the members. 

24. ScH. 8. — ^It often happens that an equation which involves the second 
or even higher powers of the unknown quantity is still, virtually, a simple 
equation, since these terms destroy each other in the reduction. 


Simple Equations containing Radicals. 

23. Many equations containing radicals which involve the un- 
known quantity, though not primarily appearing as simple equations, 
become so after being freed of such radicals. 

20. JPf^oh. 2. — To free an eqtmtion of radicals* 

RULE, — The common method is so to transpose the terms 

THAT THE RADICAL, IF THERE IS BUT ONE, OR THE MORE COMPLEX 
RADICAL, IF THERE ARE SEVERAL, SHALL CONSTITUTE ONE MEMBER, 
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AKD TOBN INVOLVE EACH MEMBER OF THE EQUATION TO A POWER 
OP THE SAME DEOREE AS THE RADICAL. IP A RADICAL STILL RE- 
MAINS, REPEAT THE PROCESS, BEING CAREFUL TO KEEP THE MEM- 
MSRS IN THE MOST CONDENSED FORM AND LOWEST TERMS. 

Dem. — ^That this process frees the equation of the radical which constitutes 
one of its members is evident from the fact that a radical quantity is involved 
to a power of the same degree as its indicated root by dropping the root sign. 

That the process does not destroy the equality of the members is evident /rom 
the fact that the like powers of equal quantities are equal. Both members are 
increased or decreased alike. 


Summary of Practical Suggestions. 

27 • In attempting to solve a simple equation, always consider, 

1. Whether it is best to clear of fractions first. 

2. Zook out f(yr compound negatim terms. 

3. If the numerators are polynomials and the denominators mono- 
mials, it is often better to separate the fractions into parts. 

4. It is often expedient, when some of the denominators are mono- 
mial or simple, and others polynomial or more complex, to clear of 
the most simple first, and after each step see that by transposition, 
uniting terms, etc., the equation is kept in as simple a form as pos- 
sible. 

5. It is sometimes best to transpose and unite some of the terms 
before clearing of fractions. 

6. Be constantly on the lookout for a factor which can be divided 
but of both members of the equation, or for terms which destroy 
each other. 

7. It sometimes happens that by reducing fractions to mixed num- 
bers tlie terms will unite or destroy each other, especially when there 
are several polynomial denominators. 

2S. When the equation contains radicals, specially 
consider, 

1. If there is biit one radical, by camring it to constitute one mem- 
ber and the rational terms the other, the equation can be freed by 
involving both members to the power denoted by the index of the 
radical. 
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2. If there are two radicals and other terms, make the more com- 
plex radical constitute one member, alone, before squaring. Such 
cases usually require two involutions. 

3. If there is a radical denominator, and radicals of a similar form 
occur in the numerators or constitute other terms, it may be best to 
clear of fractions first, either in whole or part. 

4. It is sometimes best to rationalize a radical denominator. 


Examples foe Practice in Solving Simple Equations, 


1. Solve and verify the following : (1.) 40— 6a;— 16=120— 14a;. 

X XX 3.a; a;— 19 


( 2 .) ^ ( 3 *) ^ ~ = 20 - 


=4- 


2 3 ’ 4 

a;— 5 

IT' 

5a;— 4 


X 

3 


. . 9a; + 20 _ 4a;— 12 x 
36 6ic-4 4‘ 


(7-) 


«a;— 5 ^ _ hx^a 

■^3"”2 


( 6 .) 


2 

10a; 4- 17 
18 


( 4 .) 


12a;42 
13a;- 16 


( 8 .) = 


9 • 4 ' 3 ~ 8 3 ■ * bx ' ' b' 

(9.) = ax + bx + cx. (10.) 2.04 — 0.68y — 0.02y = 0.01. 

(11.) 8.4a: - 7.6 = 10 + 2.8a:. 


Sol- (!•) ^^b^x = -^x (^•) 


.5 
bz 

p—q m V m J ^ ' 2b^a 

(35c+ad)a; 6ab _ {3 bc’—ad)x __ ba{2b'—a) ( 5a{2b-^a) \ 
%ab{a + b) 3<?— 2a5(a— 5) a*— 5® * V Zc---d / 


= (3.)-^ = :^.(. = 2!«). (4.,. 




/ 8<i5»4458-12a®5 \ . . 4m(E:*-5ai*) 
\ 3a® +05—00 45c / ^ * Bx 


^ 6mCg*—2x) f 2K* \ /«% « 

2-3a; 


4 - 7 - 4 == A?. 


__ i- 4.-I 
bx’^ dz ^ fx~^ hx 

5x 2a;— 3 a; -2 


^ 8.5 .2 1 — .1%, yri\ 2—0.*/ I 07 

(8.) -^---^ 5^ "L5“ 1.26 9 ”1.8 


( 10 .) 5 






8a; — (4 — 5a;) 
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8. la solving the following be careful to observe the suggestion's 
- fte+7 . 7a:-13_2*+4 x-2 

3 T"' 


+ «. (3.) 


— _ <e— 6 

~a:-6 

4. Solve the following, giving special heed to the suggestions in 
(28) i (1.) V*— 32 =: 16 —Vx. (2.) - — =c. (3.) V'x 

v¥n-b ’ 

t-v^^=;^L=. (4.) (5.) V7^ 

Vx-t V6 x+3 2 

+ Vo_y^=:y^ (6.) V (1 + a) * + (1 -a)^ + V(i _a)« + (i +«)^ 

=20. (7.) V'{13 + -n/[7+-v/( 3 + VF)]}=4. (8.) Vi + V(3 + V6r) 
=2. 243+324\/3J 


- 16^-3 =^3.-8V3x 

+ 3. (11.) — = J. (12.) JjE-l.. = 4 + 

a 4- Va* — ic* ~h 1 ^ 


s^A/y — 4 __ 15 4- a/9]p 
2 4- a/ iC 40 4- a/3 

*s/~a — — A^* — «a; 

4- a — A^ — «a; 


A/^ + a/T _ a/« 4- a/5 


= (16.) 


Vox — vT a/ ^ 

e ^ V^I 4- a/ w — y 1 


V ni — V m — y 


(17.) a + g + ^ a, figx _ 1 

o + *— a/2o* + *» ■' v'a+T+v'S^l *’ 

(19.) + ‘fa^= }. (20.) !+=»+ 

14-a;— V2ic4ra;» A/24-a;— 

(21.):^S±:^=4. (M.)-=i ■ 

V3.C+1— y'«_a;.f.y'a Vo — » — Vo 


^t^enl of tbe« .qration. eim l» mora cJoguiUr "docod br tbe meOnd slv« o. p. nS, 
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Applicatioks. 

29. According to the definition (2), Algebra treats of, Ist, The 
nature and properties of the Equation ; and 2d, the method of using 
it as an instrument for mathematical inyestigation. 

Having on the preceding pages explained the nature and proper- 
ties of the equation, we now give a few examples to illustrate its 
utility as an instrument for mathematical investigation. 

30. The Alg^hraic Solution of a problem consists of two 
parts : 

1st The Statement^ which consists in expressing by one or 
more equations the conditions of the problem. 

2d. The Solution of these equations so as to find the values of 
the unknown quantities in known ones. This process has been 
explained, in the case of Simple Equations, in the preceding articles. 

31. The Statement of a problem requires some knowledge of the 
subject about which the question is asked. Often it requires a great 
deal of this kind of knowledge in order to " state a problem.” This 
is not Algebra ; but it is knowledge which it is more or less important 
to have according to the nature of the subject. 

32. Directions to guide the student in the Statement of Prob- 
lems : 

1st. Study the meaning of the problem, so that, \f you Jtad the ansioer giten, 
you could prove it t noticing c&reiuWy just what operations you would have to 
perform upon the answer in proving. Tliis is called, Pincovering the relations 
between the quantities involved. 

2d. Represent the unknown (required) quantities (the answer) by some one or 
more of the final letters of the alphabet, as ar, y, t, or w, and the known quan« 
titles by the other letters, or, as given in the problem. 

8d. Lastly, by combining the quantities involved, both known and ujiknown^ 
according to the conditions given in the problem (as you would to prove it, if the 
answer were known) express these relations in the form of an equation. 

SB, ScH. — It is not always ej^dient to use x to represent the number 
sought. The solution is often amplified by letting x be taken for some 
number from which the one sought is readily found, or by letting 2 j;, 3a?, or 
some multiple of x stand for the unknown quantity. The latter expedient 
is often used to avoid fractions. 
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Pboblems. 

1. A’s age is double B’s> B’s is triple O’s, and the sum of their 
ages is 140. Eequired the age of each. 

2. A^s age is m times B’s, B’s is n times 0’s, and the sum of their 
ages is s. Eequired the age of each. 

3. The sum of two numbers is 48, and their difference 12. What 
are the numbers? 

4. The sum of two numbers is s, and their difference d. What 
are the numbers ? 

6. Having the sum and difference of two numbers given, how do 
you find the numbers, arithmetically ? 

6. A post is -Jth in the earth, ^ths in the water, and 13 feet in the 
air. What is the length of the post ? 

7. A post is ith in the earth, ~ths in the water, and a feet in the 
air. What is the length of the post ? 

8. What fraction is that, whose numerator is less by 3 than its 
denominator ; and if 3 be taken from the numerator, the value of 
the fraction will be J ? 

9. Give the gefieral solution of the last ; i, e,, the solution when 
the numbers are all represented by letters. Then substitute the 
above numbers apd find the answer to that special problem. 

Suo. — lietting the numerator he a less than the denominator, and — be the 

, , arn + Irji 

fraction after b is taken from the numerator, the fraction is - — nr~- 

an + on. 

10. A man sold a horse and chaise for $200 ; | the price of the 

horse was equal to ^ the price of the chaise. Required, the price of 
each. Chaise, ^120 ; horse, $80. 

Generalize and solve the last, and then b^ substituting the numbers given in 
it find the special answers. Treat in like manner the next nine problems. 

11. Out of a cask of wine which had leaked away a third part, 21 

gallons were afterward drawn, when it was found that one-half re- 
mained. How much did the cask hol(| ? A ws., 120 galls. 

12. A and B can do a piece of work in 12 days, but when A worked 

alone he did the same work in 20. How long would it take B to do 
the same work ? Ans,, 30 days. 



APFLXOATKmS Of SHCFLE BQtJATlONS. 


n 

13. A cistern can be filled by 3 ppes ; by the first in hours, by 
the second in 2^ hours, and by the third in 5 hours. In what time 
will the cistern be filled, when all are left open at once P 

14. Four merchants entered into a speculation, for which they 
subscribed 4755 dollars ; of which B paid three times as much as A ; 
C paid as much as A and B ; and D paid as much as 0 and B, What 
did ^ch pay ? 

15. A and B trade with equal stocks. In the first year A tripled 
his stock and had $27 to spare ; B doubled his stock, and had $153 
to spare. Now the amount of both their gains was^five times the 
stock of either. What was that ? 

16. A and B began to trade with equal sums of money. In the 

first year A gained 40 dollars, and B lost 40 ; but in the second A 
lost one-third of what he then had, and B gained a sum less by 40 
dollars than twice the sum that A had lost ; wlien it appeared that 
B had twice as much money as A. What money did each begin 
with ? A71S., 320 dollars. 

17. What number is tliat to which if 1, 5, and 13 be severally 
added, the first sum divided by the second shall equal the second 
divided by the third ? 

18. Divide 49 into two such parts that the greater increased by 6 
divided by the less diminished by 11, shall be 4J. 

9 

19. A cistern which contains 2400 gallons can be filled in 15 
minutes by three pipes, the first of which lets in 10 gallons per 
minute, and the second 4 gallons less than the third. How much 
passes through each pipe in a minute ? 

20. Find a number such that, if from the quotient of the number 
increased by 5, divided by the number increased by 1, we subtract 
the quotient of 3 diminished by the number, divided by the number 
diminished by 2, the remainder shall be 2. 

21. Divide a into two such parts, that one may be the ^th pai^ of 
the other. 

22. Divide a into two snoh parts, that the sum of the quotients 
which are obtained by dividing one part by m, and the other by / 

shall be equal to 5. The parts are and 



92 


SJtAHENTABT ALaBBEA. 


23. Letting p represent the principal, t the interest for time U « 
the amount, and r the per cent for a unit of time, produce the fol- 
lowing formulcB^ and give their meaning : 


(!•) * = 


100 ’ 

/ft \ , • 190 4- tr 

(a.) + 


(3.) t = 
(4.) r = 


lOOt . 
rp ’ 
lOOt 
tp > 


( 6 .)/> = 


lOOt 
tr ^ 
lOOrt 
100 + tr 


24. In what time will a given principal double, triple, or quadru- 
ple itself, at ? at 6^^ ? at ? 

25. What is the worth of a note of $500 Nov, 2d, 1872, which is 

dated Feb. 23d, 1870, bears 12^ interest, and is due Jan, 1st, 1875, 
money being worth 7j^ ? A ns., $687.23 + 

26. On a sum of money borrowed, annual interest is paid at 5^. 
After a time $200 are paid on the principal, and the interest on the 
remainder is reduced to 4$^. By these changes the annual interest is 
lessened one-third. What was the sum borrowed ? 


27. An artesian well supplies a manufactory. The consumption 
of water goes on each week-day from 3 a.m. to 6 p.m. at double the 
rate at which the water flows into the well. If the well contained 
2250 gallons of water when the consumption began on Monday 
morning, and th^^well was just emptied at 6 p.m. on tlie next Thurs- 
day evening but one, how many gallons flowed into the well per 
hour ? 

28. The hind and fore wheels of a carriage have circumferences 
16 and 14 feet respectively. How far has the carriage advanced 
when the fore wheel has made 51 revolutions more than the other? 


29. A merchant gains the first year 15^ on his capital ; the second 

year, 20^ on the capital at the close of the first; and the third year, 
255^ on the capital at the close of the second ; when he finds that he 
has cleared $1000.50. Required his capital. Capital, $1380. 

30. A man had $2550 to invest. He invested part in certain 
stocks, and part in R. R. shares of $25 each, which pay annual divi- 
dends of $1.00 per share. The stocks cost him $81 on a hundred, 
and the R. R shares $24 per share ; and his income firom each source 
is the same. How many R. R. shares did he buy ? 
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SECTION IE 

INDEPENDENT, SIMULTANEOUS, SIMPLE EQUATIONS WITH TWO 
UNKNOWN QUANTITIES. 

Definitions. 

34. Independent Equations are such as express different 
conditions, and neither can be reduced to the other. 

35. Simultaneous Equations are those which express dif- 
ferent conditions of the same problem, and consequently the letters 
representing the unknown quantities signify the same things in each. 
All the equations of such a group are satisfied by the same values of 
the unknown quantities. 

30. Elimination is the process of producing from a given 
set of simultaneous equations containing two or more unknown 
quantities, a new set of equations in which one, at least, of the un- 
known quantities shall not appear. The quantity thus disappearing 
is said to be eliminated. (The word literally means putting out of 
doors. We use it as meaning causing to disappear.) 

37. There are Eive Methods of Elimination f viz., by 
Cwnparison^ by Substitution, by Addition or Subtraction, by UndS'^ 
tennined Multipliers, and by Divismu 


Elimination by Compaeison. 

3S. Evdb. 1. — Having given two independent, simultaneous, 
simple equations between two unknown quantities, to deduce therefrom 
by Comparison a new equation containing otdy one of the unknown 
quantities, 

RULE, — 1st Find expeessions foe the value of the same 
UNKNOWN quantity FEOM EACH EQUATION, IN TERMS OP THE 
OTHER UNKNOWN QUANTITY AND KNOWN QUANTITIES. 

2d. Place these two values equal to each other, and the 

RESULT WILL BE THE EQUATION SOUGHT. 

Dem.— T he fiwt operatioUB being performed according to the rules for simple 
equations with one unknown quantity, need no further demonstratioa. 
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2d. Haring formed expressions for the value of the wme unknown quantity 
in both equations, since the equations are simultaneous this unknown quantity 
means the same thing in the two equations, and hence the two expressions for 
its value are equal. Q. s. D. ^ 

ScH. — The resulting equation can be solved by the rules already given. 


Elimination by Substitution. * 

^TOh% 2m — Having given two independent^ ainmltaneous^ 
simple equations, between two unknown quantities, to deduce there- 
from by Substitution a single equation with but one of the unknown 
quantities, 

RULE.--lBt Find from one of the equations the value 

OF THE UNKNOWN QUANTITY TO BE ELIMINATED, IN TERMS OF THE 
OTHER UNKNOWN QUANTITY AND KNOWN QUANTITIES. 

2d. SUBSTITLTE THIS VALUE FOR THE SAME UNKNOWN QUAN- 
TITY IN THE OTHER EQUATION. 

Dem. — T he first process consists in the solution of a simple equation, and is 
demonstrated in the same way. 

The second process is self-evident, since, the equations being simultaneous, 
the letters mean the same thing in both, and it does not destroy the equality of 
the members to replace any quantity by its equal. Q. E. d. 


Elimination by Addition or Subtraction. 

40m JPvobm 3m — Having given two independent, simultaneous, 
simple equations between two u/t\known quantities, to deduce therefrom 
by Addition or Subtraction a single equation with but one unknown 
quantity, 

RULE, — 1st. Reduce the equations to the forms ax + by 
= m, AND cx dy ^ n, 

2d. If the coefficients of the quantity to be eliminated 

ARE NOT ALIKE IN BOTH EQUATIONS, MAKE THEM SO BY FINDING 

their L. C. M. and then multiplying each equation by THIS 
L. C. M. exclusive of the factor which the TERM TO BE 

ELIMINATED ALREADY CONTAINS. 

3d. If the signs of the terms containing the quantity to 

BE eliminated ARB ALIKE IN BOTH EQUATIONS, SUBTRACT ONE 
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EQUATION FEOM THE OTHEE, MEMBEE BY MEMBEE. If THESE SIGNS 
AEE UNLIKE, ADD THE EQUATIONS. 

Dem. — T he first operations are performed according to the rules already given 
for clearing of fractions, transposition, and uniting terms, and hence do not viti- 
ate the equations. The object of this reduction is to make the two subsequent 
steps practicable. 

•[^he second step does not vitiate the equations, since in the case of either 
equation, both its members are multiplied by the same number. 

The third step eliminates the unknown quantity, since, as the terms containing 
the quantity to be eliminated have the same numerical value, if they have the 
same sign, by mhtrOfCting the equations one will destroy the other, and if they 
have different signs, by adding the equations they will destroy each other. The 
result is a true equation, since, If equals (the two members of one equation) are 
added to equals (the two members of the other equation), the sums are equal. 
Thus wo have a new equation with but one unknown quantity. Q. B. D. 


Elimination by Undeteemined Multipliees. 

41 , 4 . — Having given two independent^ aimuUaneotcs, 

simple eqxiatione between two unknown quantities^ to deduce therefrom 
by Undetermined Multipliers a single equation with but one unknown 
quantity, 

RULE. — 1st. Reduce the equations to the forms ax -f by 
= m, AND cx dy ^ n. 

2d. Multiply one of the equations by an undetermined 
factor, as /, AND FROM THE RESULT SUBTRACT THE OTHER EQUA- 
TION, MEMBER BY MEMBER. 

3d. In THE RESULTING EQUATION, PLACE THE COEFFICIENT OF 
THE UNKNOWN QUANTITY TO BE ELIMINATED EQUAL TO 0; FROM 
THIS EQUATION FIND THE VALUE OF /, AND SUBSTITUTE IT IN THE 
OTHER TERMS OF THE EQUATION. 

DKM.-~[Rea8on for the first step, same as in the last method.] 

Now multiply one of the equations, as «;; + = m, by /, and subtract the 

otnor, member by member, giving (q/'— c)aj -f (6/— d)y:=imf^ n. To eliminate 

y, put y — d = 0, giving / This value of f substituted in {af — c)x 

+ (?>/^ d)yzzwf’‘-n, will cause the term containing y to disappear by making 
its coefficient 0, and there will result an equation containing only iho unknown 
quantity (o, and known quantities. Q. £. D. 
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Thus, given 8a;+ 7^=88, and 8«+ 4^=20. 

Multiply the Ist by/, - - - - - ^ + Ify^Z^ 

Subtract the 2d, ^ + 4^ sz 20 

And we have (^— 2 )ijj + (7/- 4)y = 8^— 20. 

Putting — 4 = 0, / = Substituting, (3 x f —2)a! = 88 x f 20. Whence, 
— — ora; = A 

In like manner, putting ^ — 2 = 0,/= |. And (7 x f -> 4)y s= 88 x 4 >> 20* 
Whence y = 8.* 


Elimination by Division. 

42. JProb. S. — Having given two independent^ simidtaneousy 
equations of any degree^ between two unknown quantities^ to deduce 
therefrom by Division a single equation with hut <yne unknown 
quantity, 

RULE, — Clear the equations of fractions, and transpose 

ALL THE TERMS TO ONE MEMBER. TrEAT THE POLYNOMIALS THUS 
OBTAINED AS IN THE PROCESS FOR FINDING THE HIGHEST COM- 
MON Divisor, continuing the process until one unknown 

QUANTITY DISAPPEARS FROM THE REMAINDER. PUTTING THIS RE- 
MAINDER EQUAL TO 0, WE HAVE THE EQUATION BOUGHT. 

Deh. — Since each of the polynomials is equal to 0, any number of times one 
subtracted from the other (i, e, any remainder) is 0. 


Examples. 

[Note.— T he pupil should solve the following by each of the preceding 
methods, so as to make all familiar, and in each instance notice w]^t method is 
most expeditions.] 

(1.) 2:r + 7y=41, (2.) OJ-f 15^=49, (3.) 0x+ 4y=236, 

3a;+4y=42. 3a; + 7y=71. 3a; + 15^=673. 


(4.) 29a;-175=14y, (5.) 188-5a;-9y=0, (6.) 5a;-4=35^, 
S7x^66y=m. 13a;=57 + 2y. 10 + 7a;- 12^=0. 

(7.) 6y-21= 2ar, (8.) 7y-3a;=139, (9.) 69y-17a;= 103, 

13a;-4y=120. 2a; +6^^= 91. 14a;-13y=:-4L 


(\n\ a^-3 10-a? _ .v-10 

5 3 “ 4 ’ 

^y + ^_^4r« + .V + l3 
3 ^ 8 • 


( 11 .) 


abx+cdy^2, 


d--b 



SntFU tt}QjHKC»»-^ 4 EUiaHiLTI 0 H. 


vr 


b+y~da+af 

azi- 2 by=:d. 


(13.) (J+ej)(a;4-c— ^)4-a(y+a) = 

atf _ (i^+c)* 

(b’-c)x ““ a» ‘ 


(14) 

(16.) 

(16.) 


-^ + -^=8a, and x-^ = l» 
a+b a—b 4«6 


T 


1*2 


^ u . 

^ X’-y 1 

■■ " ' :v? == — r-^ = p 

23 a; + y 5 


(!'•) «V| = ®’ (1«-)I + 5 = 19 , ( 10 .)£+j^,=-+^ 




?-^-= 7. 
X y 


n m « « 

-- 4 - — ss ; 7 jr® 4 "^** 

a? y 


[Note. — ^S olve the following by {42),] 


20. Eliminate x between the following: Saj+y =105 and a:4-3y 
=35 ; also |‘(2a;+3y)=8— |a; and l\-\-y=i\{7y—dx ) ; also i(y— 2) 
— i(10— y) = 1(« —10) and 1(3* + 4) — ^(23' + *) = \(y + 13) ; also 
a*+6iy=144 and 6a:y+36y*=433 ; also **+^’=2728 and x*—xy 
+y*=124; also a:*+*’y+«*y*+!*y’ +y*=l and »• +y*=3; also 
ar+y+a^=34 and a:»+y’=52. 


BOLCTIOn 07 THB IJlST. 

ar+y+a^— 34) x*+y*— 62| a;+34— y 

(l+y)a:+y-34 ) (H-y)a:» +(l+y)y»-82(H-y) 

{X+y)x* +xy—Zix 

(34— y)a;+(y«— 52)(l+y) 

(l+y)(34— y)a:+(y*— 6a)(l+y)* 
(l+y)(34-y)g-(34-y)» 

Equation sought, (34— y)* +(y*— 53)(l+y)*=0. 

[Note. — ^T he equations resulting from the elimination in several of the above 
cases are of degrees higher than the first, and hence their resoluiUm Is not to 
be expected at this stage of the student’s progress.] 



98 


JXEIUENTABI ADOSBRA* 


Applicationb. 

1. A wine merchant has two kinds of wine, one worth 72 cents a 
quart, and the other 40 cents. How much of each must he put in a 
mixture of 50 quarts, so that it shall be worth OO^cents a quart? 

2. A crew that can pull at the rate of 12 miles an hour dowi? the 
stream, finds that it takes twice as long to row a given distance up 
stream as down. What is the rate of the current ? 

3. 'A man sculls a certain distance down a stream which runs at a 
rate of 4 miles an hour, in 1 hour and 40 minutes. In returning it 
takes him 4 hours and 15 minutes to reach a point 3 miles below his 
starting place. How far did he scull down the stream, and at what 
rate could he scull in still water? 

4. A man puts out $10,000 in two investments. For the first he 
gets 5^ and for the second 4 ^, The first yields annually $50 more 
than the second. What is each investment ? 

[Note. — G eneralize the statement and solution of the preceding problems.] 

5. What fraction is that whose numerator being doubled and de- 
nominator increased by 7, the value becomes J ; but the denomina- 
tor being doubled, and the numerator increased by 2, the value be- 
comes I ? 

6. There is a number consisting of two digits, which is equal to 
four times the sum of those digits ; and if 18 be added to it, the 
digits will be inverted. What is the number ? 

7. A work is to be printed, so that each page may contain a cer- 
tain number of lines, and each line a certain number of letters. If 
we wished each page to contain 3 lines more, and each line 4 letters 
more, then there would be 224 letters more in each page ; but if we 
wished to have 2 lines less in a page, and 3 letters less in each line, 
then each page would contain 145 letters less. How many lines are 
there in each page ? and how many letters in each line ? 

8. A sum of money put out at simple interest amounted to $5250 
in 10 months, and to $5450 in 18 months. What was the principal, 
and what the rate ? 
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9. In an alloy of silver and copper, of the whole + ^ ounces 

was silver, and ~ of the whole — q ounces was copper. How many 
ounces were there of each ? 

10. When a is added to the greater of two numbers, it is m times 
the less ; but when h is added to the less, it is n times the greater. 
What are the numbers ? 

11. When 4 is added to the greater of two numbers, it is 3^ times 
the less ; but when 8 is added to the less, it is the greater. What 
are the numbers ? Solve by substituting in the results of the pre- 
ceding. 

12. There is a cistern into which water is admitted by three cocks, 
two of which are of exactly the same dimensions. When they are 
all open, five-twelfths of the cistern is filled in 4 hours ; and if one 
of the equal cocks be stopped, seven-ninths of the cistern is filled in 
10 hours and 40 minutes. In how many hours would each cock fill 
the cistern ? 

13. A banker has two kinds of change ; there must be a pieces of 
the first to make a crown, and h pieces of the second to make the 
same : now a person wishes to have c pieces for a crown. How many 
pieces of each kind must the banker give him ? 

^ of the first kind, ^ of the second. 
h^a 

14. An ingot of metal which weighs n pounds loses p pounds when 
weighed in water. This ingot is itself composed of two other metals, 
which we may cfill M and M' ; now n pounds of M loses q pounds 
when weighed in water, and n pounds of M' loses r pounds when 
weighed in water. How much of each metal does the original ingot 
contain ? 

An%^ — — pounds of M, — pounds of 

^ q ^ q 
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SECTION IIL 

INBEPENDENT, SIMULTANEOtJS, SIMPLE EQUATIONS WITH MORE 
THAN TWO UNKNOWN QUANTITIES. 

t 

43* JPvoh* — Having given several independent^ simvltaneom^ 
sifnple equations, involving as many unknown quantities as there are 
equations, to find the values of the unknown quantities. 

R ULB. — Combine the equations two and two by either of 

THE METHODS OF ELIMINATION, ELIMINATING BY EACH COMBINA- 
TION THE SAME UNKNOWN QUANTITY, THUS PRODUCING A NEW SET 
OF EQUATIONS, ONE LESS IN NUMBER, AND CONTAINING AT LEAST 
ONE LESS UNKNOWN QUANTITY, COMBINE THIS NEW SET TWO AND 
TWO IN LIKE MANNER, ELIMINATING ANOTHER OF THE UNKNOWN 
QUANTITIES. REPEAT THE PROCESS UNTIL A SINGLE EQUATION IS 
FOUND WITH BUT ONE UNKNOWN QUANTITY. SOLVE THIS EQUATION 
AND THEN SUBSTITUTE THE VALUE OF THIS UNKNOWN QUANTITY IN 
ONE OF THE NEXT PRECEDING SET OP EQUATIONS, OF WHICH THERE 
WILL BE BUT TWO, WITH TWO UNKNOWN QUANTITIES, AND THERE 
WYLL RESULT AN EQUATION CONTAINING ONLY ONE, AND THAT 
ANOTHER OF THE UNKNOWN QUANTITIES, THE VALUE OP WHICH 
CAN THEREFORE BE FOUND FROM IT. SUBSTITUTE THE TWO VALUES 
NOW FOUND IN ONE OF THE NEXT PRECEDING SET, AND FIND THE 
VALUE OF THE REMAINING UNKNOWN QUANTITY IN THIS EQUATION. 

Continue this process till all the unknown quantities are 

DETERMINED. 

The combinntions of the equations giye true equations because thep 
are all made upon the methods of elimination already demonstrated. 

2. That the number of equations can always be reduced to one by this pro. 
cess, is evident, since, if we have n equations and combine any one of them with 
each of the others, there will be » 1 new equations. Ck)mbinhig one of these 

n — t new equations with all the rest there will result n — 2. Hence n •— 1 
such combinations will produce a single equation ; and as one unknown quan< 
tity, at least, has disappeared from each set, there will be but one left. q. sl d. 

ScH, 1. — If any equation of any set does not contain the quantity we are 
seeking to eliminate, this equation can be written at once in the next set, 
and the remaining equations combined. 

8 ch , 2 .— In eliminating any unknown quantity from a particular pet of 
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equations, any one of the equations may be combined with each of the 
others, and the new set thus formed. But some other order may be prefer- 
able as giving simpler results. 

Sett. 8. — It is sometimes better to find the values of all the unknown 
quantities in the some way as the first is found, rather than by substitution. 


c» 

Examples. 



1. 

a; 4* y + 2 = 31, 
a; + y — « = 25, 

X ^ y 9. 

2 . 

a; -h y 4- z=: 9, 
a; + 3y 32: = 7, 
a; — 4y + 82 = 8 . 

3. 

2a; 4- 3y 4- 42 = 
3a; + 2y -f 02 = 
4a; 4- 3y 4* 22 = 

29, 

32, 

25. 

4. 

6. 

6. 


|a: + iy+J«=62, x+\y=lW, -i *=64; 

^+^’+2*=8,’ 

/</ 

a;=:3; 

ia:+iy+i*=47, y + i«=100, 1 y=73; 
^x+^y+^z=38. *H-Ja;=100. J *=84. 

a;4-2y-~52=2, 

,=8. 

• y=3; 

«=:1. 

7, 

8. 

9. 


* + -’ + * = 86, 

ay + hx = c, 

2 ^ 1 _ 3 
x'^ y z‘ 



cx + az = J, 

^-" = 8. 
2 f/ 


* + * + ’ = 85. 
4 

hz 4- cy := a. 

l + l=i. 

a; 2 3 


10. 

11. 

12. 


y + r=2y«, 

^-=1. 

X y 

a;4-y4-2=0, 



he 

-■f -=1, (54-c)a?+(6‘4-flf)y4(«*45)s=0, 

y z 

a;+y=4a:j/. 

?+«=!. 

Z X 

5ca; + cay4'flf52=;=l. 


13 . xyx^a{yz^tz--*xii):=zl(zx^xy-^iiz) 
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14. 

3«— 2y= 2, 
6:r-7z=ll, 
2a; + 3y=39, 
4y+32?=41. 


15. 

3a;~4y+32 4* 3v— 6^=11, 
3a;— 5^4*22 — 4tt=ll, 
10^—35; 4* 3w—2v=: 2, 
5i;-l-4w4'2t;— 2a;=: 3, 
6w— 3v 4'4a;— 2y=: 6. 


16. 

«4-v4-a;4-y=10, 
w+t/4-iP4-« = ll, 
tt4-v4‘y4'«-=12, 
te+a;4-y4-«— 13, 

V 4-a;4-y + «=14. 


17 . x+y+z=:a’{’h^c, hx^cy+az=cx^ay + hz=^a^'^h* 


Applications. 

1. Three persons, A, B, and 0, were talking of their guineas; 

says A to B and C, give me half of yours and I shall have 34 ; says 
B to A and C, give me a third part of yours and I shall have 34 ; 
says 0 to A and B, give me a fourth part of yours and I shall have 
34. How many had each ? A^is,, A 10, B 22, C 26. 

2. For $8 I can buy 2 lbs. of tea, 10 lbs. of coffee, and 20 lbs. of 
sugar, or 2 lbs. of tea, 5 lbs. of coffee, and 30 lbs. of sugar, or 3 lbs. 
of tea, 5 lbs. of coffee, and 10 lbs. of sugar. What are the prices ? 

3. A person possesses a certain capital which is invested at a certain 
rate per cent. A second person has £1000 more capital than the 
first and invests it at one per cent, more; thus his income exceeds 
that of the first person by £80. A third person has £500 more 
capital than the second, and invests it one per cent, more advan- 
tageously ; and thus receives £70 more income. Find the capital of 
eacJi and the rate of investment. 

4. Find four numbers, such that the first with half the rest, the 
second with a third the rest, the third with a fourth the rest, and 
the fourth with a fifth of the rest shall each be equal to a. 

5. A number is represented by € digits, of which the left-hand 
digit is 1. If the 1 be removed to units place, the others remaining 
in the same order as before, the new number is 3 times the original 
number. Find the number. 

6. A man has £22 14;?. in crowns (5^.), guineas (21^.), and moidores 
(27s.) ; and he finds that if be had as many guineas as crowns, and 
as many crowns as guineas, he would have £36 6s.; but if he had 
as many crowns as moidores, and as many moidores as crowns, he 
would have £45 16s. How many of each has he ? 
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7. A person has four casks, the second of whicli being filled from 
the first, leaves the first f full The third being filled from the 
second, leaves it j- full; and when the third is emptied into the 
fourth, it is found to fill only ^ of it But the first will fill the third 
and fourth and liave fifteen quarts remaining. How many quarts 
does each hold F 

8. A, B, C, and D, engt^e to do a certain work. A and B can do 
it fn 12 days, A and D in 15 days, and D and 0 in 18 days. B and 0 
commence the work together, after 3 days are joined by A, and after 
4 days more by D. Then, all working together, they finish it in 
2 days. How long would each have required to do the entire work ? 
Solve with one unknown quantity, as well as with four. 

9. A person sculling in a thick fog, meets one tug and overtakes 
another which is going at the same rate as the former ; show that if 
a is the greatest distance to which he can see, and b, b' are the dis- 
tances that he sculls between the times of his first seeing and of his 

passing the tugs, » = 4- jr 
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BATIO, BBOPOJRTXON, ANI> JPJROiXMMSSIOXr. 

SECTION L 
RATIO. 

44. Matio is the relative magnitude of one quantity as com- 
pared with another of the same kind, and is expressed by the quotient 
arising from dividing the first by the second.* The first quantity 
named is called the Antecedent, and the second the Consequent. 
Taken together they are called the Terms of the ratio, or a Couplet. 

45. The Sign of ratio is the colon, : , the common sign of 
di'dsion, or the fractional form of indicating division. 

The last form is coming into use quite generall^r, and is to be preferred. 

46m Cor. — A ratio being merely a fraction, or an unexecuted 
problem in Division, of which the antecedent is the numerator, or 
dividend, and the consequent the denominator, or divisor, any changes 
made upon the terms of a ratio produce the same effect upon its value, 
as the like changes do upon the value of a fraction, when made upon 
its corresponding terms. The principal of these are, 

Ist. If both tes*ms are multiplied, or both divided by the same, 
number, the value of the ratio is not changed. 

2d. A ratio is mtiltiplied by multiplying the antecedent, or by 
dividing the consequent. 

3d. A ratio is DIVIDED by dividing the antecedent, or by muUiply^ 
ing the consequent. 


* There is a common notion among ns that the French express a ratio by dividing the eon* 
sequent by the antecedent, while the English express it as above. Sneh is not the fhet. 
French, German, and Engtlsh writers agree In the above definition. In Aict, the Germans very 
generally use the sign : instead of 4.; and by all, the two idgns are need as exact equivalents. 
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47. A JDireet Ratio is the quotient of the antecedent divided 
by the consequent, as explained, above, (44). An Indirect or 
Reciprocal Ratio is the quotient of the consequent divided by 
the antecedent, i. e., the reciprocal of the direct ratio. A ratio is 
ahcays weittbk as a direct ratio, 

48. A ratio of Greater Inequality is a ratio which is 
greater than unity, as 4 : 3. A ratio of Less Inequality is a 
ratio which is less than unity, as 3 : 4. 

49. A Compound Ratio is the product of the corresponding 
terms of several simple ratios. Thus, the compound ratio a : 
c: d^m iriy is acm ; hdn. This term corresponds to compound frac- 
tion, A compound ratio is the same in effect as a compound fraction. 

60. A Duplicate Ratio is the ratio of the squares, a tri- 
plicate^ of the cuhes, a stibduplicatef of the square roots, and 
a stthtriplicatCf of the (yuhe roots of two numbers. Thus, «* : 5*, 
: 5®, 's/a : '/b, and ^/a : 


Examples. 


1. What is the ratio of 8 to 4? of 4 to 8 ? of Jto f ? 

Jaw? 

g + 

1 — sc* 


to 3aw ? of a;* — y* to « — y ? of J to f ? of ~ to | ? 

/nr -L. A 

to 


of 5a*w 


of 


1— a; 


2; Write the inverse ratio in each case in the last paragraph. 

3. Reduce the following to their lowest terms : 85 : 187, a* — ft* 

: a^ - ftS 12(a - a;)* : 6(a* - x*). 

4. What is the duplicate ratio of 3 : 5, of gift? What the tripli- 
cate ? What the subduplicate of 25 : 16 ? of 3 : 7 ? of m : n ? What 
the Bubtriplicate of 729 : 1728 ? of xiy^ 

5. Which is the greater, the compound ratio of | : -f and 5 : 4, or 
the inverse triplicate ratio of 3 : 2 ? 

6. Prove that a ratio of greater inequality is diminished by adding 
the same number to both its terms. How is it with a ratio of less 
inequality? How with equality ? 

7. If 5 gold coins and 30 silver ones are worth as much as 10 gold 
coins and 10 silver ones, what is the i*atio of their values ? 



lOS Miurain UWU. 

8. Prov€ that a* — a;* : a* -h «• > a-^x ; a^x, Ib a;® + : a:* 4*,y* 

greater^ or lees, than a:* + ^ -f y ? 

9. Prove that 4<?* — 3fl*aj — 4aar* + 3a;» : 3a® — 2a^z — 3aa;* + 2a;® 
is equal to 4a — 3a; ; 3a -* 2a?. 

10. Prove that, if a? be to y in the duplicate ratio of a to 5, and a 
to J in the subduplicate ratio of a + a; to a — y, then will 2a; : a 


SECTION IL 
PROPORTION. 

Proportion is an equality of ratios, the terms of the ratios 
being expressed. The equality is indicated by the ordinary sign of 
equality, =, or by the double colon, : : . 

ScH. — The pupil should practice writing a proportion in the form j 

still reading it “a is to J as c is to d.” One form should be as familiar as 
the other. He must accustom himself to the thought that ail \x c \ d means 

~ =s 3 and nothing mare. 

0 a 

Tfie JEketremes (outside terms) of a proportion are the 
first and fourth terms. The M^eans (middle terms) are the second 
and third terms. 

53. A Mean Proportional between two quantities is a 
quantity to which either of the other two bears the same ratio that 
the mean does to the other of the two. 

54:. A Third Proportional to two quantities is such a 
quantity that the first is to the second as the second is to this third 
(proportional). 

55. A proportion is taken by Inversion when the terms of 
each ratio are written in inverse order. 

56. A proi>ortion is taken by Alternation when the means 
are made to change places, or the extremes. 

57. ^ proportion is taken by Composition when the sum of 
the terms of each ratio is compared with either term of tlmt ratio, 
the same order being observed in both ratios; or when the sum of 
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the antecedents and the sum of the consequents are compared with 
either antecedent and its consequent. 

S8» If the difference instead of the sum be taken in the last defi- 
nition, the proportion is taken by JDivisionm 

S9* Four quantities are Inversely or Reciprocally Proportional 

when the first is to the second as the fourth is to the third, or as the 

reciprocal of the third is to the reciprocal of the fourth. 

« 

GO. A Continued JProporiion is a succession of equal 
ratios, in which each consequent is the antecedent of the next ratio. 
Thus a\b\\b\c \\c\di\ die, have a continued proportion. 


01. JPropm 1. — In any proportion the product of the extremes 
equals the product of the means, 

Dem. — If a:b ::c\d then ad = be. For a'.b w c:dis the isamo as r = ^» which 

b a 

cleared of fractions becomes ad = be. q. E. D. 

02. CoR. 1 . — The square of a mean proportional equals the pro- 
duct of its extremes, and hence a mean proportional itself equals the 
square root of the product of its extremes. 

If a : w : : f/i ; d, by the proposition m* = ad. Whence extracting the square 
root of both members, m :=: ^ad. 

03. Cor. 2. — Either extreme of a proportion equals the product 
of the means divided by the other extreme / and, in like manner, 
either mean equals the product of the extremes divided by the other 
mean. 


Od. IPvop. 2. — If the product of two quantities equals the pro- 
duct of two others^ the two former may he made the extremes, or the 
means of a proportion, and the two latter the other terms, 

Dem. — Suppose my = nx. Dividing both members by xy» we have — =s 

® y 

i. e.,m\x ',\n\ y. In like manner dividing by mn we have ~ = ^ » i, e,, yin 

^ n m ^ 

\\x\m. 

Deduce following forms from the relation my=:nx\ 


1. 

m : X 

\ n:y. 

5. 


« : m. 

2. 

m : n 


6 . 

X :mi 

yin. 

8 . 

y :n 


7. 

nimi 

yiw. 

4. 

x :y 

:m:n. 

8. 

ni y i 

mix. 
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63* Oon*^Iffour quanikies ^re in proportion^ they ure in pro- 
portion by alternation and by inversion, 

66* JProp* 3* — If four quantities are in proportion, the propor- 
tion is not destroyed by taking equal multiples of 

Ist 27ie terms of the same couplet, 

2d. The aniecedents, 

3d. Th>e consequents, 

4tli. All the terms. 

Demonstrate these facts from the nature of a proportion as an equality of 
ratios. 

07* ScH. — Observe that such changes, and only such, may be made upon 
the terms of a proportion without destroying it, as 

1st. Do not change the mines of the ratios^ 

2d. Change both ratios alike. 

Query. — If the first term of a proportion be divided by any number, in what 
ways may the operation be compensated for so as to preserve the proportion ? 


68* J^rop* 4, — The products or the quotients of the correspond- 
ing terms of two (or more) proportions are proportional to each 
other. 

Demonstrated on the axioms that equals multiplied by equals give equal 
products, and that equals divided by equals give equal quotients. 

60* Cor. — like powers, or roots, of proportionals are propor- 
tional to each other. 

How does this corollary grow out of the proi>o8itioii t 


70* JProp* 3*-^If two proportions have a ratio in one equal to 
a ratio in the other, the remaining ratios are equal and may form a 
proportion. 

Demonstrated on the axiom that things which are equal ^ thing 

are equal to each other. 


71* ]?rop* 6* — Any proportion may he taken by composition, 
or by division, or by both aJt once, without destroying it. 
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Dsm.— I f aibiieid, 



r 0 + 6 : ft : 

X 6 + did. 

(1) 

We may write by J 0 + 6 ; a : 

:e + die, 

(8) 

mposition, j a + e : a i 

:b + d:b, 

(8) 

1 a + c : c : 

X b + d i d. 

(4) 


By division, we may write the same forms with the — sign instead of the + . 


composition and 
division at the same 
time, we may write, 


r a a 
\a + c\ a 


b 

e 


c + d ; <5 — d, 
& + d : 6 — d. 


These forms may all be verified by representing the ratio of a to 6 by r, 
a 

whence z=:TiOt a rb, and since the ratio of c to d is the same as that of 

a to b, r, or e sz dr, and then substituting in each of the above forms these 
a 

values of a and e. Thus, the let becomes br+b :b :: dr+d ; d, which ratios aye 
equal, sinoe each isr + 1, Let the student verify the other forma in the same 
way. 

Queries. — If a\b\\c:d,U a±b \ax \ e±d :b*i Is a+b : c+d : : a—e ; 6— d? 


72* Cob. — If there he a series of equal ratios in the form of a 
continued proportion^ the sum of all the antecedents is to the sum of 
all the consequents, as any one antecedent is to its consequent, 

Dem. — I f a\b\\c\d\\6 : g : A, etc., ® + c + e+flf+etc. : 6 + d+/+A + etc. 

: ; a ; or c \ d,ov e '.f,ox g ih, etc. Substitute for a br,iox c dr, for e fr, for 
g hr, and we have 

+ dr +/>’+Ar+ etc. : ft+d+Z+A+etc. : ; ftr : b, 
in which the ratios are seen to be equal, since each is r. 

73* ScH. — The method pursued in the demomtrcdion of the preceding propo- 
sUion win be found sufficient in itself to test any proposed tran^ormation gf a 
proportion. We will give a few examples ; 

1. If a : 6 : : 0 : e?, prove as above that ad = he. 

Sue. — ^By substituting as above we have the identity brd = bdr, 

2. Haxh\:cid, prove as above that axcwhxd, and hand '-c* 

8, If c^dy and y, prove as above that am \ hnw 

cx : dy, 

SCO's.— Let %szr, whence i » r ; and =s r', whence 2. 5 = r*, Substitnt- 
d d n y 

ing for a hr, for e dr, tot m nr' , and for 9 yr', ia the proportion to be tested, it 
is shown to be trne. 
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4. If ^ — a> \a + a '.ih — y b y, show that %x •. y \ \ a h. 


^0f JP ft ^ ^ 

StTG’s. — Prom—- = T find x in terms of a and r, and from ^ ^ = r find y 

ta + » + y 

in terms of b and r, 

5. If a : 5 : : jD : 0 ^, prove that a* 4* : - -r : : »* 4- a* : ■ — 


G. Four ghreii numbers are represented bj a, c, ; what quantity 
added to each will make them proportionals? 


Ans^ 


he — fljcf 
a — ^ — c 4- 


7. If four numbers are proportionals, show that there is no num- 
ber which, being added to each, will leave the resulting four num- 
bers proportionals. 


8. If a : h i: c : d, show that ma lynh :: c: d; a:h :: me: md; ma : 
h iimcid; a:mb:: c : md ; and via : nh ::vic: nd. 


Applications. 

[Note. — The first five of the following examples should be solved without 
converting the proportions into equations.] 

1. A merchant having mixed a certain number of gallons of brandy 
and water, found that if he had mixed 6 gallons more of each, there 
would have been 7 gallons of brandy to every 6 gallons of water, 
but, if he had mixed 6 gallons less of each, there would have been 
6 gallons of brandy to every 5 gallons of water. How much of each 
did he mix ? 

SoLTjnON. aj 4 6 : y + 6 : ; 7 : 6, and ju — 6 : y — 6 ; : 6 : 5. 

Hence « — y : y 4 6 : : 1 ; 6, and a; — y : y — 6 : : 1 ; 5. 

Hence y 4 6 ; y — 6 : : 0 : 5, or 2y : 12 : : 11 : 1, or y : 66 1 : 1. 

Substituting, » 4 6 : 72 : : 7 ; 6, or a? 4 6 : 6 : ; 14 : 1, or a? : 6 : : 18 : 1, or a; : 

1 : : 78 : 1. 

2. Find two numbers, such, that their sum, difference, and pro- 
duct, may be as the numbers s, d, and jt?, respectively;^ 

Solution. « 4 y : « — y : ; s ; d, and a? — y ; ay : : dis 
Hence iS ; y : : « 4 d : « — d, and xiy i:dx -k- pip* 

Hence dr 4 p :p: : « 4 d : t — d,ordr :p :: 2d — d, or a; :p : : 2 : s — 

or 0 .1 1 1 2p l 9 d,i. X ^ 
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3< It is requited to find a number, such, that the sum of its digits 
is to the number itself as 4 to 13 ; and if the digits be inverted, their 
difference will be to the number expressed as 2 to 31. 

4. Divide the number 14 into two such parts, that the quotient 
of the greater divided by the less shall be to the quotient of the less 
divided by the greater, as 16 to 9. 

=6. Find two numbers whose difference is to the difference of their 
squares as w* : w, and whose sum is to the difference of their squares 
08 a: b, 

[Note. — In the following, nse the proportion more or less, as is found ex- 
pedient,] 

6. The sides of a triangle are as 3 : 4 : 5, and the perimeter is 480 
yards: find the sides. 

7. A fox makes 4 leaps while a hound makes 3 ; but two of the 
hound’s leaps are equivalent to 3 of the fox’s. What are their relative 
rates of running? ‘ 

8. A courier sets out from Trenton for Washington, and travels 
at the rate of 8 miles an hour; two hours after his departure 
another courier sets out after him from New York, supposed to be 
68 miles distant from Trenton, and travels at the rate of 12 miles an 
hour. How fiir must the second courier travel before he overtakes 
the first ? 

9. There are two places, 164 miles apart, from which two persons 
set out at the same time to meet, one travelling at the rate of 3 miles 
in two hours, and the other at the rate of 5 miles in four hours. How 
long, and how far, did each travel before they met ? 

10. A courier, who travels 60 miles a day, has been dispatched 
five days, when a second is sent to overtake him, in order to do 
which he must travel 75 miles a day. In what time will he overtake 
the former? 

11. Two travellers, A and B, set out at the same time from two 
different places, 0 and D; A from C to D, and B from D to C. 
When they met, it appeared that A had gone 30 miles more than 
B ; also, that A can reach D in 4 days, and B can reach 0 in 9 days. 
Bequir^d the distance from 0 to D. 

12. A hare, 60 of h^ leaps before a greyhound, takes 4 leaps to 
the greyhound’s 3 ; but two of the greyhound’s leaps are as much as 
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three of the hare’s. How many leaps mu^ the greyhound take to 
catch the hare ? 

13. A runner left this place n days ago, at the rate of a miles 
daily. He is pursued by another, at the rate of b miles a day. In 
how many days will the second overtake the ? 


14. Find the time between 3 and 4 when the hands of a watch are 
opposite each other. When they are at right angles to each other. 
When they are together. 

15. How often does the minute hand of a watch pass the hour 
hand ? How often at right angles ? How often opposite ? 

16. I)o the hands of a watch occupy the three relative positions 
of opposite, at right angles, and together between each two hours of 
the 12 ? If there are exceptions point them out, and show why they 
occur. 

17. Before noon, a clock which is too fast, and points to afternoon 
time, is put back 5 hours and 40 minutes ; and it is observed that 
the time before shown is to the true time as 29 to 105. Required 

18. Two bodies move uniformly around the 
circumference of the same circle, which measures 
8 feet. When they start, one is a feet before the 
other; but the first moves m and the second M 
feet in a second. When will these bodies pass 
each other the first time, when the second, when 
the third, etc., supposing that they do not disturb 
each other’s motion ? When will they pass if 
the first starts t seconds before the second, and M > ? When if 

M < w ? When will they pass if the first starts t seconds later than 
the second and M > w ? When if M < m ? When will they meet 
if they start at the same time and move toward each other, or over 
the distance a, first ? If they move firom each other, or over the arc 
s — a first ? When will they meet if the first starts i seconds before 
the other, and they move toward each other, or over the distance a 
first ? If they move from each other, or over the arc s — a first ? 
If they move in opposite directions, and the first starts t seconds 
later than the second ? When they move over the arc a first ? When 
they move over the arc 4 — a first F 


the true time. 




PEOOBESSIONS. 


m 


19. Th« force of grayitation is inyersely as the square of the dis- 

tance from the centre of the earth. At the distance 1 from the 
centre of the earth this force is expressed by the number 32.16. By 
what is it expressed at the distance 60 ? Ans,^ 0.0089. 

20. If the yelocity of one body moving around another is propor- 
tional to unity divided by the duplicate of the distance, and the 
velocity be represented by v when the distance is r, by what will it 
be expressed when the distance is r' ? 

. r^v 


SECTION III. 

PROGRESSIONS. 

74. A I^rogreHsion is a series of terms which increase or de- 
crease by a common difference, or by a common multiplier. The 
former is called an Arithmetical, and the latter a Geometrical Pro- 
gression. A Progression is Increasing or Decreasing according as 
the terms increase or decrease in passing to the right. The terms 
Ascending and Descending are used in the same sense as increasing 
and decreasing, respectively. In an Arithmetical Progression the 
common difference is added to any one term to produce the next term 
to the right. If the progression is decreasing the common difference 
is minns. In an increasing Geometrical Progression the constant 
multiplier by which each succeeding term to the right is produced 
from the preceding is more than unity; and in a decreasing progres- 
sion it is less than unity. This constant multiplier in a Geometrical 
Progression is called the Ratio of the series. 

The character, is used to separate the terms of an Arith- 
metical Progression, and the colon, : , for a like purpose in a Geo- 
metrical Progression. 

ILLtrSTKATIONB. 

1 •• 8 •• 5 ” 7, etc., etc., is an increasing Arithmetical Progression with a common 
difference 2, or + 3. 

15 *’10’' 5 •• O'* — 5, etc., etc., is a Decreasing Arithmetical Progression with a 
common difference — 6. 

a‘>a ±d’-a ±%d>*a ±M, etc., etc., is the general form of an Arithmetical 
Progression, ± d being the common difference. 

3:4:8: 16, etc., etc., is an Increasing Geometrical Progression with ratio 3. 

12 : 4 : 1 ; f «tc., etc.. Is a Decreasing Geometrical Progression vdth ratio 
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a : or : ar* : ar* : ar*, etc., etc., la the general form of a Geoxnetrical Piogres- 
aion, r being the ratio, and greater or leas than unitj, 
according as the aeriea is increasing or decreaidng. 

70. When three quantities taken in order are in arithmetical pro- 
gression, the second is the Arithmetical Mean between the other two, 
and is equal to half their sum. 

111. — If a • • 5 • • c, 5 is the arithmetical mean between a and c ; and sindb & a 

szc^bf + tf), 

77. When three quantities taken in order are in geometrical pro- 
gression, the second is the Geometric Mean between the other two, 
and is equal to the square root of their product. 

Let the student illustrate. 


7S. There are Five Things to be considered in any progression; 
viz., the first term, the last term, the common difference or the ratio, 
the number of terms, and the sum of the series, either three of which 
being given the other two can be found, as will appear from the sub- 
sequent discussion. 


Abithmetical Pkogresston*. 

< 79* IFrop* 1. — The formula for finding the nth, or last term of 
an Arithmetical Progression; or, more properly, the formula express- 
ing the relation between the first term, the nth term, the common dif- 
ference, and the number of terms of sttcA a series, is 

1 = a + (n — l)d, 

in which a is the first term, d the common difference, n the number 
of terms, and 1 the nth or last term, d being positive or negative 
according as the series is increasing or decreasing, 

Dem. — ^A ccording to the notation, the series is 

+ d + + etc., etc. 

Hence we observe that as each succeeding term is produced by adding the com- 
mon difference to the preceding, when we have reached the nth term, we shall 
have added the common difference to the first term n — 1 Umes ; that is, the nth 
term, or ^ o -f (n — l)d, Q. E. D. 

ScH. — As this formula is a simple equation in terms of a, Z, n, and d, any 
one of them may be found in terms of the other three* 
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80. JpTOpn 2. — The formtUa for the mm tf an Arithmetical 
JProgreseion^ or expressing the ration between the sum of the series, 
the first term^ last term, and number of terms, is 



8 representing the sum of the series, a th^ first term, 1 the last term, 
and n the number of terms* 

Dbmt, — I f I ia the last term of the progreaeion, the term before it is ^ —d, and 
the one before that 2d,etc. Hence, as a + d-*a + 2d -‘a + Sd i re- 
presents the series, i d 2(f a represents the same series 

reversed. Now the sum of the first series is 

#=:<3t4-(fl''t-d)4*(flf + 2d)-h - - - (? ■— 2<f)4'(^ "“d)+ J! j 
and reversed s:=l +(Z — d) + (^ — 2d)+ - - - (a-i-2d)-f-(a-fd)-f a. 

Adding 2a=s(a + /) + (<» -1-0 +(a+0+ - - (« + 0 + (a+0 + (a+0- 

If the number of terms in the series is n, there will be n terms in this sum, eacdi 

[ a + ^l 

Jri. q. E. D, 

ScH. — This formula being a simple equation in tenns of s, a, I, and n, 
any one of the four can be found in terms of the other three. 


81. Coe. 1. — Formidas 

(1) l=a + (n — l)d, and 

(2) being two equations between 

the five quantities, a, 1, n, d, and s, any two of these five can be found 
in terms of the other three* 


82. Cor. 2. — The formida for inserting a given number of arith^ 

1 -‘“-a 

metical means between two given extremes is which m 

represents the number of means. From this d, the common differ^ 
ence, being found, the terms can readily be written. 


Dbm.— I f a is the first term and i the lost, and there are m terms between, 
or m means, there are in all m -i- 2 terms. Hence, substituting In the formula 

I=cn*(n-l)d, for «,m-i-2,wehave lssa+(tn’^l)d, Prom this da;- <i. E. ». 
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S3* Formula in Arithmetical Progression. 

[It will afford a good exercise for the student to solve the following cases on 
review, after luiving gone through Quadratics ; though no importance need be 
attached to remembering the results, as the fundamental formulas 

(1) Z=a+(7i— 1)^^, and (2) 
are sufficient to resolve all cases.] 


KUSCBSR. 

GIVBK. 

BXQUmXD. 

VOBUUI.AB. 4 

1. 

a. 

d. 

n 


11 

+ 

T 

2. 

a, 

dt 

S 


1 Vla<iS+(o-icJ)*(, 

3. 

o. 

rit 

S 

1 

7 _-2S ^ 






71 

4. 

d, 

nt 

S 


l^^An-r)d 






71 2 

6. 

a, 

d, 

n 


S=ri7l{2«-+-(«~1)<2}, 






l + a i*-a* 

6. 

a* 

dt 

1 

S 

®- 2 + 2d ’ 

7. 

a. 

n, 

1 

8=:(l+a)p 

8. 

d. 

n, 

1 


6=j7i { 2^— (71— l)d S . 

9. 

d, 

71, 

1 


(71 — l)cf, 

10. 

d, 

n, 

S 


^».S_(7i-l)d! 




a 

71 2 

11. 

d, 

1, 

S 


a=id±^{l + id)^-^2dSt 

12. 

n. 

1, 

S 








71 




1 


I-— a 

13. 


Tit 


d= it 






71 — 1 

14. 

a. 

n. 

S 


, 2(8-a7i), 

d-^ , ^ V 



It 

S 

d 

71(71—1) 

/*-a* 

15. 

a, 





16. 

n, 

It 

S 


^ 2(7i^-S) 

^ V A 






7t(7t — 1) 






l—a 

17. 

at 

dt 

1 



18. 

at 

dt 

s 


± \/{,2a-‘dy + SdS— 2a + d 

2d 

19. 




n 

as 

a. 

h 

s 


n = r , 






20. 

dt 

h 

s 


S»+<*±v'<2*+<*)'-8rfS 

«- 8<l 
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Examples. 

1. Find the 21st term of 3 •• 7 •• 11 *• etc., and the sum. of these 
terms, 

2. Find the 24th term of 7*«6‘*3“ etc., and the sum of these 
terms. 

3-»Find the wth term of etc., and the sum of the n 

terras. 

4. Find the ^^th term of .. etc., and the sum 

n n n 

of the n terms. 


5. Insert four arithmetical means between 193 and 443. 

6. Prove that the sum of n terms of 1 •• 3 •* 5 •• 7 •• etc., is to the 
sum of m terms as ; m*. 

7. What is the first term of an arithmetical progression whose 
59th term is — 2jt, and 60th ~1| ? Whose 2d term is and 65th 5.8? 

8. How many terms in the progression whose common differ- 
ence is 3, first term 5, and last term 302 ? 

9. Insert tliree arithmetical means between m and n* 


10. Produce the formula for inserting m arithmetical means be- 
tween a and viz.. 


arn ^-b , 

w -f 1 w -f 1 


m-f 1 


m + 1 


11. If a body falling to the earth descends a feet the first second, 

3fl the second, ha the third, and so on, how far will it fall during the 
^th second ? Ans., {2t — l)a. 

12. If a body falling to the earth descends a feet the first second, 
3a the second, 5a the third, and so on, how far will it fall in t 
seconds ? 


Geometbical Progression. 

84* !Prop* 1* — The formvHa for finding the nth^ or laet term 
of a geometrical progression ; or, more properly, the formula ex- 
pressing the relation between the first term, the nth term, the ralio, 
and the number of terms of such a series, w 1 = ar""*, in which 1 is 
the last, or nth term, a the first term, r the ratio, arid n the number of 
terms. 
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DSBf. — Letting a represent the first term and r the ratio, the series is 
a : a/r : ar* ; ar'^ : ar* : etc. Whence it appears that any term consists of the 
hrst term multiplied into the ratio raised to a power whose exponent is one 
less than the number of the term. Therefore the »th term, or 2 = \ Q. 3S; d. 


85 m J^rop* 2 . — The formula for the sum of a geometrical pro- 
gression^ or enpressing the relation between the sum of the sei'ies, the 
first termy the ratio, and the number of terms is 

ar* — a 
r T’ 

in which s represents the sunxy a the first term, r the ratio, and n the 
number of terms, 

Dbm.— The sum of the series being found by adding all its terms, we have, 
s = a + or + + «r* + - - and multiplying by r, 

rs = ar + + m* + 4 - 4 - Subtracting, 

rs — « = ar*- — a, or 

— a 

(r — = ur* — a, and a — — 

r — 1 


86* Cor. 1. — Formulas 

( 1 ) 1 

(2) s = 


: ar®"*, 
ar“ — a 
r - 1 


and 

being two equations be-- 


tween the five quarUities, a, 1, r, n, and s, are sufficient to determine 
any TWO of them when the others are given, 

87. Cor. %,-Since 1 = ar"“‘, Ir = ar®, which substituted in (2) 

gives 8 = -v ; which formula is often convenient, 

^ r — 1 

88. Coe. ?,.—The formula for inserting m geometrical means 

m-f-l/T * 

between a and 1 r = y 


89. Cor. 4. — The formula for the sum of an infinite decreasing 
geometrical progression w s = y 

Dbm.— -S ince in a decreasing progression the ratio is less than unity, the last 
term, is also less than the first term, and numerator and denominator of ^ 

the value of s, become negative. Hence it is well enough to write the 

formula lor the sum of such a series a = that is, change the signs of 

both terms of the fraction. Now, if the terms of a series are constantly decrease 
ing, and the number of terms is infinite, we can fix no value, however small, 
which will not be greater tlian the last, or than some term which may be 
reached and passed. Hence we are compelled to call the last term of snch a 

a 
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90 . Geometrical Formuljb. 

pn a review, q/ter thepupii Im been iUrougU the hook, it will l>e a good exer- 
cise for him to deduce the following formulas from the two fundamental ones. 
It is not necessary to memorize these.] 
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Examples. 

1. In a geometrical progression the first term is 3, the ratio 5, and 
the number of terms 7. What is the last term ? What the sum ? 

2. lusert 5 geometrical means between 2 and 1468. 

3. Find the 11th term of : -jij- : : etc., and the sum of the 

11 tenns. 

4. Find the 7th term of — f ; : etc., and the sum of the 7 

terms. 

5. Insert 4 geometrical means between ^ and 

6. Find the sum of 3 : ^ ^ : etc., to infinity. Also of 
: etc., to infinity. Also of .54. Also of .83(5. 

7. Suppose a body to move eternally in this manner ; viz., 20 

miles the first minute, 19 miles the second minute, 18^ the third, 
and so on in geometrical progression. What is the utmost distance 
it can reach ? A ns., 400 miles. 

8. What is the distance passed through by a ball, before it comes 

to rest, which falls from the height of 50 feet, and at every fall 
rebounds half the distance? A ns., 150 feet 

9. In the preceding problem, suppose the body falls 10^ feet the 
first second, 3 times as far the next second, and 5 times as far the 
third second, and so on, how long will it be before it comes to rest ? 

Ans., ■A<*sV'^(4 + 3\/2) = 10.27657 -f seconds. 

10. Find the sum of the following series : 

etc., to n terms. 

terms. Also to infinity. 
l^"f etc., to 12 terms. Also to infinity. 

11. To find what each payment must be in order to discharge a 
given principal and interest in a given number of equal payments at 
equal intervals of time. 

SoLtTTioN. — ^Let p represent the principal, r the rate per cent., t one of the 
equal interv^alsof time, n the number of payments (i. e., nt is the whole time), 
and sr one of the payments. 

There will be as many solutions as there are different methods of computing 
interest on notes upon which partial payments have been made. 

1st. Sy the United States Court Rule . — As the payments must exceed the 
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interest in order to discharge the principal, this rule requires that we find the 
amount of p, for time t, at r per cent. This is done by multiplying by 1 + 

and gives From this subtracting the payment a*, the new prin- 
cipal is —a?. Again, finding the amount of this for another period 

of t^e, t, and subtracting the second payment. 

In like manner, after the third payment there remains 

After the 4th payment, the remainder is 

Finally, after the nth payment, wo have 



Whence 



' + + (^*m) 


6+— V 

V 100/ 


This denominator being the sum of a geometrical progression whose first term 


isl, ratio number of terms n, its sum is 


V 100/ - 1 


Hence x = 


so* S’ 

0*S)’-' 


2d. By tJi6 Vermont BiUe.^ThQ amount of the principal for the whole time 
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m 

TUe amount of the let payment la - ']■ 

" " ‘‘2d “ + 

" “ “ 8d “ ........ *[l+^(»-8)]. 

etc., etc., - . - - ^ . etc. 

« « « * 

The nth payment (with no interest) is «. 

The sum of the amounts of these payments is 

»>* + ^*[(m-l) + (»-2)+'(n-8) 1], 

The series in the brackets being an arithmetical progression whose first term 
is (n — 1), common diflference — 1, last term 1, and number of terms (n — 1), its 

sum is Hence the sum of the payments is ?W5 + ^!LZ!Ll^n, 

r 

or x\ji H g J. But by the condition this sum equals the amount of 

the principal ; consequently 

2p(l+^) 

r lOO' n A nrt\ . ^ lOO/ 

x\n -k- 5 r=p(l + _), and a; = 

2 J V, 100/ 1 1 \ 

ScH. — ^If the payments are made annually, ^ = 1. And letting r'= j~, 
t. s., letting the rate per cent, be expressed decimally, the formulas become. 
By the U. 8. Buie, x = ; 

By the rermmt Buie, x = 

2w+rn(n--l) 

12. Wbat must be the annual payment in order to discharge a note 
of 15000^ bearing interest at 10$^ per annum, in 5 equal payments ? 
Am., By the XT. S. Eule, $1318.99 within a half cent 
By the Vermont Eule, $1250. 

QuEiiY.>~What occasions the great disparity between the payments required 
by the different rules? 
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SECTION IV. 

VARIATION. 

9 I 0 Variation is a term applied to the consideration of quan- 
tities so related to each other that any change in one makes the 
others change in the same ratio, direct or inverse. 

One quantity varies directly as another, when any change in the 
latter makes the former change in the same {direct) ratio. 

One quantity varies inversely as another, when any change in the 
latter makes the former change in the corresponding inverse ratio. 

Ill’s. — The amount earned by a laborer in a given time varies directly as his 
daily wages. The time required to earn a given amount varies inveredy as the 
daily wages. 

92* One quantity YSiries jointly as two others, when any change in 
the product of the latter two makes the former change in the same 
ratio as this product, 

III. — The amount a laborer receives varies jointly as his daily wages and the 
time of service. 

93* One quantity varies directly as a second and inversely as a 
thirds when it varies as the quotient of the second divided by the 
third. 

III. — The time required to earn any amount varies direeUy as the amount, 
and interedy as the daily wages. 

94:0 The Sign of variation is oc. 

III. — If cc varies directly as y, we write x ccy, and read ** x varies as y.” If x 
varies inversely as y, we write ® read “ x varies inversely as y.** If x 

yaries jointly as y and z, we write x cc yz, and read “ x varies jointly as y and z.” 
If X varies direcUy as y and inversely as z, we write a? « and read “ x varies 
directly as y, and inversely as z** 

9S0 JProp . — Variaiim may always be expressed in the form of a 
proportion. 

Dsar. — 1st. The expression a; oc y signifies that if x is doubled y is doubled, 
if at is divided y is divided by the same number, etc. ; i. e., that the ratio of at to 

y is constant. Let m be this ratio, so that — = tn. Therefore as ; y ; : m : 1. 

y 
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2d. The expreseion * « ~ signiflefl that if y is multiplied by any number, a; Is 

divided by the same, and if y is divided by any number x is multiplied by the 
same. Hence the product of x and y is constant. Let this product be m. Then 
xy = m, or x:l :: m:y. 

8d. X <xyz signifies that the ratio of a; to ^ is constant. Let this be m. Then 

X 1^ 

— . =zm,OTx:yz::m:l, orx:y::mz:t,OTx:z:: my : 1, or « : y : ; « : — . 
yz " ^ m 

4th. xcc^ signifies that the ratio of a? to is constant. Let this be m. Then 
a s 

oi xiyr.miz 

Exercises. 

1. If a: oc y, and y ex z, show that x cx z. 

Dbm. — I f X <x y, the ratio of a? to y is constant. Let this ratio be m. Then 
X = my. In like manner let n be the mti6 of y to z. Then y •= m. Hence 
X = mm. That is, the ratio of a? to a is constant, or aj a 

2. If a; a — , and y cx^, show that x cx 

y ^ ^ 

Bug’s. — W e may write a; = — , and yzzzHt. Hence aj = ~ 2 . That is, the ratio 
y z n 

tit ar to 2 is constant, or a; a 2 . 

3. If a; <x z, and y <x—, show that x <x—, 

Bug’s, x = mz^ y = — , .*. « = or a; oc -1. 

* y y 

X v 

L X ex y^ show that — ex and xz ex yz, 
z z . 

Ct! 1/ 

5. If X ex y, and z ex Uy show that xz ex yu, and — ex—, 

'' z u 

6. If ir oc y, and y® o: how does x vary in respect to ? 

7. If ir a y, and for a; = 8, y — 4, what is the value of y for 

a; = 20? 

Solution.— S ince a; a y, and for aj = 8, y = 4, the ratio of a; to y is 2. That 
is, — = 2. Hence for a? = 20, we have ~ = 2, or y = 10. 

y y 

8. If a; oc and for a; = 6, y = 2, what is the value of a; for y = 3 ? 

Bug. a? : -1 : ; 6 : i . Hence for y = 8, a; s= 4. Or we may reason thus, in 
y 2 ^ 

changing from 2 to 8, y increases J times. Then, as x changes in the reciprocal 
ratio, a; = I of 6 = 4. 
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9. If flf 4- 5 a a — prove that a* -f oc ad, 

10. If y = j3 -f g, in which p oca and g <x - ; and if when -a = 1, 

HP 

4 14 

7/ rr 6 ; and when a; = 2, y = 5 ; prove that y = g a; -f 

11. The area of a triangle equals half the product of the base and 
altitude. Show that if the base is constant the area varies as the 
ahitude ; if the altitude is constant the area varies as the base ; and 
if the area is constant the altitude and base vary inversely. 

12. The volume of a pyramid varies jointly as its base and alti- 
tude. A pyramid whose base is 9 feet square, and height 10 feet, 
contains 10 cubic yards. What must be the height of a pyramid 
with a base 3 feet square in order that it may contain 2 cubic yards ? 

13. Given that s a when / is constant; and 8 cc /, when ^ is 
constant ; also, 2s = /, when ^ = 1. Find the equation between /, s, 
and t 

SuG. — The first two conditions are equivalent to saying that s varies jointly as 
t* and /, 1 . e. s oc ft * ; since in this expression if / is constant s a and if t is 
constant 6 ocf. 


SECTION V, 

HARMONIC PROPORTION AND PROGRESSION. 

00, Three quantities are in Harmonic Proportion when the dif- 
ference between the first and second is to the difference between the 
second and third (the differences being taken in the same order) as 
the first is to the third. 

III. 6,4, and 3 are in harmonic proportion, since 6 — 4 : 4 — 3 : : 6 ; 8. If a, &, 
e are in harmonic proportion, a — — c::a:c. 

07. Def. — ^When three quantities taken in order are in har- 
monic proportion, the second is the Harmonic Mean between the 
other two. ^ • 

98, JPvop, — If three quantiti^ are in harmonic proportion^ their 
reciprocals are in arithmetical proportion, 

Dehl— I f a^ d, c are in harmonic proportion, a — and 

11 1 1.111 

oc — oc. Dividing by adc, we have r 

0 a e V a V c 
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99 . Dep. — ^T he reciprocals of the terms of an arithmetical pro- 
gression form what is called a Harmonic Progression^ 

III.— Thus as 1, 3, 8, 4, 5, 8 is an arithmetical progression, 1, T* T» 4 

» o 4 0 8 

is a harmonic progression. Also if a, b, e, d, etc., constitute a harmonic progres- 
sion, constitute an arithmetical progression. 

CL 0 C €t 

100, Sen. — The term Harmonic is applied to such a series, since, if strings 
of the same size, substance, and tension, be taken of the lengths 1, ^ 

any two of them vibrating together produce harmony of sound. 

Exebciseb. 

1. If a, J, c, d are in harmonic progression, show that al\cd : : 
a’-h\C'-- d, 

C , I I I 1 TT 1111 ^ X., 

StTG s. Hence t = t > or acd bed -sz abc dbd. 

€L 0 C d 0 CL CL C 

l 

2. If a, bf c are in harmonic proportion, show that } (the harmonic 

V 2cif0 

mean) = * 

' a c 

3. Show that the geometric mean between two numbers is a geo- 
metric mean between their arithmetic and harmonic means. 

4. To insert n harmonic means between a and h, 

Stto.— F irst find the form of the terms for n arithmetical means between 

•i and See (82). The harmonic aeries is u, 

a b bn + a bn-^ 2a 

ab(n 1) ^ / 

an + 6 ' 

5. If a and h are the first two terms of a harmonic progression, 

ab 

show that the »th term is -7 n 

«(n — 1) — b(n — 2) 

6. Insert 3 harmonic means between \ and 

Sen.— There is no method known for finding the sum of a harmonic 
series. 
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OHAPTEE m. 

QUADRATIC EQUATIONS. 

SECTION L 
PURE QUADRATICS. 

101. A Quadratic JSquation is an equation of the second 
degree (€?, 8)^ 

102. Quadratic Equations are distinguished as Pure (called also 
Incomplete), and Affected (called also Complete)* 

103. A JPure Quadratic JEquation is an equation which 

contains no power of the unknown quantity but the second; as 
ax^ + J = cfl?, 25* — = 102. 

104. An Affected Quadratic Equation is an equation 
which contains terms of the second degree and also of the first, with 
respect to the unknown quantity or quantities ; as a;* — 4a5 = 12, 
^xy — a; — y* = 16a, mxy 4- y = 

105. A Root of an equation is a quantity which substituted for 
the unknown quantity satisfies the equation. 


100. JProh. — To solve a Pure Quadratic Equation. 

Trakspose all the terms containing the unknown 

QUANTITY into THE FIRST MEMBER, AND UNITE THEM INTO ONE, 
CLEARING OF FRACTIONS IF NECE8SARJ. TRANSPOSE THE KNOWN 
TERMS INTO THE SECOND MEMBER. DiTIDE BY THE COEFFICIENT OF 
THE UNKNOWN QUANTITY. FINALLY, EXTRACT THE SQUARE ROOT 
OF BOTH MEMBERS. 

DEiC.-^Aeooidiag to the definition of a Pure Quadratic, all the terms contain- 
ing the unknown quantity contain its square. Hence they can be tmnspoeed 
and united into one by adding with reference to the square of the unknown 



138 


ELEKERTASY ALO^BA. 

quEUtlty. Tliat transposition, and division ot both members by the same quan- 
tity, do not destroy the equality has already been proved. Extracting the square 
root of the first member gives the first power of the unknown quantity, i. e, the 
quantity itself. And taking the square root of both members does not destroy 
the equation, since like roots of equal quantities are equal. 

107^ CoH. 1. — Mvery Pure Quadratic JEquation has two roots 
numerically equal hut with opposite signs. 

For every such equation, as the process of solution shows, can bo reduced to 
the form ■=. a {a representing any quantity W'hatever). Whence, extracting 
the root, we have aj = ± ; as the square root of a quantity is both + , and 

- («0^, Part I). 

10S* Cor. 2. — The roots of a Pare Quadratic Equation may 
both he imaginary, and both will he if one is. 

For if after having transposed and reduced to the form a?* = a, the second 
member is negative, as a;* = — a, extracting the square root gives a; = + 
and a; = — a, both imaginary. 


Examples. 

1. 5Ja;*~18a; + 05=(3a;~3)». 

^ a X 

O. 1 — 

X X b 


5. 


r4-- 


1 

7. --ax-^h'=ax(x—l). 


2. 5a;e~9=2a;*-f66. 
45 _ 67 

07*— 12 a;*— 4 

6 . 

8. 8+3a;*=:6 + 2o;*. 


11. ia+4(a:* + 12)=(2-a;)(2+a:)-16. 


2 + a: 

i+9n~2—x 


12. xV6+x*=l+zK 


aa:+l + — 1 

-T ■ , ^ 


14. 




Applications, 

1. Find two numbers which shall be to eacb other as 3 to 5, and 
the difference of whose squares shall be 256. 
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2. Find a ntimber eucli that if the square root of the difference 
between the square of the number and a\ be sucoessiyely subtracted 
from and added to a, the difference of the reciprocals of these results 
shall be equal to a divided by the square of the number. 

3. Find three numbers which shall be to each other as m, and 
p, and the sum of whose squares shall be s. 

4. An army was drawn up with 5 more men in file than in rank, 
but? when the form was changed so that there were 845 more in 
rank, there were but 6 ranks. How many men were there in the 
army? 

5. From two towns, m miles asunder, two persons, A and B, set 
out at the same time, and met each other, after travelling as many 
days as are equal to the difference of miles they travelled per day, 
when it appeared that A had travelled n miles. How many miles 
did each travel per day ? 

6. For comparatively small distances above the earth’s surface the 
distances through which bodies fall under the influence of gravity 
are as the squares of the times. Thus, if one body is falling 2 
seconds and another 3, the distances fallen through are as 4 : 9. A 
body falls 4 times as far in 2 seconds as in 1, and 9 times as far in 3 
seconds. These facts are learned both by observation and theoret- 
ically. It is also observed that a body falls 16^ feet in 1 second. 
How long is a body in falling 500 feet ? One mile (5280 ft.) ? Five 
miles ? 

7. The mass of the earth is to the mass of the sun as 1 : 354936,. 
and attraction varies directly as the mass and inversely as the square 
of the distance. The distance between the earth’s centre and sun’s - 
centre being 91,430,000 miles, find the point between the earth and. 
sun where the attraction of the earth is equal to that of the sun. The 
earth’s radius being 3,962 miles, where is this point situated with 
reference to the earth’s surface ? 

8. A certain sum of money is lent at 5% per annum. If we multiply 
the number of dollars in the principal by the number of dollars in 
the interest for 3 mouths, the product is 720. li^at is the sum lent ? 

9. The intensity of two lights, A and B, is as 7 : 17, and thmr dis- 
tance apart 132 feet. Where in the line of the lights are the points 
of equal illumination, assuming that the intensity varies inversely 
as the square of the distance ? 
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10. The loudness of one church bell is three times that of another. 
iNTow, supposing the strength of sound to be inyersely as the square 
of the distance, at what place on the line of the two will the bells be 
equally well heard, the distance between them being a f 


SECTION IL 

AFFECTED QUADRATICS. 

1.00. An Affected Quadratic equation is an equation which 
contains terms of the second degree and also of the first with resjiect 

to the unknown quantity, a;* — 3a; = 12, 4a; 4* 3aa;* = — — y— , 

and -jjj 4aa; + 3^® = 0 are affected quadratic equations. 

110. JProb. — To solve an Affected Quadratic Equation, 

RTJLE,—-\, Reduce the equation to the form a;* + ^ra; = 
THE characteristics OF WHICH ARE, THAT THE FIRST MEMBER CON- 
SISTS OF TWO TERMS, THE FIRST OF WHICH IS POSITIVE AND SIMPLT 
THE SQUARE OF THE UNKNOW'N QUANTITY, ITS COEFFICIENT BEING 
UNITY, WHILE THE SECOND HAS THE FIRST POWER OF THE UNKNOWN 
QUANTITY, WITH ANY COEFFICIENT (a) POSITIVE OR NEGATIVE, 
INTEGRAL OR FRACTIONAL; AND THE SECOND MEMBER CONSISTS OF 
KNOWN TERMS (d), 

2. Add the square of half the coefficient of the second 
TERM to both MEMBERS OF THE EQUATION. 

3. Extract the square root of each member, thus producing 
A simple EQUATION FROM WHICH THE VALUE OF THE UNKNOWN 
QUANTITY IS FOUND BY SIMPLE TRANSPOSITION. 

Dem. — B y definition an affected quadratic equation contains but three kinds 
of terms, viz : terms containing the square of the unknown quantity, terms con- 
taining the first power of the unknown quantity, and known terms. Hence each 
of the three kinds of terms may, by clearing of fractions, transposition, and 
uniting, as the particular example may require, be united into one, and the 
results arranged in the order given. If, then, the first term, i, e, the one con- 
taining the square of the unknown quantity, has a coefficient other than unity, 
or is negative, its coefficient can be rendered unity or positive without destroy- 
ing the equation by dividing both the members by whatever eoeffident this term 
may chance to have after the first r^uctions. The equation will then tidse the 
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form ai* db CM? sr ± &. Now adding 


«\* 


to the first member makes It a perfect 


square ^the square oix , since a trinomial is a perfect square when one of 

its terms (the middle one, ax, in this case) is ± twice the product of the square 
roots of the other two, these two being both positive {116 9 Pabt I.). But, if we 
add the square at half the coefficient of the second term to the first member to 
make it a complete square, we must add it to the second member to preserve the 
equality of the members. Having extracted the square root of each member, 
thq^ roots are equal, since like roots of equals are equal. Now, since the first 

term of the trinomial square is a?*, and the last does not contain a?, its 


square root is a binomial consisting of a; ± the square root of its third term, or 
half the coefficient of the middle term, and hence a known quantity. The 
square root of the second member can be taken exactly, approximately, or indi- 
cated, as the case may bo. Finally, as the first term of this resulting equation 
is simply the unknown quantity, its value is found by transposing the second 


term. 


ScH. 1. — This process of adding the square of half the coefficient of the 
first power of the unknown quantity to the first member, in order to make 
it a perfect square, is called Completing the BquARS. There are a variety 
of other ways of completing the square of an affected quadratic, some of 
which will be given as we proceed ; but this is the most important. This 
method will solve all cases: others are mere matters of convenience, in 
special cases. 


Cor, 1. — An affected quadratic equation has two roots. 
These roots may both be positive, both be negative, or one positive and 
the other negoitive. They are both real, or both imaginary. 


Dem. — Let x'* + px=:g he any affected quadratic equation reduced to the form 
for completing the square. In this form p and q may be either positive or 

negative, integral or fractional. Solving this equation we have « = — 

We will now observe what different forms this expression can 
take, depending upon the signs and relative values of p and q, 

Ist. When p and q are bath positive. The sigm will then stand as given ; i. e„ 


(B = — ~ ± + q. Now, it is evident tl^t ^ X ^ ^ ^ f ' 

ts the square root of something more than Hence, as 




^ posUvee ; but ^ ^ negative^ for both parts 

are negative. Moreover the negative root is numerically greater than the 
positive, since the former is the numerical sdm of the two partsj azid the latter 
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numerical difEerence. When p and q are hotK -f in the £^Ten fomn^ one 
root is positive and the other negative, and the negative root is numerieally^ 
greater than the positive one. 

2d. When p U negatine and <ipo9itive. We then have » = — 

^ ^ ^ If we take the plus siga of the radioal* as i# positive ; but if 

we take the — eign, x Is negative, iriaee y ^ + ff > ^. Moreovw, the poritive 

root is numerically the greater. When p is negative and g positive, one root 
is positive and the other negative ; but the positive root is numerically greater 
than the negative. 

8d. When p and q are bath negative. We then Ixave af= — +(-“?) 

=s ^ ^ ? In this if ^ ^ — q is real, and as it is less than 

both values are positive. If y = 0 and there is but one value 

of X, and this is positive. (It is customary to call this two eqital positive roots 
for the sake of analogy, and for other reasons which cannot now be appreciated 

by the pupil.) If ^ /f- q becomes the square root of a negative 

quantity and hence imaginary. 

4th. When p ia positive and q negative. We then have a? = — ~ ± ^ ^ — q. 

As before, this gives two real roots when q When this is the case both 

roots are negative. [Let the pupil show how this is seen.] When q = the 

©■ 

roots are equal and negative ; i. e,, there is but one. When ^<q both roots 
are imaginary. 


112* Coe. 2 . — An affected gimdratic being reduced to the form 
x*-f- px = q, the value of x can always he written out without taking 
the intermediate steps of adding the square of half the coefficient of 
the second extracting the root^ <md transposing. The root in 
such a case is half the coefficient of the second term taken with the 
opposite sign^ ri= the square root of the sum of the square of this 
half coefficient,^ and the known term of the equation. This is observed 


directly from the form x = ^ ~ db i/T + and more in detail 

in the demonstration of the prieeding eoroUary. 
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113* Coe. 3 * — Upon ihs principle that the middk term of a trir 
nomidl square is twice the product of the square roots of the other 
tieOf we can often complete the square more advantageously than by 
the regular rule. 

Thus haying 4aj* — 12x = 16. Since 4as* is a perfect square, and 12ic is divi^ 
ible by twice the square root of 4aj* , i. e. by 4a?, we see that the wanting third 
te^ is 3*, or 9. Adding this to both members, we have 4a?*— 12a? + 9 = 25. 

Again, if the coefficient of a?* is not a perfect square, it can be rendered such 
by multiplying by itself (or often by some other factor). If then the second 
term (the term in a?) is not divisible by twice the square root of this first term, we 
may multiply both members of the equation by 4, and the first term will still 
be a perfect square, and the second term divisible by twice its square root. 

lid* ScH. 2. — ^The method of Art. 110 is perfectly general, and will 
solve all cases ; but some may prefer the more elegant methods indicated in 
{113\ in special cases. Some illustrations of these methods are given in 
the examples following. 


Examples. 

1. «*-6a;=16* 2. 3a;* = 24a;- 36. 3. 

4. a;* - 7a; -4- 2=10. 5. 3a;* + 135= 12a;. 6. 

X 3 . a?— 1 „ 4a; a;— 7 


7. 


_3 X- 


8 .- 


.=2. 9. 


a; -f 7 2a; H- 3 

10. Solve 9a;» + 12a;=32, 7a;* - 14a; = - 5|, 

by Art. IIS. 


a:* — 4aa;=7a*. 

a;* -f (a— l)a;=a. 

a^x* 2ax b* _ 
5* c ^c* 

and 3a;*— 13a;=10, 


Bug's. — Dividing 12* by 2^/9**, or 6*, we have 2 as the square root of Uio 
third term. Hence 9** + 12a? + 4 = 36, is the equation with the square com- 
pleted. 

7«*— 14® = — 6^, becomes, by multiplying by 7, 49**— 98* = — 40. Hence, 
completing the square as in the last, 49**— 98* -f 49 s; 9. 

8** — 13* = 10, multiplied by 8 and by 4 becomes 86** — 156* = 120. Hence, 
completing the square as before, 86**— 156* + (18)*= 289. 


{Notb.— S olve the following by any of the preceding methods, According to 
taste or expediency.] 


11. (8«+3)*x(3a!+7j*=ia. 
18. «*(l+8»«!*)=«(8a»«!+J). 
16. 3Vlia“-8»=19 + V3»+7. 


12. 3x* +2a!=86. 

14 6a!'--9*+2i**0. 
16. 7*«-.ll*s»6. 
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17. {x—c)\/ab—(a—l>)\^=:0. 


m Sai*+z=ll. 



S(3g-1) 

l+SV* 


+ 4 == 3 Vi 

v« 


20 . 


fl? 4 - Va?*— 


21 . 


Vl-f-a? _ Vl—g; 
l-fVl+i*? 1 — -Vl— a; 


a;— a/cc+I _ 5 
a; + \/aJ+l ** 


(a-^h 

X 


23. b(^ + l 




24. 


^ 

a; a; 4 -l a ;+2 


25. 


y ^4 + V 2 a;S 4 -a;* = 


a;*f 4 
T"* 


26. 2v^+-^=5. 
yx 


27 . 5 ~ 4 ~a:*+ 2 a;-^= 45 ~ 3 a;‘+ 4 ar. 
d 5 


28. 


aj + tt ^ x--2a 
a;— 2 a a;+a 


29. 2A/J+-j/4a; + A/7a; + 2=l. 30. ~i-~-^p===(a;— 2)*« 

31 . ^ -. 


SECTION III. 

EQUATIONS OF OTHER DEGREES WHICH MAY BE SOLVED AS 
QUADRATICS. 

llSm ^ropm !• — Any Pure EqucUim (i e., one containing the 
unknown quantity affected with but one exponent) can he eolved in 
a manner dmUar to a Ptm ^kidratic. 

Dbh.— I n any eucli eqoailoii m ^ find the ralae of the nnknown quantity 
affected hy its exponent, as if it a simple equation. If then the unknown 
quantity is affeeted with a posKIte integral exponent it can he ffeed of it hy 
evolution ; if ttAji^ponefet. ha a positive fraction it can be freed of it by extract* 
ing the root iadki^td b;^ ttumerator of the exponent, and involving this root 
to the powet'kj^lai^ denominator. , If the exponent of the unknown 

quawtRy isn^yj^W^^ls^ beien^ by multipiyii^ the equation by 

the unknoM a numerically equal poidtive exponent, q. b. P. 
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US. JPTOp. 2. — Any equation containing one unknovm g^an- 
tity affected teith only two different exponente^ one of which i$ twice 
the other ^ can be solved as an Affected Quadratic. 

Dek. — ^L et m represent any number, positive or negative, integral or frac- 
tional ; then the two exponents will be represented by m and 2m ; and the 
equation can be reduced to the form a** + = q. Now let y = af», and y*=aj*'«, 

whatever m may be. Substituting we have y* + py =r g, whence y = — £ 

# 2 

1 . 

± ^ + g. But y’=^3rt hence a; = ^ ± |/ ~ . Q. k. d. . 

117. JProp. 3. — EquaXions may frequently he put in the form 
of a quadratic by a judicious grouping of terms containing the ^ 
unknown quantity^ so that one group shall be the square root of the 
other. 

Dbm. — T his proposition will be established by a few examples, as it is not a 
general truth, but only points out a special method. 

ItH. COK. — ^The fobm of the compound may sometimes 
he found by transposing all the terms to the first member^ arranging 
them with reference to the unknown quantity^ and extracting the 
square root. In trying this expedient^ if the highest exponent is 
not even it must be made so by multiplying the equation by the 
unknown quantity. In like manner the coefficient of this term is 
to be made a perfect square. When the process of extracting the 
root terminates^ if the root found can be detected as a party or factory 
or factor of a part of the remainder ^ the root may be the polynomial 
term. 


119. jProp. 4 . — When an equation is reduced to the form 

+ Ax“"‘ + + Ox®”* h L = 0, the roots with their signs 

changed are factors of the absolute {known) term L. 

Pbm;. — 1st. The equation being in this form, if a is a root, the equation is 
divisible by a? — a. For, suppose upon trial ® — a goes into the polynomial 
X* + etc., Q times with a renuiinder B. (Q represents any seides of 

terms which may arise from such a division, and B, any remainder.) Now, since 
the quotient multiplied by the divisor, 4 - the remainder, equals the dividend* we 
have (a? — n)Q-hR = aj» + Aaj"-‘ + Baj"-* + CV*-* — -f- L. But this polyno- 
mial = 0. Hence (a? — a)Q -h B = 0. Now, by hypothesis is a root, and conse- 
quently a} a S 3 0. Whence B 0 , or there is no remainder. 

dd. If now « — a exactly divides aj* Aic*“* 4 - -f Oaf*""** • * -fL, a 

must exactly divide L, as readily appears fh>m considering tlm ptooim of 
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diviidoii. Hence a to a iactoor of L, a hting a xteot nf ilie equation. 

^ IB. B. 

120. Many equations of other degrees than the second, and 
'Which do not fall under the preceding cases, may still be solred as 
quadratics by means of Special Artifices. For these’ artifices the 
student must depend upon his own ingenuity, after haring studied 
some examples as specimens. These methods are so restricted 
and special that it is not expedient to classify them ; in flct, 
every expert algebraist is constantly developing new ones. See 
Ex’s. 47-57. The following principle is often of service in such 
solutions: 

121* J^Top* S* — When an equation can he put in such a form 
that the product of any number of factors equals 0, the equation is 
satisfied by putting any one of these factors equal to 0. 

Dem. — This scarcely needs demonstration, but will appear evident If we 
consider such an expression as («* + 1) (a;* — • a;® + 1) — 1) = 0. Now, on the 

hypothesis that any factor, as + 1, is 0, the equation is satisfied * So also, if 
aj* — a* + 1 =: 0, the equation is satisfied, etc. 

122* ScH. — Ability to recognize a factor in a polynomiai is of prime im- 
portance in the solution of such equations. It is the grand Icey to difikuU 
solutions. 


Examples. 

1. a?* = 81* 2. = 32. 3. = ttl 

4. yt _ a4a 6. = 1331. 6. yJ = 4. 

7. x' = b. a ■ 9. + 4a:» = 12. 

10. 4- af* = JO. 11. a;* — a;^= 56. 12. ax^ 4- hx^ = c. 

13. af — h. 14. 756. 15. 4- 53?^-* 22 a: 0. 

16. ax^ — = 0. 17. 

2x* 

o In Strictness we ihonld add ** since this hypoUMSls cannot render any other lMSt<nr «d.** 
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. ^ itaf 

18. 83!* {/»• + ^ = 16. 19. a:* — 2* + cVa:* — 2* + 6 = 11.* 

20. a: + 16 - TVa; + 16 = 10 - Wx + 16. 


21. a:* — a; + 6V^x* —5x + 6 = ^(3x + 33). 

22t V* + 12 + \^x + 12 = 6. 23. i/x — — + -- — x. 

X X 

«. i+*/rr2=4/r^|. ».x'+i+8(.+i)=if. 

26. 2a:* - 2a: + W'ix* - 7a; + 6 = 6a: - 6. 

27. ■^(1 + a:)*— .^(1 — a;)* = — a!*.f 

28. X* - 8a:» + 29a:* - 52a: + 36 = 126. 


Solution. — See (118). Transposing 126, and extracting the square 
root ; when we have the two terms — 4® of the root, we have a 
remainder ISj* — 52a; — 90. We now notice that, if we call 4 the next term 
of the root, the next remainder will be 6a;* — 20a; —106, which we may 
write 5(x* — 4a; + 4) — 126. Hence our equation may be put in the form 


(ar* - 4a; + 4)* + 5(a;* - 4a; 4- 4) = 126. 

29. x^^Gx^+6x* + 12x==:eO, 

31. 4a:* + | = 4a:»+33. 

33. — 6a;* 4* 13a: — 10=0. 

33. ii;»+8a:*4-173P+10=:0. 

37. a;*-16a;*4-74a:-120=0. ^ 


30. a;® — 6a;* + 115;= 6. 

32. a;® +6a;*+3a;-9=0.t 
34. a;«-13a;* + 49a;-45=0. 
36. a?®-29a;» + 198a;--360=0. 
38. a;* + 2a;®— 3a;* — 4a:+4=0. 


* «• — 2a; 4 5 4 8 Vx* — 2a; 4 5 = 16. PntUng a;*— 2a; 4 5 = y*, y* 4 6y = 16.* 
Such sab«tltott<m ic not abcolately ncccKcaty. at wc may treat a;* — 2a; 4 5 aa the mknowu 
quantity without subctltatlng. Solve the following in like manner. 


tDIvMlngbj we have j/Ltf — 4 /^ — ? =r 1, Thm. iMOtlplyling Iqr 

V 1 —a; “14-8? 


t By we are led to try 4- 1 or — 1, or 4 or — 8, aa rpota the equation te dtvietble 
hy IS ^ t, and a; 4 8. 
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39. a:«-10x»+36a:*-5(te+34=0. 
41. x*-2z*-25x* +26x=i—n0. 

TI ~ + Sx ~ 2*» 


44. a; = 


14 7a;» 

12 + 8\/« 


»— 5 


Put V ==y* 


40. a?^— 4a:»+8iP*— SicrsSl. 
42. aa;^+raa;»-117a;=243. 


c 


Special Expedients. 

45. To find the roots of a;* = ± 1, a;® = =fc 1, »* = db 1, a;« = db 1, 
a?® = ± 1, and re® = db 1. 

Suo's. aj® — 1 = 0. Factoring (x — 1) (a;^ 4* ** + a?* + a; -f- 1) = 0. a; = 1, 
and aiflo ** 4 - a?® + a; • 4 * a; 4- 1 = 0. Dividing by a?*^ a;*4 a? 4 1 4- ^ 4- -^ = 0, or 

®*+8 + i + *+i = l, or(* + l)* + (* + i) = l. 

46. To find the roots of .} 

(1 + 

SUG*S. 1 4 a;* = 0(1 4 ar)* = 0(1 4 4a; 4- to* 4 4aj« 4- a;^). Whence, dividing 

,,, _ix «1 4a/ l\6o 

by X* and arranging terma, a;* 4 i 1 a; 4 - ) = z . 

X 1~0\ X / 1"— o 


47. To solve 


2 aVl + 


^ ct + 5. 


1 — a; 4- Vl4^ 

Suo’s.— Thig can be cleared of fractions, and then of radicals, in the ordinary 
way. But the following expedient will be found elegant in this case, and 
convenient in many. Dividing by 2o, treating the reeulting equation as a 

, 1—® 0 — 6 1-i-a;*— 2r 

proportion, and taking it by division, we have -^^^r~r=r — * ^ 

4o6 


— * to _ . / g — b \ t _ 

\o 4 6/ ' 1 4 ”^ 046 / “■ 


46 1 4 a?* 

Taking this again by com- 


position and division, we obtain 


(0 4 6 )*' 

< 1 4 ®)* _ ( o 4 &)* 44 o 6 _ ( 0 - 6 )* 4806 
4ab 


1 + x _ y/ {a — 6 )* 4 806 
1 — a ; 0 — 6 


(1 — X)* {a 4 6)* — 4o6 (o — 6)* ' ’ 

Again, by division and composition, we obtain 


V{a^hy + 

i^(¥^6)*”4~^ 4 (<t - 6 )‘ 
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48. To Bolve (1 + * +**)* = (1 + ** + ®*). 

Sdo’ 8.— WvldiaglJj- l+« + *^, l + * + a» = i^{l-* + a!^.or 

-f" 1 , 1 “f* 9^ ^ 

a— i * *• x 


49^ To solve « = a?* + (1 — a?)^. 

Sue’s. — Since (!—«)• s= (aj—l)*, we may write e = (a — i -H J)* + (» — i — i/. 
Now put » — i = y, substitute and expand. 


50. To solve i/a; — - — ^ ^ . 

^ a; ^ a; a; 

Bug’s.— D ividing by 4/1 _1, ^*+1 _i=^^ . Squaring, etc., 
f » y » 

= 1 4- ^ H- a!. Squaring, etc., again, — 2 ^a; — — 1. 


51. Solve a?* — • a; + SV 2a;* — 3a; + ~ jj 


52. Solve 

53, Solve 


9 


= 5 — a; — a;*. 


1 + « + a;* 

4. ax + a;* _ a® 
fl* — aa; + a ® .c® * 


54. Solve = '^a;® — a® {Vx* + tw; — Va;* — aa). 

y c + 'V/^*3a» 

55. Solve 2a; V 1 -« = a{l + x^). Also ^ 

56. Solve 6a;® -• 5a;® + a; == 0. Also a;® + a;® — 4a; — 4 = 0. 

57. Solve 8a;® + 16a; = 9. Also 3a;® + 8a;® — 8a;® = 3. 

Sue. — The solutions of the last four depend upon the recognition of a corn' 
tuon factor. 







SECTION IV. 

SIMULTANEOUS EQUATIONS OP THE SECOND DEGEEE BETWEEN 
TWO UNKNOWN QUANTITIES. 

12S* E^irop* 1. — I\oo eqttatioHS betwee^i two unknown qwmti- 
ties^ one of the second degree and the other of the firsts may always 
he solved as a quadratic, 

DEM.<~The general form of a Q^a&ratic Equation between two unknown 
quantities is 

aa? -k- hxy + cy^ dx + ey -h/ = 0, 

since in every such equation all the terms in can be collected into one, and its 
coefficient represented by a ; all those in xy can also be collected into one, and 
its coefficient represented by 6, etc., etc. 

The general form of an equation of the First Degree between two variables is 
a'x -f h'y + c' = 0. 

Now, from the latter x = — — — » which substituted in the former gives 

no term containing a higher power of y than the second, and hence the resulting 
equation is a quadratic, q. E. D. 


124. JProp. 2 . — In general^ the solution of two quadratics 
between two unknown quantities^ requires the solution of a biqua- 
dratic ; that iSy an equation of the fourth degree. 


Dem. — ^T wo General Equations between two unknown quantities have the 
forms 

(1) aa? -f hxy -hey^+dx-hey H-/= 0, and 

(2) a'a^ 4- ^xy + c V -h d'x 4- e'y + /' = 0. 


From (1), X = 


2a 4a* a * 


Now, to substitute this value of a; In equation (2), it must be squared, and 
also, in another term, multiplied by y, either of which operations produces 
rational terms containing y*, and a radical of the second degree. Then, to free 
the resulting equation of radicals will require the squaring of terms containing 
y*, which will give terms in y*, as well as other terms, Q. E. D, 


12S. JBomoffeneote» lEqucAitm is one in vliieh 

each term contains the same nntnher of factors of the unknown 
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quantities. Hx* — dxy — y* =s 16 is homogeneous. 3a;* ^2y 
= 10 is not homogeneous. 

126» JProp. S* — Tujo homogeneous Quadratic Equatiom be- 
tween two unknown quantities can always he solved by the method 
of quadratics^ by substituting for one of the unknown, quantities the 
product of a new unknown quantity into the other, 

DBtr. — ^The truth of this proposition will he more readily apprehended by 
means of a particular example. Take the two homogeneous equations 
— + y» =r 21, and y* — %xy 4- 16 = 0. Let ® d being a new unknown 

quantity, called an auxiliary, whose value is to be determined. Substituting in 
^he given equations, we have *“ + y* = 21, and y’ — 2t;y* = — 15. From 

these we find y* = -r — ^ — r , and y* = r - -- v . Equating these values of y®, 

XT — D + 1 — 1 

21 15 

= -- — - ; whence 42« — 21 = 15®® — 15® + 15. This latter equation 

— ® + 12 © — 1 ^ 

is an affected quadratic, which solved for ®, gives ® = and i,. Knowing the 
values of ® we readily determine those of y from y* = , and find y 

= ± \/H when « = 3, and y = ± 5 when © = li. Finally as sr = ®y, its values 
are a; = ± 3\/8» ± 4. 

By observing the substitution of ®y for « in this solution, it is seen that it 
brings the square of y in every term containing the unknown quantities, in each 
equation, and hence enables us to find two values of y® in terms of ®. It is easy 
to see that this will be the case in any homogeneous quadratic with two 
unknown quantities, for we have in fact, in the first of the given equations, all 
the variety of terms which such an equation can contain. Again, that the equa> 
tion in v will not be higher than the second degree is evident, since the values of 
y* consist of known quantities for numerators, and can have denominators of 
only the second) or second and first degrees with reference to v. Whence © can 
always be determined by the method of quadratics ; and being determined, the 

value of y is obtained from a pwe quadratic (y® = , in this case), and that 

2 © — 1 

of X from a simple equation (ir = ©y in this case). 


127* JPropn 4m — When the unknown quantities are similafiy 
involved in two quadratic, or even higher equations, the solution can 
often be effected as a quadratic, by subsiiiuting for one of the un- 
known quantities the sum of two ot/iers, and for the other tmknovm 
quantity the difference of these new quantities. 

As ibis is- only a expedient, and not a general principle, its truth will 
beresiitoi^tulMantlyeiTldeptljythesolu^ 

14X6. 
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Examples. 


L 

j 7a;*-8a;y=159, 

2. 

1 a;*-2a;y-y*=l. 


(6a; + 23 (=: 7 . 


( a;-fy=2. 

3. 

1 «+y=4, 

•11. 

4.* 

|a;*-fy*=66, 


1 --f“" — 1. 
y 


( a;y=28. 

K 

1 x*+zy=:15, 

6. . 

( a;*+a;y + 4^* =6, 

4/e 

1 

<< 

IS 

II 

(3a;*-f8y*=14. 


i x*+ »y+8y*=74, 

8. . 

( a;* +a*y=12, 

4 • 

l2a:*+2a:y+ y»=:73. 

[ a;y-f t/*=2. 

9. 

j«»— 4y*=9, 

10. • 

c a;*+y*+l=3a;y, 

ta:y+2y*=3. 

( 2(a;y-f 4)=3^*. 

11. 

j a* +a:y+y*=62,' 

12. 

j a;*— 2a;,y— ^*=31, 

00 

11 

w 

1 

( -h2a;y— y*=101. 

13. 

1 4(a;+y)=3xy, 

14. 

|a;*+y®=ta;y, 

( x+y‘{‘X* 4* y*=26. 

( x--y =ia;y. 

15. 

txy{x+y)=:30, 

1 X* +y>=35. 




8 x 70 . — The laet three are readily solved by {127)> Thus, in the 15th» putting 
X •= 9 + V, and yz=:»^v, the equations become 2 s’— 2 e*e = 80, and 2 s’ + 6 e*i 
= 85, 


,x+y a;-y_6 
16J*-y a:+y »’ 17.] 
(**+^*=80. ‘ 


ic+y— V^=7, 
X* -}-y» +ajy=133. 


a; — y = 8, 
a;i-.y*= 14660. 


Special SoLurioire. 

10. y* — 4ary + 20a;* + 3y — 264a;=0, 6y • — 38a^ -fa;* — 12y 

•f 1066a; = 0. 

8X70.— Add 4 times the first to the second. 

♦ Two homogti^nm qnadratlcs can always be solved by bat spocfal expedients areoftes 
more eleqant. In this case by adding twice the second h> the first, and extraetlJig square 
root, we have a; ^ p = 11* SnbtraefiUg twiee the second fimn the first,^ and exiid^iUijg fitie 
square root, ws have »—pzn9. 
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20. a? + y =z a;*, 3y -- a; = y». 

Suo. — Subtract the firet from the second. 


(*-y=2, 22. 23 

la:»-y*=8. U»+y»=66. U*+y4=82, 

StJO’s.— To solve the 28d, square the first, writing the result + y* = 16 
- 2xy, and square again. Then for substitute 82. 

« 

24. To solve a; — y = 3, and a;® — y* = 3093. 


Sxtq's. — ^D ivide the second by the first, and proceed in a manner sindlar to 
hat given for the last. 


25. To solve a;® — ajy 4* y* = 7, and x*- + a;*y® + y® = 133. 

Sue. — Divide the second by the first. 


26. To solve (s + (s = 82, and ary = 2. 

Bug’s. — Write the first = 82; and put 

V ®+y / \ a?— y / aj + y 

yhence 9®» + ^ = 82. 

Xr 


27. To solve ar* 4- y (ary -- 1) = 0, and y» — ar (ary 4- 1) = 0. 

Bug’s. — Write + «J*y* — ay = 0, and y* — a**y» — spy ss 0, and subtract the 

econd from the fiist. Whence — y* 2a;®y* = 0, or x* +2aJ*y* +y* = 2y*, and 

« ^ y*, or ^ = vV2 — 1. From the given equations we get 

= — . Hence = 8 — 2y5, or ay = 


28. Given xy = fl(ar 4 - y), ar* = 5(ar + «), and y% = er(y 4- r?r). 

SuG. — ^These are readily put into the forms ~ = i + and ^ =s 1 

Gyarpsar cs 



29. Given x{x+y-^t) = 18, y(a;+y+*) = 12, and t{x+y+z) = 6. 

30. Given xyt = 48, -^ = i , and — = - . 

^ ’ yar 12 ar 3 
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33. 

Given 

+ 10* “ ^ = 7, and aw* = 
x-y ' x+y » 

sd. 



34. 

Given 

y(»* + y*) — 4(» + y)», and xy = 

= 4(a? 

+ y). 


35. 

Given 

* + y=10,andj/| + ^ = 

5 

2* 



36. 

Given 

— Vy = 2 V and a; y = 

20. 



37. 

Given 

V^a;8 -f- 4- Va;* — = 2y, and - 

■ = «*. 


38. 

Given 


'^x^y + '^xy^ : 

= 78. 

39. 

Given 

VxlTy + 2Vx — y = — * ~ 

vx — y 

, and 

jc* + y* _ 
xy 

34 
' 15* 

40. 

( y- 

64= 8a;^^, ^ ^ + y^= 3.r, 

4 = 2y^a;^, I 4* y^^x. 

42. 

( 

=14, 


Applications. 

1. The plate of a looking-glass is 18 inches by 12, and it is to be 
surrounded by a plain frame of uniform width, and of surface equal 
to that of the glass. Kequired the width of the frame. 

2. A person bought some fine sheep for $360, and found that if he 
had bought 6 more for the same money, he would have paid $5 less 
for each. How many did he buy, and what was the price of each ? 

3. A traveller sets out for a certain places and travels one mile the 
first day, two the second, three the third, and so on : in 5 days after- 
ward another sets out, and travels 12 miles a day. How long and 
how far must he travel before they will come together ? 

4. Divide the number 48 into two such parts that their product 
may be 432. 

6. Divide the number 24 into two such parte that their product 
may be equal to 36 times their difference. 

6. For a ioumey of 108 miles, 6 hours l^s would have snffloed, 
had the traveller gone 3 miles an hour faster. At what rate did he 
travel? 
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APmCATIONS Of QtADSATlC EQUATIONS. 

7w Ths fore wheel of a coach makes 6 revolutions more than the 
hind wheel in going 120 yards; but, if the circumference of each 
wheel be increased by 1 yard, the fore wheel will make only 4 revo- 
lutions more than the liind wheel in the 120 yards. What is the cir- 
cumference of each wheel ? 

8. The product of two numbers is p ; and the difference of their 
culj^s is equal to m times the cube of their difference. Find the 
numbers. 

9, Find two numbers whose product is equal to the difference of 
their squares, and the sum of their squares equal to the difference of 
their cubes. 

10. There are 4 numbers in arithmetical progression. The sum of 
the extremes is 8; and the product of the means is 15. What are 
the numbers ? 

Suo. — In solving examples involving several quantities in arithmetical pro 
gression, it is usually expedient to represent the middle one of the series, when 
the number of terms is by ir, and let y be the common difference. If the 
number of terms is even, represent the tm middle terms by ® — y, and a; + y, 
making the common difference %y. 


11. Five persons undertake to reap a field of 87 acres. The five 
terms of an arithmetical progression, whose sum is 20, will express 
the times in which they can severally reap an acre, and they all 
together can finish tlie job in 60 days. In how many days can each, . 
separately, reap an acre ? 

12. There are three numbers in geometrical progression, the sum- 
of the first and second of which is 9, and the sum of the first and 
third is 15. Kequired the numbers. 


Sug’s. — I n solving examples involving several quantities in geometrical pro- 
gression, it is sometimes expedient to represent the first by x, and the ratio by y, . 
so that the numbers will be x, xy, ay*, etc. In other cases it is expedient, if the 
number of numbers sought is odd, to make xy the middle term of the series and 

~ the ratio. Thus 5 terms will be represented — , «*, xy, y’, ~ . When the^ 

number of numbers sought is even, it is sometimes expedient to represent the * 

two means by x and y, and the rath) by J. Thus 4 terms become V* ^ * 

are three numbers in geometrical progression whose 
pr^ is 64, and the sum of their cubes js 584 Kequired 
the nviiiihersL 10 , 



146 ELBICIiSraBY JO/iSBAJL. 

14 The Bum of the first and second of four numbers in geometri- 
cal progression is 15, and the sum of the third and fourth is 60. 
Required the numbers. 

15. There are three numbers in geometrical progression, whoso 
product is 64, and sum 14. What are the numbers ? 

16. It is required to find four numbers in arithmetical progression, 
such that if they are increased by 2, 4, 8, and 15 respectively, ^he 
sums shall be in geometrical progression. 

17. It is required to find four numbers in geometrical progression 
such, that their sum shall be 15, and the sum of their squares 85. 

18. The sum of 700 dollars was divided among four persons, A, B, 
C, and D, whose shares were in geometrical progression ; and the 
difference between the greatest and least, was to the difference be- 
tween the two means, as 37 to 12. What were the several shares? 

19. The sum of three numbers in harmonical proportion is 191, 
and the product of the first and third is 4032 ; required the numbers. 

20. The 2d and 6th terms of a geometrical progression are respec- 
tively 21 and 1701. What is the first term, and what the ratio ? 

21. A and B travel on the same road, at the same rate, and in the 
same direction. When A is 50 miles from the town D, he overtakes 
another traveller who goes at the rate of 3 miles in 2 hours ; and 
two hours after, he meets a second traveller who goes at the rate of 
0 miles in 4 hours. B overtakes the first traveller 45 miles from P, 
and meets the second 40 minutes before he (B) reaches the 31st mile- 
stone from D. How far are A and B apart ? 

22. The joint stock of two partners, A and B, was ♦2080. A's 
money was in trade 9 months, and B’s 6 months, when they shared 
stock and gain, A receiving $1140 and B ♦1260. What was each 
man’s stock ? 

23. There is a number consisting of three digits, the first of which 
is to the second as the second is to the third; the nnmber itself is 
to the snm of its digits as 124 to 7 ; and if 594 be added to it the 
digits will be inverted. What is the number ? 

24. A person has ♦ISOO, which he divides into two portiona» aad 
loans at different rates of interest, so that the two portions produce 
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* 

€iqii$l xeturai* If the firgfc portion had baen loaned at the second 
rate of interest, it would have produced $36, and if the second por- 
tion had been loaned at the first rate of interest, it would have pro- 
duced 149. Bequired the rates of interest. 

25. A person traveling from a certain place, goes 1 mile the first day, 
2 the second, 3 the third, and so on ; and in six days after, another 
setS'Out from the same place to overtake him, and travels uniformly 
15 miles a day. How many days must elapse after the second starts 
before they come together ? 
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OHAPTEE IV, 

ly^JEQ JTALITIE8. 

128. An Inequality is an expression in mathematical sym- 
bols, of inequality between two numbers or sets of numbers. 

III. — Thus a > h (read “ a greater than h ”) is an inequality ; also a*® — 8 
<6 + 2 (read “ a*x — 8 less than 6 + 2 ”). (See Paiit I., 43,) 

129. I'undamentfxl JPrinciple. — In comparing two posi- 
tive numbers, that is called the greater which is numerically so. 
Thus 6 > 3. But, in comparing two negative numbers, that is 
called the greater which is numerically the less. Thus ~ 5 < — 3. 
Of course any negative number is less than any positive number. In 
general, we call a >b when « — & is positive, and a <h when a — h 
is negative. 

130. The part of an inequality at the left of the sign >, or <, 
is called they^r.*?^ member, and the part at the right, the second mem- 
ber of the inequality. 

131. For the purposes of mathematical investigation, inequali- 
ties are subjected to the same transformations as equations, but with 
certain characteristic differences in the results, which will be pointed 
out in the following propositions. 

132. If, in transforming an inequality, the same member that 
was the greater before the transformatioh is the greater after, the 
inequality is said to continue to exist in the same se^ise ; but, if the 
transformation changes the general relation of the members, so that 
the member which was the greater before the transformation is the 
less after, the inequality is said to exist in an opposite sense in the 
two inequalities. 


133. Prop. — TTie sense in which an inequality exists is not 
changed, 

Ist. By adding equals to both members, or subtracting equahjhtom 
both / 
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By midtiplying or dividing the members by equal posUive 
numbers ; 

3d. By adding or mvUiplying the corresponding members of two 
inequalities which exist in the same sense^ if all the members are 
essentially positive ; 

• 4th. By raising both members to any power whose index is an odd 
number ; 

5th. By raising both members to any power ^ if both members are 
essentially positive / 

6 th. By extracting the same root of both member s^ if when ike de- 
gree of the root is even^ only the positive roots be compared, 

III. and Dem. — T he 1st is, in general, an axiom. Thus if a > h, it is evi- 
dent tliat a ± e > h ± c. When e> a, « — c is negative, but since h < a, 
is also negative and numerically greater than a — c. Therefore, In this case, 
a ^ c > h — c {129). 

2d. This is wholly axiomatic. If a > & it is evident that ma > rnb, and that 
a h 

8d. This, too, is an axiom. If a > 6, and e> d, a, b, e, and d being each + , 
it is evident that a + e > h ^ d; and tliat ac > bd. 

4th. This becomes evident by considering that it a >b, raising both members 
to any power whose degree is odd will leave the eiffns of the members as at the 
first, and also the sense of the numerical inequality the same. 

6th. This appears from the fact that neither the signs nor Uie sense of the 
numerical inequality of the members is changed by the process. 

Cth. This is evident from the fact that the greater number has the greater 
root, if only positive roots are ^nsidered. , 


1,34:. JProp. — The sense in tohich an inequality exists is changiii^ 

1st. By changing the signs of both members ; 

2d. By multiplying or dividing both members by the same negative 
qu<^it^; 

raising both members to the same even power, if the members 
drs bo^ n^<xtive in the first instance; ' 
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4t^. By comparing the negative even roots (the members^ in thejlnt 
instance^ being both essenticUly positive), 

111. and Dsm. — ^T he first is evident, since ifa>&, — a<*>~6 
That is, of two negatvoe quantities the numerically greater is really the less. 

2d. These operations do not change the numerical relation of the members, 
but 'do change the signs of the members ; hence it falls under the preceding. 

dd. and 4th. Essentially the same reasoning as in the last. r 


Exebcises. 

1. When a and b are unequal, show that a*+ h*>%db. 

SOLTTTION. — Let a>h\ whence a— &>0, or a*-~2a6+&*>0, or a*+6*>2<i&. 
Similarly if a < 6. 

2. Prove that the arithmetical mean between two quantities is, 
in general, greater than the geometrical How if the quantities are 
equal ? 

3. If a, h, c, are such that the sum of any two is greater than the 

third, show that a* + + c* <2(ab -h ac + be), 

4. If o* + -f 1, and w® 4* w* + r®= 1, show that am 
+ <T < 1. How if a^b=:c==m — n=^r? 

5. Show that, in general, (a+5— (a + c — (b -f c— a)* 

How if a=^b^c^ 


6, Which is greater, 2x^ or a; + 1 ? 

Solution.— I st, If *>1, «*>!(?), 2aj*>2ar(?); but 2® >« + !(?). 

1 . 

If < 1, a similar process shows < a; 4 iT 


From 5a; — 6 < 3a; + 8, and 2a; + 1< 3a; — 3, show that x 
may have any value between 7 and 4 ; i, e,, that the limiting values 
are 7 and 4. 

8. What are the limiting values of x determined from the con- 
ditions 3a; —2 > and — j^a; < 8 — J 


9, The double of a number diminished by 5 is greatapi 
and triple of the number diminished by 7 is less thait 
increased by 13. What numbers will satisfy the condii^dnsf 



PART III 


AN ADVANCED COURSE IN 
ALGEBRA. 

OHAPTEB I. 

INFINITESIMAL ANALYSIS. 

SECTION L 
DIFFERENTIATION. 

135. In certain classes of problems and discussions the quantities 
involved are distinguished as Constant and Variable. 

130. A Constant quantity is one which maintains the same 
value throughout the same discussion, and is represented in the 
notation by one of the leading letters of the alphabet 

137. Variable quantities are such as may assume in the 
discussion any value within certain limits determined by the natu^; 
of the problem, and are represented by the final letters of 
alphabet ^ 

III.— If « is the radius of a circle and y is its area, y = Tra?*, as wo le 
Geometry, being about 8.1416. Now if a*, the radius, varies, y, the 
vary ; but it remains the same for all values of x and y. In this^cM^ 'p y 
are the variables, and jr is a constant. 

Q, if y is the distance a body falls in time x, it is evident that the greater 
X iS| Ifra&ter is y, i, that as x varies y varies. We learn from Physics that 
for comparatively small dist^ces above the surface of the earth, 
nn fxs. 16iyr*. x and y ari^\^6 variables, aud 16^ is a eonst^t 

iiymf suppose we have y* = 6> as an eaineesed r^afion 

n and Vt snd that this la the only relation which Is required to exist 
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between them ; it is evident tUat we may give values to 9 at pieoiuits, and time 
obtain corresponding values for y. Thus it asst, y ss ± Vvt, it xss2, p 
ss ± V 188, etc., etc. In such a case x and y are called variables. But we%otice 
tliat if we give to x such a value as to make 2ix* + 5 > (as, for example, it* 

etc.), y will be imaginary. This is the kind of limitation referred to in our 
definition of variables.* 

138. ScH.— The pupil needs to guard against the notion that the terms 
eonfitant and mrioMe are synonyms for known and unknown, and the inor<{ so 
as the notation might lead him into this error. The quantities he has been 
accustomed to consider in Arithmetic and Elementary Algebra have aJX been 
constant. The distinction lierc made is a new one to him, and pertains to a 
new class of problems and discussions. 


t30m A JPirncf /on is a quantity, or m mathematical expression, 
conceived as depending for its value upon some other quantity or 
quantities. 

Ii/L, — A man's wages /<>r a gi-oen time is a function of the amount received per 
day, or, !n general, his wages is a function of the time he works and the amount 
he receives per day. In the expression y = {137)» second illustration, 

y is a function of x, i, e., the space fallen through is a function of the time. The 
expression 2ffx* -- 8® + 56, or any expression containing x, may bo spoken of as 
a function of x. 


i40m When we wish to indicate that one variable, as y, is a func- 
tion of another, as x, and do not care to he more sj^ecifio, we write 
5= /(x), and read "y equals (or is) a function of This means 
nothing more than that y is equal to some expression containing tlie 
variable av and which may contain any constants. If we wish to 
Indicate several different expressions each of which contains a:, we 
write (p{x). or /'(•**)> etc., and read " the / function of a-,” the 
; tp function of 0 ?,” or “ the /' function of 

\ ^ XLt**<-The expression /(®) may stand for ®® — 3® + 5, or for 8(a’ — x^), or for 
^ lyiay expression containing ® combined in any way with itself or with constants. 

; lathe same discussion f{x) will mean the same thing throughout. So again, 
i. If to A particular discussion we have a certain expression containing ® (c. y., 
«® 3a6), it may be represented hy /(®), while some otfier function of ® 

(tf. p., 0(a* — ®») + S®*) might be represented by/'(®), or pK®). 


14:1. In equations expressing the relation between two variables, 
WS in y* = Srra-* — it is customary to speak of one of the variables, 
aa as a function of the other x. Moreover, it is convenient to think 


a Tbe limitA of thl« vclume do not permit Oia InterpssiaMon of hasgitiMlIasat 
; pmSM» quantltleft, i. e., inoonutotent with lha reatrictiA vMw tahaa cl fits 
Vhijtli mar be under conddemtloii. 
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of as taryiti^ and \hus producing change in y. When so con- 
sidered, a? is o^led the Indtpe^idmt and y the Dependent variable. 
Or we may speak of ^ as a function of the variable x. 

14:2» Ah is a quantity conceived under such 

a form, or law, as to be necessarily less than any assignable quantity* 

Infinitesimals are the increments by which continuous number, or 
quai^ity (8), may be conceived to change value, or grow. 

III. — Time affords a good illustration of continuous quantity, or number. 
Thus a period of time, as 5 hours, increases, or grows, to another period, as 7 
hours, by infinitesimal increments, t. c., not by hours, minutes, or even seconds, 
but by elements which are less than any assignable quantity. In this way we 
may conceive any continuous, Variable quantity to change value, or grow, by 
infinitesimal increments. 


14:3. Consecutive Values of a function, or variable, are 
^ allies which differ from each other by less than any assignable 
quantity, i. e., by an infinitesimal part of either. 

144. A Hifferential of a function, or variable, is the differ- 
ence between two consecutive states of the function, or variable. It 
the same as an infinitesimal. 

iLii — Resuming the illustration y=:16,^ic* let x be thought of an 

some particular jieriod of time (as 5 seconds), and y as the distance through 
which the body falls in that time. Alsu, let x' represent a period of time infitll- 
tesimnlly grt'ater than x, and y' the distance through which the body falls i& time 
Then x and x' are consecutive values of y, and^ and y' are conseoqtlhm 
values of y. Again, the difference >>etween x and x\ as x’ ~ a*, is a differential 
of the variable x, and y'— y is a differential of the function y. 


143. Notation. — A differential of x is expressed by writing tte 
letter d before x, thus dx. Also, dy means, and is read " diffeMMiw/ 
tiul y” 

Cautiok. — Do not read dx by naming the letters as you do ax ; but Ml ^ 
“ differential x,” The d is not a factor, but an abbreviation for the woH 
ential. 


To Hifferentiate a function is to find an expreaaiott 
for iikitement of the function due to an infinitesimal increment 
ble; or it is the process* of Adding the ns^tion between 
“ inmfement of the vgria^le and the earresponding 
im Wftb function. 
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BirLSS FOB BjCFfESBKTIATnrO. 

147. RULE l^TO OIFFBBEirriATB a SUrOLB TAJltABtB, StM- 
rvi WBITB IBB IBIXBlt d BBFOBE IT. 

Tlii 0 is meTelj doing whAt tbe notation requires. Thne II x end are conse- 
cutive states of the variable x, i. e., if a*' is what x becomes when it has taken an 
infinitesimal increment, a;'— r is the differential of af, and is to be written da;. In 
like manner, — ^ is to be written y' and y being consecutive values. * 


14S* RULE 2. — Constant factobs ob divisobb appeab in 

THE OIFFBBENTIAL THE SAME AS IN THE FUNCTION. 

Deh. — Let us take the function y = /u, in which a is any constant. Integral 
or fractional. Let x take an infinitesimal increment dx, becoming a; + dr ; and 
let dy be the corresponding* increment of y, so that when x becomes x dx» y 
becomes y + dy. We then have 

1st state of the function y = aa;; 

2d, or consecutive state y + dy = a(af + dr) = + ftdt. 

Subtracting the 1st from the 2d dyss. odr, 

which result being the difference between two consecutive states of the function, 
is its differential {144)% Now a appears in the differential just as it was in the 

lanetion. This would evidently be the same if a were a fraction, as Wo 

ribould then have, in like manner, dy^^dx as the differential oi ^x. 

^ m ^ m 

Q. B. !>. 

RULE 3. — Constant tebms disappeab in hiffeben- 

TlATINa; OB THE DIFFEllENTIAL OF A CONSTANT IS 0 . 

Dev. — L et us take the function y = 00 ; 4- d, in which a and h are constant. 
Let 0 take an infinitesimal increment and become x-¥dx\ and let dy be the 
jbedNEaient which y takes in consequence of this change in ar, so that when x 
liSOOMs a; + dr, y becomes y + dy. We then have 

Isl iittte of the function ysatr-t-^; 

2d, or consecutive state - - - - y-f-dy=o<a> + dr)-f&a=<w»H- «daj-h 
Subtracting the Ist from the 2d - - » - dytz adx, 

which being the difference between two coftsecuUve states of the is Its 

differential {14M^ Now from differoflM the constant h has 
We may also ijhat as A ccuMiit neta&js the sense 

Ri- Vl r U 

« THs word ** oeniSttipofaaeeas ** Is offsa Ufcd la IbU eoaSisiW* „ ^ , 
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61166 betMHi liul« oonaeciitiTe 6 tat 68 (pvoperly it lus no eonsecntire Btatei). 
Htfiiee the diilimtiil of n conatnnt be ipoken of (though with eome Inti- 
tndo) 66 0. IK 


ISO* RULE i. — To DIFFERENTIATE THE ALGEBRAIC SUM OF 
SEVERAL VARIABJWSS, DIFFERENTIATE EACH TERM SEPARATELY AND 
CONNECT THE DIFFERENTIALS WITH THE SAME SIGNS AS THE TERMS. 

DliM. — ^Let ^ z, u repreeenting the algebraic eum of the variables 

y, and — z. Then ia dw = da; + dy -- d*. For let dx,dy, and dz be infinitealmal 
Increments of x, y» and z ; and let du be the increment which u takes in conse- 
quence of the infinitesimal changes in x, y» and «. We then have 

1st state of the function u=:a; + y'~s; 

fid, or consecutive state « + dw=ra; + d» + y + dy — (s + d»). 

Or t^ + du = a; + dli;+y + dy~s — ds. 

Subtracting the let state from the fid > > > dt^ = da; + dy — ds. q. K, D. 


151* RULE 6 . — The differential of the product of two 

VARIABLES IS THE DIFFERENTIAL OF THE FIRST INTO THE SECOND^ 
PLUS THE DIFFERENTIAL OP THE SECOND INTO THE FIRST. 

DEM.~-'Let u = a;y be the first state of the function. The consecutive state Is 
<u + dt« = (a; 4- dx)(y •+■ dy) s= a*y + ydx + xdy + dx dy. Subtracting the Ist state 
from the consecutive state we have the* differential, i. e., da =r ydx + xdy -f dx dy* 
But, hxdx-dyH tlm product of two infinitesimals, it is infinitely loss than the 
other terms {ydx and xdy), and hence, having no value as compart with them, is 
to be dropped.* Therefore du = ydx + xdy. q. £. d. 


152* RULE fi. — ^T he differential of the product of sbv** 

ERAL VARIABLES IS THE SUM OF THE PRODUCTS OF TUB DIFFER^ 
BNTIAL OF EACH INTO THE PRODUCT OF ALL THE OTHERS. 

Dem. — Let u =s xyz ; then du = yzdx + xzdy + xydz. For tho Ist state 
function is =: xyx, and the fid, or consecutive state, 14 + di£ = (a* + 

(* -f d«), or ^ as xyz + yzdx -f xzdy + xydz + xdydz + 
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4- (fsfd^fdz. Subtractings and dropping all Indnitaaimala of fiidUltaiinalji (see 
preceding rule and foot-note), we hare du ss ytdg + mdff •h 

In a similar manner the rule can be demonstrated for any nnjnber of tmria- 
bles. Q E. D. 


^ RULE 7.^The differential of a fraction having 

A variable numerator and denominator is the differen- 
tial OP the numerator multiplied by the denomina^r, 
minus the differential of the denominator multiplied by 
THE numerator, DIVIDED BY THE SQUARE OF THE DENOMINATOR. 


Dem — Let w = ^ ; then is . For, clearing of fractions, 

ffu = X Differentiating this by Rule 5th, we have vdy -f ydu = dz. Substi- 
tuting lor u its value this becomes^— + ydu = dx. Finding the value of 

dw, we have du = q e. d. 

y 


CoR. — The differential of a fraction having a canetant 
im»}i/erator and a variable detiondnalor h the product of the numera- 
tor with its sign changed into the difff rential of the denominator, di~ 
vided by the square of the denominator. 


iLet u s= ^ , Differentiating this by the rule and calling the differential of ' 

y 

4tkO constant (o) 0, wo have du = ^ . Q E. p 

y y 

JtiUt* Bch. — I f the numerator is variable and the dcno]Enlg|^or constant, 
it falls under Rule 2. 
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Now from. • . Substituting tbls in the last it bo- 

y*-:? mn^m «•_, 

c6me0 na • tn^-^dx; whonce dy = = ^x* dx. q, b. d. 

8d, When the mjponstU iit negative Let y = «-», n being integnd or 

fractiona] ; then dy ^ ^ For y = ar* = -i, which differentiated by 

aj* 

nr^'^^dai' 

BaleJ 7 » Cor., gives dy ss ^ — = — «ar-*-*da;. q. b. d. 


Examples. 

1. Differcntiai© y = 3.r* — 2a; 4* 4. 

Solution.— -The result is dy = 6r<ic — 2da;. Which is thus obtained : By 
Kule 1, the differential of y is dy To differentiate the second member we dif- 
ferentiate each term separately according to Rule 4. In differentiating 8ar*, we 
observe that the factor 8 is retained in the differential, Rule 2, and the differen- 
tial of a** IB, by Rule 8, 2a?da; Hence, the differential of Sa;* is ftrda; The differ- 
ential of — 2a; is — 2dia;. By Rule 3, the constant 4 disappears from the differen- 
tial, or its 0. 

2. Differentiate jf ;= + 4:a:x^ — a; + m, 

Remilty dy = daxdx + l%wi^dr. — 

3. Differentiate y = — 30x* + 4a*. 

4. Differentiate y = Agf 4- + Ox*. 

1S7. ScH. — ^It is desirable that the pupil not only become expert in writ- 
ing out the differentials of such expressions ns the above, but that he know 
what the operation signifies. Thus, suppose wc have the equation y = 
This expresses a relation between x and y. Now, if x changes value, y must 
change also in order to keep the equation true. In this simple case it is easy 
to see that y must change 5 times as fast as x in order to keep the equation 
true. This is whfit differentiation shows. Thus, differentiating, we have dy 
s 5dr. That is, if m takes an infinitesimal increment, y takes an 
mal increment equal to fi times that which x takes ; or, ixl other wo|||^| 
increases 5 times as fast as .r. 
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5. Differentiate — «id explain the eigoifloiinoe of the 

result as abore. RmuU, dy = (9a;* — ix*)d»- 

i 

6. In order to keep the relation true as z Variee, hoiv 

must y vary in relation to a: ? What is lelative rite of change 
when a? = 4 ? Whm a? = 2 ? When a? == 1 f ^hen a? = J ? When 

Answers* When a; = 4, y increases 12 times as fast as x. "^hen 
a; = y taomses at the same rate as x* In general y increases Zx 
times as i&it as x. When x is less than y increases slower than x* 

2iJ^ X* 1 

7 to 12. Differentiate the following: ^ w = ; 

yszx^s^; = a:*y* + 6ic; ysra:* — 3a:* + 4a:* — a:* + l; and 
y 5= K - 

m to 17. Differentiate y=(a^ 4*a:*)® ; y=:(a+a?*)'^ ; y=:(3a;— 2)^ ; 
:y ^ «*)"* ; and y = (1 -f x)^. 

examples shomld be solved by considering the entire quantity 
within the •parenthesis as the variable This is evidently admissible, since any 
e x p fees i oti which contains a variable is variable when taken as a whole. Thus 
to differentiate y = (a + we take the continued product of the exponent (|), 
the variable {a + x*) with its exponent diminished by 1, [t. e,(a + and 

the diffezential of the variable (t e , the differential of a + as*, whidi Is 

This gives ns dp sr f(a 4* ordyst + «*)“ W a= . 

aySTl? 

18 to a«. Differentiate -«prT5? 
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SECTION II 

mDBTERMINATE COEFFICIENTS. 

1&8* Indeterminate Coefficients are coefficients assum^df 
in the demonstration of a theorem or the solution of a problem/ 
whose values are not known at the outset, but are to be determined 
by subsequent processes. 


159. Prop.'--If A + Bx + Cx*+ Dx* + efc. = A'+B'x -f OV 
4* D'x*4- in which x w a variable^ and the coefficiente A, B, 
A', B', etc, are conetants, the coefficients of the like powers of x are 
equal to each otim. That is^L^N (these being the contents qfx% 
B = B', C = C',«<<5. 

Dew —Since the equation is true for any value of x, it is true for essO. 
tuting this value, we have A = A'. Now as A and A' are constant, they hawM 
same values whatever the value assigned to x Hence for any value of x, A a#A*« 
Again, dropping A and A\ we liave Ha; + Or* + Dx*-^ etc. = S'x ^ (ra;*+ 

-f etc , which is true for any value of x Dividing by r, we obtain H-»- Cb-f Ito* 
* 4 - ete.s J?' + Cx 4 “ D'x* + etc , likewise true for any value of x. Making a; » 

H = H', as before. In this manner we may proceed, and show that Omdy 
D = etc. q s. D. 

160. Cob. — If A 4- Bx 4- Ox* 4- Dx* 4- «^. = 0, w true for aft 
values of x, ectch of the coffcients A, B, 0, is 0. 

For we may write A + Bc4*Cb*4-i>a;*+ JEi;*4-ife*4*etc.= 0 + (te4‘(h»* 
+ 0»*4- 0!»*4- 0«*4* etc, Whence by the proposition A = 0, H s= 0, Oss 0, etc. 


DBVBXXiPHBHt 0 ^ T^KCnONS BY MEAN$ OF iNDBTBBMXNAil 
OOBPFICIGKTB. 

Mi* A Funoiwiii k Mid to be JDevfloped when the v0^til^ 
opemtioiM are peribmdl^ or, More ptapelAj, when it is tMtotlkilWft 
into Ml «4.aiTa}o&t aeries of teime following aome general tow. 

^ Jto(fto<><^idaioa atMto AatoiaA M. deveknlw iioidjlhia.ol: tonettMe. 
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Thug y = j-^'w!iim48Wl4l»edbydhirionbeo<w»»ya:l+*4-((»+«*-f etc. 

Tbe binomial formula (CoicmiTB StTHOCKL Ax^B9BA, 19 $, or 198 of this 
treatise) is a formula for developing a binomM. I'hus y =s (a 4- wben devel- 
oped becomes y = a* -f 5<»^aj+10a*a>*+10aV’f 5a»*4- »*. The subject is one 
of great importance in mathematics, and the method of Indeterminate Coeffi- 
cients forms the basis of most that is valuable upou It. 


Examples. 


1-a; 


1. Develop — - — ^ into a series by the method of Indeterminate 
CoefiBcients. 

1 — « 

Solution.— Assume A + Bx + Caj*H- D«*+ JSSi5*+ etc. Clearing 

of fractions, 

I it* etc. 
etc. 
etc. 

Bquating the coefficients of the corresponding powers of it hy (189), we have 
following equations from which to find the values ot A,B, 0, B, etc.: 
.dttfl; 1; JIh-jB+C=:0; = O-hB-hBszO. Solving 

H^ift^wehave A=l, P= — 2, (7=1, D=l, and JB^= — 2. 

{fllihstitating these in the assumed development, we have 


1 — aj = A-t-B 

«4(7 

a?*4D 

»®4i2^ 

4.4 

4P 

4(7 

4i> 


44 

4i? 

+c 




— 1 = 1 — 2a;+aj*4-aJ®—2«*+ etc, 

H-aj+o?* 

\ readily be verified hj actual division 


2. Develop, or expand into a series (a*— by means of Inde- 
terminate C^fiBcients. 

SOLtrfzoir.— Assume 

(<!*-. a}»)J— etc. 

Sqmring both members and expanding («•—«•)*, we have 






•^AB\ 


+i?»| 4P<7 
+SC 


45J)1 

+( 7 * 




•^BF\ 


■¥Am 

•^44 -t-AM +<wj +•‘6- 

■ ' , +1IP +«tc. 

, 4-46' 


4 etc. 
4etc. 
4etc. 
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j ^jfen !ik« miliar 0 =s j^, etc. (If the 

expfli»i(«i^^« farmer, ea^ of the succeeding Co- 

efBclekits v<)u}d;he eqinKt^d iKrtth Ofilii there are no tenns in the first member contain' 
iughl£^erpoiir|^of ^thanthefitk^ Substituting the ^ues of J?» C, D, etc, as 

. _ ' ' V*'"' ” ' * m ' •vl' * ® ^ J. 

now found, we have (a*— «!*) =a^— ■*■ gu Ido* "** 

S.aExpand, or develop (1— by means of Indeterminate Ooe®r 
cients. Also — , and r. 


SuG. — To eipand the last, put the expression equal td the usual BerieB,sqaai<e 
both members, and then clear of fractions. 


102, ScH. — In using the method of Indeterminate CoefiScienis, as the 
series A~h Bj}+ Cx*-h etc., is merely hypothetical at the outset, we must 
carefully observe whether the subsequent processes develop any incoast^ 
ency. For example, perhaps a particular expression will not develop ia^the 
form assumed. If so, some inconsistency will appear in the procesit. 

were we to attempt to develop -g 5 by assuming ~s s = A -f ; 

X «r* 

4 - etc,, we should find, after clearing of fractions, that the first 
ber had only the term 3, w^hich is 2x ^ ; and as there would be no correspoad- 
ing term in the second member, we should have to write 2 which is 
absurd. In general, we observe that, when we equate the Goe.ffiq|0nt% tha, 
second, or assumed member, must have a term containing as low a power (A : 
the variable as the lowest in the first member. This may be secured 
by putting the expression to be developed into a proper form WieiirS^ 
ing the series, or by assuming a series of proper form. Thus, in the' abovd • 

case, we may write for -r -r • ^ » and then dev^lm;^ by 

3 

1 — 

1 2 
— ; or it may be deve^iped by assuming 

4- J5r*4*.etc. 


4 the method of Indeternu;^pi|i 
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D^^OMPOSmOK OF FbACKOKS »T KEAFTS of IsrOETEaMlMrATB 
COEFFICIBiTfS. 

163 * For certain purposes, especially in the Inh^^ Calculus, 
it is often necessary to decompose a fraction into parti^ fractions. 
There are three principal casea 


Case 1 , — Ji fraction vshick is a function of a single varies 
bkf whose numerator is of lower dimensions than its denominator^ 
and whose denominator is resohahle into n REAL and unequal /c«c- 
tors of the first degree^ can be decomposed into n partial fractiom of 


the form 


B 


C 


N 


X + a 


x + c, 


+ — — — — , x+a, x+b, 

x + bx + c x+n^ 

- X 4* n being the factors of the denominator. 


rw- A JT*)* ABO K . 

ss 4* r 4* ; — » m 

ip(x) {C + flt « + & X + C X + 11 

is of lower dimeii^onaf than tp(x)f and (p{x) =z (x + a)(x + h)(x + c) 


. . . - (* 4-^)4 Reducing the partial fractions 
Imis haying a eommon denominator, this denominator will be the product of all 


^ denominators x + a, x + b, x + e, etc., and hence will be (p(a‘), and each 
nunemtor will contain one less of these factors than the common denominator, 
and hence will be of the {n — l)th degree, the denominator being of the wth de- 
groe.§ Then, as the denominators of both members will be equal, the numera- 
tors will also be equal. Placing them so, we con find the values of the indeter- 
adnate coefficients A, B, G, etc., by the principle in (ISB). The necessity for 
having^a;) of lower dimemdons than q}{x) is the same as is pointed out in (162), 
T^us, U J{x) contained a term like 5a;® while <p{x) contained none higher than 
we sJmuld be required to write 5 = 0, as there would be no term in the sec- 
ond member having an x^ in it. Finally, having obtahied the values ot A, B, 


Ann 

et&, we can substitute them in , r , — — , etc., and have Ijlwf' 

aj4*u x + b - * ^ 

.pl^lal fractions sought. 


Case 2.— .4 fraction which is a function of a iin(fie varia* 
numerator is of lower dimensions than ite denbminator, 
is w^oabk inton inAnand Ah factors 
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of the fint 4tgret, edm he deeempcieel into n paHki fi^aetioni of the 

(X + »)• (xTap* ^ (X + a)-‘ X + a’ 

X 4- ft being om of the eguoJL faotore of the denominator. 


DpIW M - ^ ^ in' 

tp{x) {X + a)* (a? + a)*-* {x + a)"~* - - - • ^ + a* 

in wliicli f(x) is of lower dimenaiona than €f>{x), and <p{x) = (x + a)\ Reducing 
the ^rtial fractions to forma having the common denominator (a: + a)* (i. e. ^J0)> 
und placing the numerators of the membera equal, wc hud tliat the second mem- 
L or is rot of lower dimensions with respect to the variable x, than the first mem- 

her, since tlio numerator of the fraction - will contain the highest power of 

X of any of the terns, and this will have no higher power than af-*, aa (a + 

N 

is the factor by which the terms of the fraction will be multiplied in the re^ 

x+a 

duction Hence, we can find the values of -4, J?, C, etc., by {l{S9)t and these 
substituted in the assumed scries will give the required partial fractions. 


100 0 CASi: 3 . — A froMion which i$ a function of a single vmieh 
blCf whose numerator is of lower dimensions than its denominaSor^ 
and whose denominator is resolvable into n real and eqtml QUA1>* 
RATIO factors f can be decomposed into ii mrtfal fractions of the form 
A\ + B Ck + D Ex -h F 

[(X 4- li)^ + b»]“ [(x 4 o,y T V]"-* [(x + b‘p 

(xT^^’ 

factors of the denominator, 

DEK.—ABeume 
gi(x) [(« + a)* + 1*]“ 
ix + al* 4» ii* ’ 


CJx + J) 


Ex^F 


[^ + o)* -f &*]-* ■*“ [[X f ay + 
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CAses, the/f’ml 6f the assumed partial fractious must be made to oorrospond. 

{S'* ^ 3 

Thus T^tro It required to decompose a^a;ZSXj ; +o)*(a;» assumed par- 


tial fractions would be — + ~ 

X X 

, Hx + I 
^a?*+a* 


B C JO S J?bf + G 

— 6 **' (X 4- a)^ (a> + a)* « ■*" {x* + a*)* 


Examples. 

ir* — 2 

1 . Decompose ^ partial fractions. 

Solution — ^Assume ^ + r-^ . ar, 1 — a, and 1 + a* being 

x--x*xl--xl + x ® 

the unequal factors of a? — »“* {115 9 117 ) Bringing the terms of the second 
member to a common denominator, we have 

~ 2 ^ ~ 4- Jgg -f gr* + Ta? -> Cx* 

« — a^l — a?Xl 4 - X) 

Hence a* — 2 = -A 4 - (B + 0)x 4 - (g — -4 — C)x* , from which we get J. = — 2, 
4? 4- C 3 = 0, and g — .4 — C = 1 Solving these equations we find -4 = — 2, 
3J;as 1, and C = i These values inserted m the assumed forms give 
a.t-9 -3 i ^ i _ 2 1 1 


1-^- 1-4-4? 




2 to 6. Decompose the following 


cr -+• 3 ^ 

a?' — a; — 2 ’ 


a;(a; — Z) ’ 


ic-fl ^ Sa* — 5^ , _ 

^ _ 7a? + 12' a** - 6a; + 8 ' a;* -f 6^;* + 11a; -f 6 ‘ 

Suo ^'•In case the factors of the denominator are not readily discerned, place 
the denominator equal to 0 and resolve the equation Thus the last example 
gives at* 4- 6®* 4 - 11® 4-6 = 0 From which we have at = — 1, — 2, and — 8 
the factors are ® 4- 1, ® 4- 2, and ® 4 - 8 

j 

7 to 11. Decompose the fractions ’ 

4l + »)’ (* - mx 


13 tola 




I 1 1 
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SECTION III. 

THE BINOMIAL FORMULA. 

168t Theorem* — Letting x and y npreeent any quantities 
whatever (i. e. he variables) and m any comtant, 

(r + y)" = a:" + moT-^y + H 

E 1£1 

+ + etc. 

Dem.— W e may write (a'-f-y)" = ^ + 1 ) • put | = « and ausume 

(1 + «)»" = A 4- ^2 4* 4- + etc., (1) 

in whirli A, D,C, etc., are indeterminate coefficiente independent of z (i. e* con- 
BtantH), and are to be determined. To determine tliese coefficients we proceed 
as follows : 

Differentiating (1), we have 

w(l+«)*“*ds=r^rtoH-2Cfed«-i-8Dz*d24“4jEfe*(fo+5J!Vtfe+ etc. 

Dividing by d*, we have 

+ 3i>2® + 4&-j-5Fh*+ etc. (2) 

Differentiating (2) and dividing by dz, we have 

m(w-lXl4-fr‘*^=2C+ 2 . 8D2 + 3 4 . m*+ etc, 

Differentiating (8) and dividing by dz, we have 

<n(m--lX«»-2Xl+*)’^=3 < 8D + 2 • 3 . 4£5r + 8 • 4 - 5J?fe* + etc. (ft 

Differentiating (4) and dividing by dz, we have 

«»(w-lXm-2Xw-8Xl +«)«-*=:2 .8.4J^+2.B.4.5i?b+nta ^ 

DIferentiating (5) ^ dividing by dz, we have . 

nXw-lxf-BXwi-’SXw-^dXl +«)‘^=2 - 8 . 4 . 6i^+ eHo. 
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dents A, B, 0, ete.» ere constants, 4. s:, har^ the satne Tslues for one valnei^of s 
as for another, if we can determine their valnes for one value of a, these^ll 
be their values in all cases. Now, making ssrO, we have from (1) -4=1 ; from 

(2), jff = f» ; from (8), O = - ■ (the factor 1 being introduced Into the de- 

ll 


nominator for the sake of symmetry) ; from (4), B : 


fn(m— 1X>»— 2) 


; from (5), 


jars- 2Xwt~"8) . m(fn--l)(m-2 Xw»~8Xm— 4) 

li ’ ■ 11 

These values substituted in (1) give 

(1 = 1 + «, + !2L*|=d),. + «»(»»-iX»»^axm-8)^, 

^ fi^m — IXm — aXw— 3 )(ct— 4) ^ 

Fiiwlly, Teplacing t by its value we bare 


(« + y)- «*- 




1 . _ .V . W(m-- 1) y» ^ w(w — l)(m - 2)y* 
1 + + [8 — “ ? 


. fn(m — Vim — 2X»» — 3) y* , fn(m — lXw» — 2X»» — 8)(w — 4) ^ j 

+ _ + ac j 

[f. Ll 11 


iiXw — 1 — 2Xwt— 3Xw»— 4) 


“*y* 4 - etc. 


169. Coil. 1. — 77*6 nth, or general femi of the series is 

>»(w - 1 ) (w - a ) (w-w + 2 ) 

l?r - 1 ^ 

JPor we observe that the last factor in the numerator of the coefficient of any 
particular term is m — the number of the term less 2, t. e., for the nth term. 
m — (a***2), or m — » 4 - 2 , and ilie last factor in tlie denominator is the number 
^f the tarn 1, i. e., for the ath term> n — 1. The exponent of a in any par- 
term is m — the number of the term less 1, i. c,, for the nth term, 
— 1), or m — n 4* 1 ; and the exponent of y in any term is one loss tlian 
thn namher of the term, i, e., for the nth term, n-^1. 

jt70* T>tv . — ^In a series tl»€ Scale of JSelOHan id the relation 
wHicb exist# betweefi any tetis or set of terms and the next term or 
set of terms. 


17 1. COK. s; 

Jh 4- l)tfc 


nkMoH 4 h a* ttiffumM *et4tH i$ 
m muUiplMt iff iMl 
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This to rea^dly seen by iiMpectlng the series, or by writing the (n + l)th tenii 
and dividing it by the nth. Thne, substitnting in the general term as i^von 

above, n -H 1 for n, we have ^ as the 

(n-l-l)th term. This divided by the nth, or preceding term,* gives — — — ■ ~ , 

\ n /X 


Examples. 

1 to 6 . Expand the following : (a — ; (a; — y)** ; (a — xY ; 

{l^xY; (l-yY; {1-yY- 

t to 11 . Expand (» + y )-' ; (x - y)-*j (o — a:)-’ ; 7 -- ^ -- ^ ; 


(a + x)* 


or (x + y)-'. 


fNoTB — For practical suggestions in the use of this theorem, see Comfletb 
School Algebiia, pages 148-154, or Part I of this volume, pages 58, 59.] 

13, Expand (a + a;)* by using the scale of relation. 

Solution— -The scale of relation becomes in this case 

\ n /« 

\ %- 1 1 - . Now the first term is a*. To obtain the next » = 1, whence 

\ 4n » /a 

the scale of relation 5 ? Multiplying a* by this scale of relation, we find the 
a 

X 

ll^oond term 6a*x. For the next the scale of relation is 2-. Hence the fid 

term is For the next the scale of relation is ? , giving for the 4th 

a 

term 10a*aj*. Par the 6th term the scale of relation is — or 4^ - 

\4 Ja *« 

giving for this term ^ax*. For the 6th term the scale of relation eq|aaj|f'|^ 

( 2. — I'Ni or giving »*. For the 7th term the scale of relation ^ Ifl! 
5 / a a ” ” \6 

or 0 Hence the series terminates 


13, Expand (m — fi)"* by using tlve scale of relatiou^ a^ 
by general formula. 
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18 to 20. Expand (a* — a?*)^ (8a — «»)“*• ; (a* + <?^)*^ 

Sno’d — In cases in which the tenns of the binomial are not single letters oj 
figures, It will be best to substitute single letters, expand and then replace th< 

Talues Thus, to expand (x* — Sa)"^, put y, and 8a =; 5, and expand (y-S)"* 
and in this expansion restore the values of p and b In like manner the for 
mala may be applied to any polynomial Thus, to expand (1 — ■ ®*-f 3y)*, pui 
(1 — X*) = «, and ^ = u, expand (e + and then restore the values ^ 

21. Expand into a series. 

y/it-C»x* 

SCO’s —p=~==a(p*—e’x*) Put b’=v, and e*»*=y, and expanc 
Vb*—e^x* 

(e — etc The result is 

a _ a ^ 1 3 e*x\ I 3 3 r":?* . 1 8 5 7 cV , ) 

VgFZvJ*'" M 6' “^2 4 ^*“^2 4 0 ‘*”2 4 6 8 ^ \ 

*' -I- 

22. What is the 4th term of the development of (rt® + zy 1 

(See 169.) 

. Sco —The general term is T (» >-» + 8) 

ease 9 »=rl, »=r4, aj = a*, y = « Whence the 4th term is 

16a* 

23. Wliat is the 7th term of (a®— 5*)^? The 10th term? 


SECTION IV. 

LOGABITHMS 

JtT9* A Jjogarlthm is the exponent by which a fixed numbei 
is to be affected in order to produce any required number. The 
fixed number is called the Base of the System, 

iLL^Let the Safe be 3 then the loganthm of 9 is 2 , of 27, 8 , of 81, 4 ; 
of 12688,9; for 8®«9, 8’=27;|||81j and 8« =:r is the 

base, the logaritta^lMi^ 84^, or ti4h or 4 hi Ihe 

exponent by whidb f^iPbbaaa^iSIxibeaftpcted topiKidiicei^ 

her 6. So, alsOit 84 the base, i, or 8^4- is the logarithm of 4, 



t^x^Aiimdig. 
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or Ci***^*^*? 4 ; %, e^ or .8884* i« exponent by which 64, the base* Is to be 
affected In order to produce the number 4. Once more, since 64^, or 64 ®®®+=16, 

I, or .6664” is the logarithm of 16, if the base is 64. Finally, 64"“^, or 64’-® 
= i, or .125 ; hence — i, or -<”.5 is the logarithm of 4, or .125, when the base is 
64. In like manner, with the same base, —i, or —.3384- is the logarithm of 
or J35. 

Cor. — Siftce any number with 0 for its exponent is 1, the 
logarithm of 1 w 0, in all systems. Thus 10®= 1, whence 0 is the 
logarithm of in a system in which the base is 10. 

174. A System of Logarithms is a scheme by which all 
numbers can be represented, cither exactly or approximately, by 
exponents by which a fixed number (the base) can be affected. 

17 5. There are Two Systems of Logarithms in common use, 
called, resp(»ctively, the Briggean or Common System, and the Na^ 
pier inn or Hyperbolic System.* The base of the former is 10, and of 
the latter 2.71828 4-. In the present treatise we shall confine our 
attention to systems whose bases are greater than 1. 

170. Cor. 1. — Neither 1 nor any negative number can be used 
as the base of a system of logarithms. 

For aU numbers cannot bo represented eitlier exactly or approximately by ex- 
ponents of such numbers. Thus with 1 as a base we can represent no other 
number tlian 1 by its exponents, for 1 with any exponent is 1. Moreover, with a 
negative base the logarithms which were odd numbers would represent negative 
numbers, and those which were even numbers would represent positive numbers. 
For example, with —2 os a base, 3 might be considered as the logarithm of — 8, 
since (—2) *= — 8 ; but no number could be found as a logarithm to correspond 
to 8 (t. e. 4*8), since -—2 cannot be affected with any exponent which will pro- 
duce 8. 

177. One of the most important uses of logarithms is to facilitate 
the multii>lieation, division, involution, and the extraction of rootn 
of large numbers. These processes are performed uiwn the follow{|}i|( 
principles : 


17 S* Prop. 1. — The logarithm of ^ product of two m s m J k rs 
is the sum of their logarithms, ^ 


a be bm of the system. liOt m and n be any two tiui8ibiK| 
Theuby definlfioua^sp*U.and<g<^}^ 


sjhrtepi H the Uiod ft>r pwciicat and tW e«ily one of wirtsli 

\n costueu use. Naplwiaii logartOmis ace ustiUfy 4M^fbitrsQfc ttetae* 
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M^Hiplyi&g the cerreepondin^ saeiahera of the«e ^eqotttlosis together we hare 
a^^vszmn. Whence x+y is the logarith of m». ». D. ^ 

179* JProp* 2* — 27*e logarithm of the quoHent of two numben 
is th^ logarithm of the dividend mmua the logarithm of the divieor. 

Dbh. — L et a be the base of the system, and m and n any two nnmbers whose 
logarithms are, respectively, x, and y. Then by definition we have aFr=.m^ 

m * 

and = Dividing, we have = — . Whence ir~y is the logarithm 

w 

- 7?l 

of — . q. B. D, 
n 

180* I^rop* 3*^ The logarithm of a power of a number is the 
logarithm of the number multiplied by the index of the power. 

\ Dem. — ^Let a be the base, and x the logarithm of m. Then a*z=.m ; and raising 
both to any power, as the rth, we have a**=7»*. Whence xt, is the logaritlim of 
the «th power of m. q. E. D 

181* !Pvop* 4* — The logarithm of ^ng root of a number is the 
logarithm of 'the number divided by the number expressing the degree 
gfthe root. 

Dem. — Let a be the base, and x the logarithm of m. Then Ex- 

tracting the «th root we have a*i= ^y/m. Whence ^ is the logarithm of <\/m. 
4 ^ i>- 

182* It is et^ident that in any system, the logarithms of most 
Utanbers will noi3(!e expressed in integers. Thus in the common 
the logarithm of 100 is 2, and of 1000 3 ; hence the loga- 
i^thm of any number between 100 and 1000 is between 2 and 3, i. e. 
^nd some fraction. This fraction is usually written as a. decimal 
■ Action, And, as we shall see more clearly hereafter, can in general be 
ex^Ptessed only approximately^ 

183* The Integral Part of a logarithm is called the ChtirUi^r-- 
fnd the decimal part the Mantissa* 

iM^* .l^op* — The Mantissa of the logoar^m of a deeimcdfrac- 
.4i(^ gr of a mixed number^ is the same as the mantissa of the num- 

' ' 'niiiiniii III iintiiniiiiii 

iftwm. b to wkn 
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Dsm.— I t will be fonnd berwftor tbet log S84S673=6.4S4185. Now this 
meAiia tlMl^ 10 ‘'*"**'*j= 8846678. JMviding by 10 Bucceesively wo have 

10‘-**“*»= 284867.2, or log 284567.2 = 6.454185, 

28486.72, or log 28456.72 =4464185, 

2845.672, or log 2845.672 = a464185, 

10*-4.4... _ 284.6072, or log 284.5672 = 2.454186, 

10>-4»4i*»= 28.45072, or log 28.46672 =1.454185, 

10»-444i«»= 2.845672, or log 2.846672 = 0.454165. 

Now if we continue the operation of division, only writing 0.454165 — 1, 
1.454185, meaning by this that the characteristic is negative and the mantisBa 
positive, and the subtraction not performed, we have 

10T.4«4i sfl - .284'5672, or log .2845073 = 1.454185, 

107.4*41 «5 _ 02845072, or log .02845072 = 2454185, 

107.48 4 18* _ .002845073, or log .002845073 = 8.454186, 

etc., etc Q. £. D. 

18 Cor. 1 . — The characteristic of the logarithm of an integral 
number f or of a mixed integral and decimal fractional number^ is one 
less than the number of integh'al places in the number. 

The characteristic of the logarithm of a number entirely decimal 
fraciiowd is negative and numerically one greater than the number 
of 0’« immediately following the decimal point 

Thus the characteristic of the logarithm of any number between 1 and 10 
is 0, between 10 and 100 1, between 100 and 1000 2, etc. Or let it be ashed, 
" What is the characteristic of the logarithm of 6120 ? ” Now this number lies 
between 1000 and 10000, hence its logarithm lies between 8 and 4, and is, thM> 
fore, 8 and some fraction. 

Again, as to the numerical value of the characteristic of the logarithm of a 
number wholly decimal fractional, consider that 10*^ = i^=-l ; 10~* ; 

lO^s = = .001. Thus it appears that any number between 1 and .1, i. auy 

number expressed by a decimal fraction having a significant figure in tenth’s 
place, as .2504, .840, .1205, etc , will have its logarithm between 0 (the logarithm 
of 1) and —1 (the logarithm of ,1). Hence such a logarithm will be —1 + SOfM 
fracUan (the mantissa). In like manner, any number between .1 and ,01, i, 
any decimal fraction whose first significant figure is in lOOth’s place, as 
j 0956, .01208, etc., will have for its logarithm —2 + some fraction. 

1800 Cor. 2 . — The common logarithm ofOis — co, ^ 

Sinoe a number less than unity has a negative characteristic, and tidi 
aetariiiilc Increases mmeriesMy as the number decreases, wUmi the 
deemsM to O, the logwrtthlh ittcroases Hence log 0:=— m 

^ log .Icert, log .Olcs 2, log .001 ss: when the 

^ hecomes tnftniH the number % is« have log 0 
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Computation of Looabithms, 

187m The Modulus of a system of logarithms is .a constant 
factor which depends upon the base of the system and characterizes 
the system. 

188. Trop. — The differential of the logarithm of a number is 
the differential of the number multiplied by the modulus of the system^ 
divided by the number ; 

Or^ in the Kapierian system^ the modulus being 1, the differential 
of the logarithm of a number is the differential of the number divided 
by the number. 


JDbm — Let X represent any number, i e be a variable, and n be a constant 
Buch that Then log log x {180) Differentiating y=x\ we have 

dy=.nx*~‘^dx j whence 

dy 

^ n) 


Again, whatever the differentials of log y and log x are, n being a constant 
factor, we shall have the differential of log y equal to 71 times the differential of 
log a?, which may be written 

dOog y)=zn d(log x\ whence n = (2) 


Kow equating the values of n as represented in (t) and (2), we have 

stJL Whence d(log y) bears the same ratio to - as d{log x) does to -- Xiet 
dx y X 


fTibethifi ratio Then d(logy)=’~^, and d(log 

We are now to show that m is constant and depends on the base of the 
syitein. 

To do this, take y=s*', from which we can find as above n'=r 

d(log z) 

|7ow as 9» is the ratio of d(log y) to it is also the ratio of e^log e) to 

a ^ 

andd(log<**, Iftxil^geethatin 


Iweea the logMUhm of a iM tl^ 

tttttnber dlvIM the number. Therefore m is a cimsttiujtt factor. 
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That m depends upon the base ol the system is erident, since in a system of 
logarithms the only qaantities iatolTed are the number, its logarithm, and the 
base. Of these the two former are rariablos ; whence, as the base is the only 
constant inrolved in the scheme, m is a function of the base.* 


189 m ^robm — To produce the logarithmic aeries, 

SOLtTTiOK.— The logarithmic series, which is the foundation of the usual 
meth^^ of computing logarithms, and of much of the theory of logarithm^ is 
the development of log (1 + x). To develop log (1 + <r), assume 

log (1 +x) = A + Bx + Cx* + Dx^ + Ex^ + Fx^ -h etc., (1) 
in which is a variable, and A, Bt O', etc., are constants. 


Differentiating (1), we have 

=r Bdx + %Cxdx + dBx'dx + AEx^dx + 5Fx*dx -f etc. 

1 + 

Dividing by 

- ^B + 2Cx + 3Da?* + lEx^ + 6Fe* H- etc. (2) 

1 + ^ 


Differentiating (2), and dividing by dr, we have 

— 1---- = 2(7 + 2 Wx + 3 4JKc* + 4*6J|p* + etc. 

(1 + x)* 

Differentiating (3), and dividing by 2 and by dr, we have 

m — 1 — r= 8i? + 3 ^Ex + 28 6Fx* + etc. 

(1 + xy 

Differentiating (4), and dividing by 3 and dr, we have 

— tn i — - r= 4:E + 4 5Fx + etc. 

(1 + xy 


( 8 ) 

W 

( 8 ) 


Differentiating (5), and dividing by 4 and dr, we have 

= Sii' + etc.t . («) 

We have now gone far enough to enable us to determine the coefficients 
B, (7, B, Et and F, and these will probably reveal the law of the series. 

As all the above equations are to be true for all values of x, and as the eseiffb 
dents At B* C, etc., are constant, i. e., liave the same values for one value of 0^0 
for another, if we can determine their values for one value of x, these wifi be 
their values in all cases. Kow, making a; =; 0, we have, from (1), A log 1 0 ; 


s W^hst tfas relation of the aMSalns to the base la, we ftSe not now ooncemed to fcnsMrl H; 

iH^bedomalBedhereilt^r. T ' ^ ^ 

IS » t + ad1(vld»Ahy 

*+*• ' vX./' 

ifto sHidbUt will c^bserve what terms the sueoordlnff (NtetoUmi and the otteer 
woitfd have. Tbtta here we fhould have + 0*3 * diffb?* 
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fjttA (1®)^ = m ; from(a>*( 7 aB-lm; fwa ( 4 )*i??=iwi from G^), i? as — 4m ; 
inom ( 0 ), im. TUea© valiwfl aubstitiited i« ( 1 ) 

** ®" ar* 0^ 

lo^ (1 + a-) =m(aj + g - ”4 + - etc.}, 

the law of which is evident. This is the Logarithmic Series, and should he fixed 
in memory. 

ScH. — The Napierian system of logarithms is characterized by the modu- 
lus being 1 (m 5= l). Hence the Napierian hgotrithmic series is 

log(l + X) = J ~ etc. 


190. Coe. 1 . — The logarithms of the same number in different 
systems are to each other as the moduli of those systems* 

This is evident from the general logarithmic series. Thus the logarithm of 
1 4- iT in a system whose modulus is m, is expressed 

log. (1 + ^ ^ ^ - etc.): 

2 3 4 5 

and the logarithm of the same number in a system whose modulus is m' is ex- 
pressed 

log../(l t «)* = f»'(* - ^ ^ ^ + y - etc.). 

Now, as the number (1 -f x) is, by hypothesis, the same in both cases, x is the 
same. Hence, dividing one equation by the other, we have 
logm (1 -f x ) __ m 
log»,<(l + iP) m' * 


191. Cor. 2. — Haring the logarithm of a number in the Napierian 
system^ we have but to multiply it by the modulus of any other system 
to obtain the logarithm cf the same number in the latter system* 


Or, the logarithm of a number in any system divided by the loga^ 
rUhrn of the same number in the Napierian system, gives the modulus 
if ^ former system. 


■\ 192. JPf^ob. — To adapt the Napierian logarithmic series to nu^ 
fhsrical computation so that it can be conveniently used for con^puting 
^ logarit}^ of numbers* 


So®4.— That log<l +®) = jc— ~ + ^ — — 4* etc,, 4s not In » practica- 
ble lom ibr the logarithms of munberorlU be eyi^ent if we 

’ the attempt. suppose we wish . to- ^ - 


* The »xkhm 
hi i 


whoM modaUii 


' are nee^tei^^^higiitehi 

the 






(ycmTVTAm>9 of uyeAmram. 


m 


ass 2, we bare 3<^(1 + 2) = log 8 » 9 — — -h y — ^ — etxk, a eetiee 

iu which the teme are growing larger and larger (a diverging seriee). 


We wish a series in which the terms will grow smaller as we extend 
it (a converging senes). Then the farther we extend the series, the more 
nearly shall we approximate the logarithm sought To obtain such a serieSj 
substitute --a for x in the Napierian logarithmic senes, and we have 

aj"* X* a*® 

’-y- 8-4-6--®^- 


logr{l-*): 


Subtracting this from the former senes, we have 

log (l+jr)-log(l-a!) = log =2(a;-i-ia;^ + ia;®+4a;’+ etc). 

/I 1 2«+2 2z 

Now put ^ = 

. Hence, as log (■“ ) = log (1 + e) — log e, substituting, and trans- 

posing, 

log (1 + e) = log *+8(3;^ + S<a^. + 6^iiip + 7(^ + 

This series converges quite rapidly, especially for large values of s, and is 
convenient for use in computing logarithms. 


193, jPpob, — To compute the Napierian lo^arithrm of the naturdk 
numhera 1, 2, 3, 4, efc., ad UhUum, 


SoLirriON — In the first place we remark that it is only necessary to compute 
the logarithms of prime numbers, since the logarithm of a composite number 
is equal to the sum of the loganthms of its factors {17 S). 


Therefore beginning with 1, we know that log 1=0 {173). 

To compute the logarithm of 2, make »=1, in series (A), and we have log (1 + 1) 
-log 1 = = + + 


The AUniietlcal operations are conveniently performed as follows : 




8 

2 00000000 

9 

.66606067 

9 

,07407407 

9 

.00828045 

9 

XK)Q61449 

9 

.00010161 

9 

.00001129 

9 

.00000125 


.00000014 


1 

66666667» 

8 

02469136 

6 

.00164609 

7 

.00018064 

9 

.00001129 

11 

.06000108 

18 

.00000009 

15 

.00000001 





il^PI it gtnamiljr qot exact, tfc i» net cnstomary ti 




176 


xmmam oouBsg m JOjmBnx. 


Second, To find log 3, make e sr 3, wlience 

log 8 = Ic* a+8(i+~ +^+~+g^+ rto.). 

Computation, 5 2.00000000 

25 .40000000 1 .40000000 

25 .01600000 8 .00588383 

25 .00004000 5 .00012800 

25 .00002560 7 .00000300 

.00000102 9 .00000011 

.40540510 
log 2 = .09314718 

log 3 = 1.09861228 


Third, To find log 4. Log 4 = 2 log 2 = 2 x .09314718 = 1.88029486 

Fourth, To find log 5. Let 2 = 4, wlience 

log 5 = log 4 + sg + 3^ + + 7-^ + *“=■)• 

Computation, 9 2.00000000 

81 ,22222222 1 .22222222 

81 .00274348 8 .00091449 

81 .00003387 5 .00000677 

.00000042 7 .00000006 

.22314854 
log 4 = 1.88029436 

.\ log 5 = 1.60948790 

In like manner we may proceed to compute the logaritlimB of the prime nuim 
httrs from tho formula, and obtain those of the composite numbers on the prin- 
dple that the logarithm of the product equals tho sum of the logarithms of the 
laetoni. 

Thus, the Napierian logarithm of the base of the common system, 10, = log 5 
-flog 2 s 2.80258508. 


194* JProp* — The modvlud of the commo^i eyetem U .43429448 +. 

Ddm. — S ince the logarithm of a number, in afiy system, dlrided by the Na- 
pierian logarithm of the same number is equal wlbe mo^ttlue of that system 
U91), we have 

SO! modulus of ccsnia^ ^(^ 
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But com. log 10 = 1, and Kap. log 10 = 3.30258508, as* found above. Hence, 

ModtUiu €f common oy$tem = y - — =» .48429448. 

«.OU2oSoUo 


Tables of Logarithms. 

As one of the most important uses of logarithms is to 
facililatc the performance of multiplication, division, involution, and 
evolulion, when the numbers are large, according to ( 178 ^ 181 ), 
it is necessary to have at hand a table containing the logarithms 
of numbers. Such a table of common logarithms is usually found 
in treatises on trigonometry and on surveying, or in a separate 
volume of tables.^ These tables usually contain the common loga- 
rithms of numbers from 1 to 10000, with provision for ascertaining 
therefrom the logarithms of other numbers with sufficient accuracy 
for practical purposes. Four pages of such a table will be found 
at the close of this volume. 


100* J^vob* — To find the logarithm of a ntimher from the table. 

Solution. — The logarithm of any number from 1 to 100 inclusive can be 
taken directly from the first page of the table. Tlius log 2 = 0.801080, and 
log 21 = 1.832319.t 

To find the logarithm of any number from 100 to 999 inclusive, look for the 
number in the column headed N, and opposite the number in the first column at 
the right is the mantissa of the logarithm. The characteristic is known by 
{18S). Thus log 182 = 3.200071 ; log 135 = 2.130334. 

To find the logarithm of any number represented by 4 figures, find the first 8 
left-hand figures in column N, and opposite this at the right in the column which 
has the fourth figure at Its head, will be found the last four figures of the man- 
tissa. The other two figures of the mantissa will be found in the 0 column, oppo- * 


* Mathematieiaos and practical computers generally use more complete and extended tables^, 
than those found in connection with such elementary treatises. The common tables give five 
plac<»B of decimals in the mantissa. Those in connection with this scries give six. Callet'a 
tables edited by Uasler are atandard eight-place logarithms. Vega’s tables are among the best. 
Dr. Bremlker’s edition, translated by Prof. Fischer, is a favorite. ESlilor’s edition of Vega*# 
contains Gaussian logarithms. Vega's tables are seven-idace. Tcn-pUioe Are lM«eei» 

sory for the more accurate astronomical calculations. Prof. J. Mills Peirce, of Harvard, ha# so* 
cently leaned an elegant little edition of tables containing among other thing# a table of 
ttueed#Qe h^purlthms which i» veiy oonvenient for most nses. 

t page ifi really nnnebfflsary, since nothing can tie found from It wbldli cannot be found 
ease from tke eaocaedlng part of the table. Thus, the niaulis«a ef log 2 is the same 
a# ^ upmticea of log MO ; and the mantissa of log 31 la the same a# that of teg 310. 
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site tlie first three figures of the numher or just above, unless heavy dots have 
been |Mursed or reached in running across the page to the right, in which case the 
first figures of the mantissa will be found In the 0 column just behw the 
tpiumbesr. The places of the heavy dots must be supplied with 0*b. The charac- 
teristic is determined by {ISS). Thus log 1816=8.119256 ; log 2042=8.810056 ; 
log 1868 = 8.271877. 

To find the logarithm of a number represented by more than 4 figures. Let 
it be required to find the logarithm of 1984261. Finding the mantissa corres^nd- 
ing to the first four figures (1984) as before, we find it to be .286456. Now in the 
same horizontal line and in the column marked D, we find 225, which is called 
the Tabular Difference. This is the difference between the logarithms of two 
consecutive numbers at this point in the table. Tliua 225 (millionth s) is the 
difference between the logarithms of 1984 and 1935, or, as we are using it, 
between the logarithms of 1984000 and 1935000, which differences are the same. 
Now, assuming that, if an increase of 1000 in the number makes an increase of 
225 (millionths) in logarithm, an increase of 261 in the number will make an 
Increase of or, .261, of 225 (millionths) in the logarithm,* we have .261 
X 225 (millionths) = 59 (millionths), omitting lower orders, as the amount to bo 
added to the logarithm of 1984000 to produce the logarithm of 1934261. Adding 
this and writing the characteristic (/A?/5) we have log 1034201 = 6.286515. In 
like manner the logarithm of any other number expressed by more than four 
figures may be found. 

107, Sen. — As the mantism of a mixed integral and decimal fractional 
number, or of a number entirely decimal fractional, is the same as that of nn 
integral number expressed by the same figures (/^#), we can find the man- 
tissa of the logarithm of such a number a.s if the number were wholly inte- 
and determine the characteristic by (18S)- 

198m JPTOhm — To find the nttmber corresponding to a given 

8o(LUTIOK. — L et it be required to find the number corresponding to the log- 
arithm 4.284567. Looking in the table for the next lees mantissa, we find .284517, 
the number corresponding to which is 1716 (no account being taken as to 
whether it is integral, fractional, or mixed ; as in any case, the figures will be the 
same). Now, from the differeme, in column D, we find that an increase 

of 258 (millionths) upon this logarithm, would make an increase of 1 in the 
number, making it 1717. But the given logarithm is only 50 greater than the 
logarithm of 1716 ; hence, it is assumed (though only approximately correct) 
that the increase of the number is 0% of 1, or ,1976 + . This added (the figures 
annexed) to 1716, gives 17161976 -t*. The chaTfiicteristic of the given logarithm 
being 4 , tlie number lies between the 4th and 4lth powers of 10, and hence has 5 
integral places. /. 4.284567 = log 17161.978 + . In like manner the number 
^corresponding to any logarithm can be found. « 

...I, — I -.11. .Ill ii ,i .1.. 

* This astompiloa, tkoiigh not striefiy correct, Is ssflliBhBitbr acGasats tat sU 
pniposet. 
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199, Pritp, — The Ifapierian base is 2.718881828. 

Dek. — Let e repreeent the base of the Napierian ejretem. Then 
com. log e . Nap. log e . . .48429448 . 1. 

But the logarithm of the base of a ayatcm, taken in that system is since 
= a. Hence, Nap. log ^ = 1, and com log e = 48420448. Now finding from 
a table of common logarithms the number corresponding to the logarithm 
.43^9448, we have e t=: 2.718281828. 


Examples. 

1. If 3 were the base of a system of logarithms, what would be the 
logarithm of 81 ? Of 729 ? If 5 were the base, of what number would 
3 bo the logarithm ? Of what 2 ? Of what 4 ? 

2. If 2 were the base, what would be the logarithm of J ? Of ? 
Of 

3. If 16 were the base, of wdiat number would .5 be the logarithm P 
Of what .25 ? 

4. In the common system we find that log 150=2.193X25. Show 
that this signifies that 10^^^ ‘^^^"=156. 

5. Log 1955=3.291147. To w’hat power does this indicate that 
10 is to be raised, and what root extracted to make 1955 ? 

G. Find from the table at the close of the volume what root of 
what 1 ) 0 wer of 10 equals 2598. 

7. Multiply 1482 by 136 by means of logarithms, using the 
at the close of the volume. (See 1 78.) 

8. Perform the following operations by means of logarithms : 

11C8 X 1879; 2769- 187; 15.13 x 1.3476; 257.16-4-1^5134; 

.126-4-6.1413; .11257 x .00126; (1278.6)<5 <m37)*. 

9. Perform the following operations by means of logarithms; 

to 5 places of decimals ; ^5 to 3 places of decimals ; ^2341564276 
to two places of decimals ; 'v/30l6618 to 4 places of decimals. 

10* Perform the following operations by means of logaritibms: 
to 4 places of decimate; V.03i25 to 5 places of deoimals* 
to 5 placet of decimate. 

4)1284«i.02l516, Now to divide this by 8, we have to xemember 
KM the chamoteristio aUme is negative, i, «. that 2.091818 = <^94^.691815. ot 
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— 1.$08686, which in all negative. IHviding tliis by 8, we have *-.686828» or 
0*-'.636jlt28=::I.36877d. But a more convenient way to effect the division Is to 
write 8.091816 = 8 + 1.091816, and dividing the latter by three wo obtain 
1.808772, in which the characteristic alone is negative, thus conforming to the 
tables. 

To divide 18.341652 by 4, wo write for 18.341052, -- 16 +8.841652, and dividing 
the latter obtain 4.885418. 

11. Divide as above n.34825G by 3; 17.135421 by 5; 1.341263 
by 6. 

12. Given the following to compute .u by logarithms : 

201.56 : 134.201 : : 18.054 : a; ; 2350.04 : .212 : : 1.1123 : a? ; 

X : 234.008 : : 15.738 : 200.56 ; 123 : cc : : 2 .01 : .03. 


13. Haying = 
in logarithms. 



to express the equivalent operations 


SuQ's. y = V(a — i) (a + ir)-i-(l + a-). log y= i [log (<?—«•) + log (a+r) 
^log(l+.r)]. 


* 1 j ^ 

14. Given y=a;^(l— a;®)® to express the equivalent operations in 
logarithms. Also y = ~ 

— .r* : y to express log y. 


16. Differentiate y = log(a* —a;®). 


Sna's.—- Write y = log (» + «) + log (a — t). Then differentiating, we hsve 
^ ^ Or differentiating without factoring, we have dy 

When reduced the results are the same, but the former is usually 

a* — 

the more <^egant method. 

16. Differentiate the followiag: jr = log (1 — ») ; y^logm; 
ysrloga;*; y = log j; ysslog vThT* 


» This fbm toft# dStferentlateA. Ifhsog^ifalioalioalyliidiei^ 




Bi^pGEseiyi: 


itu 


4 

Sua*s.->Bdnietiiber that log ss 8 iog a/ ; and aI«o that log yT+^ = 
*log(l +*). 

17. Find fi*oni the table at the close of the volume that Nap. log 
1564=7.3550018. Find in like manner the Napierian logarithms of 
6, 120, and 2154372. 

18. Knowing that the Napierian logarithm of 22 is 3.0910425^ how 
wguld you find the common logarithm of 23 from the logarithmic 
series (19^) ? 

1 9. The common logarithm of 25 is 1.39794. What is the modn* 
Ills, and what the base of a system which makes the logarithm of 
25 2.14285? 

Qurut. — ^H ow do you see at a glance that the required base is a little less 
than 5 ? 


SECTION V. 

eUCCBSSIVE DIFFERENTIATION, AND DIFFERENTUL 
COEFFICIENTS. 

200* JPvOp* — Differential^ though infinitesimals^ are not 
sarily equal to each other, 

Dem. — T hus, let Then <fy=r6r*f?r Now, tor all finite values of Of, 

dy is an infinitesimal, since no finite number of times the infinitesimal dM 
can make a finite quantity, and dy is Or* times dt. But for r=l, is 6 fimea 
dx ; for a;=2, dy is 24 times dx; for a;=3, dy is 54 times dx. 

201* Cor. — When y=f (x), dy is generally a variable, a7id hemd 
can be differentiated as any other variable, 

202* Notation. — ^T he diflTerential of dy is written d^y, and read 

second differential of 3/.” The differential of d^y is written and 
read " third differential of yfi etc. The superiors 2 and 3 in sneh 
cases are not of the nature of exponents, as the d is not a symbol of 
number. 

20B* In differentiating y^f{z) suocessively, it is customary tso 
dx as constant. This is conceiving x to change (gfCw) by 
^^m^nfinitesimal increments, and thence ascertaining how y varies, 
feaieral, y will not vary by equal increments when doea, as 
&om the demonstration above. ^ 
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204:. A Second JDifferential is the difibreniSe between two 
consecutive states of a first differential. — A Third IHfferential 
is the difference between two consecutive states of a second differ- 
ential, etc. 

III. — In the function x passes to the next state, we have dy’sr^*dx. 

Now dyy though an infinitesimal, is still a variable, for it is equal to Mx times 
and a; is a variable. Hence if x takes an infinitesimal increment, dy will pass 
to a consecutive state. In other words, we can differentiate dy=6dipa;*, jus^as 
we could u = t dy being a variable function. Qdx a constant factor, and x the 
variable. Representing tho differential of dy by d*y, we have d*y = iSdx 2xdx, 
or d*y^\2xdx*» dx* being the square of dx, not tho differential of a?*. To indi- 
cate the latter we would write 


Examples. 

1. Given ^ = 3a::® — 2a;* to find the third differential of or 

Solution. — Differentiating y=3j;®— 2aj*, we have dy=16ii;*«far--4wi> Now, 
regarding dx as constant, and differentiating again, we have d*y=r00a;‘*d>* 
— Differentiating again in like manner, wc obtain the 

second term disappearing, since 4tdx* is constant. 

2. Given ^ = 2a;* — 3a; + 5 to find tho second differential of 
i. e. d*y, 

3. Given y = (a; — «)* to find the third differential of y» 

Bug's. dy=3iz—aydx, d^y=6{z—a)dx^, d^y=6dz^, 

4. Given ^ = -4 a; -h to find the 4th differential 

of y, A, B, and D, being constant. d^y = 4*3*2 Ddoi^, 

5. Differentiate y = -4 + -6a ; Cod + Bod + Eod + Fod •+• etc., 5 
times in succession, 

6. Differentiate y = (a; — • l)(a; — 2)(a; — 3) (a; — 4) twice in suc- 
cession without expanding. 

Bug's, dy « (a?— 2) (aj~3) (a;— 4) dx + («— 1) (a;— 8) (»— 4) dx+{x-^\) («— 2) (*— 4) 
daf+(a;~l) (a;— 2)(a;~8)da;. 

= [(a!-2) (a;-8) (»-4> + (a?~l^ (a?-8) (*-.4) + («-!) (aJ-2) («~4) 

+(a?— 1) (a?-2) (aj-~8)]da;. 

ddy » (j 5~2) (a;— 4) dx + (as—S) dx + (a?— 8) (a;--4) dx + (a;— 1) 

(oj— 4) dip+(a!— 1) («— 8) dx+ix^^ ^—4) 1) (35—4) cZaJ-HOP— 1) (x— 2) 

dx -h<{r— 2) (iP— 8) 0r--8) 1) («— 2)daj]daj. 


* To dUTerentlate ISo;^. callhig Ox constant, we may write iSils Now la ocet* 

Ubiat. Hence dltTerentUting «4. w« hare which maldtilied by Hm eOaeUnt ISdie, s!lve|^ ek 
ilbove, Via^dofi. is ** the sqoare of notShe dtffsreiitlsl of 
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= t(*-8) (aj~4) + (aJ-2) (fl>-4) + («~2)<«-8) 4 - <^-~8) (»-4) + (aj~l) («-4) 
+ («-!) (»-$) 4- («-2) (*-4) 4- (aj-l) (a;~4) + (a?~-l) (aj-S) 4- (aj~2) («~8) 
4- (af--l)(aj*^8) 4- 

7. As above, differentiate ^ = (a: — tt)(a; — i)(a; — c) twice in suc- 
cession without expanding. 


^ Diffbbential Coefficieots, 

20S. The Tirst Differential Coefficient is the ratio of 
the differential of a function to the differential of its variable. Thus, 

if yz=:f{x)y and dy^f\x)dxy ^=:/'(a;), and or its equivalent 

f(x)y is the first differential coefficient of or f{x)* 

III.— The meaning of this is simple. Thus, if y = 2 jj*, t that is, if 

X takes an infinitesimal increment cLe, y takes an infinitesimal increment 
which is to dr, as 8a; * is to 1, or the ratio of ^ to dx is 8a* *. In still other words, 
^increases 8a‘* limes as fast as x. The reason for calling this a differential 
coefficient, is that it is the rorfficient by which the increment {dx) of the triable 
must bo multiplied to give the Increment (dy) of the function. 


206. The Second Differential Coefficient is the ratio of 
the second differential of a function to the square of the differential 
of the variable. Thus, if y=if{x), dy—f\x)dxy and d^y^f^x^dofr 

^ or its equivalent /"(•<^)? is the second differential coef- 
ficient of y, or f{pc). In like manner Thirds Fourth, etc., differential 
coefficients are the ratios respectively of the third, fourth, eta, dif- 
ferentials of a function, to the cube, fourth power, etc , of the dif- 
ferentia] of the variable. Thus, if yz=f{x), dy = f’(x)dxy d^y=f'\x)do^, 
d^yz=zf”’(x)dj(^, and d^y:=P''{x)dx^y the successive differential coeffii* 

^z=if‘Hx') ^z=zf”'<'r\ «.nd 


cients are ^^f\x^y 


'(*), aud r 


III. — Too much pains cannot he taken by the student in order to get a eXoir 
conception of the meaning of the yjii||dous symbols /(c), /XT),/r(^)» /'"(ic)*ete. 

To illustrate, suppose we have y =c 2aj*— at*4“6, whence^ = 


« To produce the «a<»«MWc dlffisr«ntial coefficients we may produce the corrCfpowdHng cae> 
OCMtfe dUHsrcnttsls as in the preceding examples, or we may proceed thus: ^xtt8»s...«Ki« omi 
remembering that dy Is vaxtable and dst constant, and it gLvoe 
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= = 48aJ-“6, and =48. Now in tliis case p =/[<?)» »*• y is a 

function of a- ; so ^ is also a function of a*, being equal to 8a;*— 8a;* ; but, as it 
is not the acme function of x that y is, we call It the f prime function, and write 
^ =/'(^). In like manner = /"(®) means that is some function of x, 

hut a different one from either y» ^ observed that, in thia exan^ple, 

d^y 

is not a function of x, and hence the inquiry arises as to the propriety of the 

notation =/*^ (a*). It must be remembered that this form of notation is the 

d*u 

general form, and it is the general fact that ia a function of a*, though in 
apeeial caaca it may not be. 


Examples. 


1. Produce the Ist, 2d, 3d, and 4th differential coefficients of 
Operation, dg = 5«^d!a; — 9a;*d<; + dx, 'whence ^ = 6a;* — 9a;* + 1. Differ- 


entiating the latter 


dx 


= 20a; ^dx — ISrdr, whence 




= 20a*® - 18a? 


Again 


differentiating, = (60®* — 18)<iT, whence = COii;* — 18. Finally, 
= 120 ®. 


% If y^63^^3x, what is the ratio of the increase of y to that of a;, 
in general ? What is it when a;=l ? When a;=2 ? When £r=:3 ? 


Ans. In general, y increases lOa*— 3 times as fast as x. When 
^*ws|, y is increasing 7 times as fast as x. When a'-=:2, y is increas- 
itlg 17 times as fast as x. 

8. If y=2;*4-2a;^— a;-f 10, what is the ratio of the 3d differential of 
y to the cube of the differential of ir ? What is it when a:=l ? 
When a;=i ? When x=}? What is the name of this ratio ? 


4. If y=(a 4 - 2 :)**,H^hat is the 1st differential coefficient of the func* 
tion? What the 2d? What the 3dP What the 6ih? What 
the nth? 


3 


m(m-l) (»i-2)(m-3)(m -4)(o + »)— J, 


* See ibot-uote on preceding page. 
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6. Produce the first 6 successiye diflerential coefficients of 

y=-A +2fa:+ Cj? Da? + Ejif + Fjf + OF. 

207, Sen. — The successive differential coefficients of a function of the 
form A+Bx+Cx*+Dx^+ etc., or etc., arc readily writ- 

ten by inspection. Thus, call 2ir*-4>5.r*4-«—12,/(j*). Let /'(a?) mean the 
first differential coefficient, /"(*) the second, / '\x) the third, etc. We have 

• f(x) = + a* — 13. 

f'(x) = 4aj» - Ca** 4- lOa? + 1- 

/'"(«) = 34a! - 12. 

/‘v(3) - 34. 

f\r) z= 0. Here the processes terminate. 

Each of the above is produced from the preceding? liy n\ultipl 3 ring the 
coefficient of x in each term by the exponent of x in that term and diminish- 
ing the exponent by 1 . 

G, According to the method indicated in the last scholium, write 
out the successive differential coefficients of the function 3.r*-l-3af* 
-6a!* + 10. Also of Also of + 


SECTION VL 


TAYLOirS FORMULA. 


20^* Def. — Taylor^ 8 Formula is a formula for developing 
a function of the sum of Iwo variables in terms of the ascending 
powers of one of the variables, and finite coefficients which depend 
npon the other variable, the form of the function, and ils consfantd; 


200. Bep. — If u = f{x + y), i, c., if n is a function of the sum 
of the two variables x and y, and we differentiate as though one of 
the variables, as x or y, was constant, the difTorential coefficients thus 
formed are called Favtinl JOlfferenfUd Coefficients. The 
partial differential coefficients of «, when x is considered variable 

and y constant, are represented thus: eta 

ifi considered variable and x constant, wo write the coeffi« 
d*t( 
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210, Lemma , — If n = f(x + y), ihe partial differential co^ 

, du , du 

events ^ and are equal. 

DBM.—Having if ® take an increment, we have u-^drU* 

zsf{x + dc + y) ~/L(* + y) 4- dr] ; whence d^u = /[(ar + y) 4 . dJa*] -/(« + y), 
since a differential is the difference between two consecutive states of the func> 

tion. Again, if y take an increment, we have v 4* d^u ^/[x + y 4- dy) 

=/[(» + y) 4- dff] ; whence di/w =/[(x 4 y) 4 dy] + y)- Now the Jorm of 
the values of dzU and dpU, as regards the way in which x and y are involved, is 
the same ; hence, if it were not for dx and dy, they would be absolutely equal. 
Passing to the differential coefficients by dividing the first by dx and tho second 

by%,weh»ve ^ ^ . 

^ dx dx * dy dy 

But, in differentiating, the differential of the variable enters into every term ; 

hence /[(a; 4- y) 4- dr] — /(r 4- y), as it would appear in application, would have 

a dr in each term which would be cancelled by the dx in the denominator in the 

Coefficient, and would be independent of dx. In like manner is independ- 
ent of dy. Hence, finally, as these values of the partial differential coefficients 
are simply functions of (r y), of the some form, and not involving dx or dy, 
they are equal, q. £. D. 

III.— To make this clear, let = (r -i- y)^. Then d*w = 3(r -f y)*dr, or 
^ = 3(aj 4- y)*. Again, d^u =3{aj + y)*dy, or yf. Hence we see that 

du du ^ , du 1 , d?/ 1 , 

as = + y>' -di = r+y ' 

dx dy' 


211^ Probe — To produce TayWe Formula. 

SoLtrriON. — Let =yi[a; + y) be the function to be developed. It is proposed 
to discover the law of the development when the function can be developed in 
the form 

u =zf(x + y) = -4 4 J9y 4- <7y* 4 Dy^ + -4 etc., (1) 

in which etc., are independent of y, and dependent on x, the form of the 

function, and its constants. 

Supposing X constant and differentiating with reference to y as variable, re- 
membering that, as At B,C, etc., are functions of ar, and not of y, they will be 
considered constant, we have ^ 

^ = S + aCSr + + 4 2 ^» + etc. 


( 2 ) 
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Again, dilEerentiatlng (1) with respect to at, y being supposed constant, and re- 
membering that A, B,Ct etc., are functions of x, we bave 

^ = ^*+ + §?y’ + ^y‘ + etc. (8) 

4x dx dx dx dx dx 

Hence by {210) 

B+iOy+SVp' + ilSy*, etc. = ^ + ^y + ^y» + ^y<‘+ ^y*+etc. (4) 
dx dx dx dx dx 

Now, by the theory of indeterminate coefficients, the coefficients of the like 
powers of y are etiual, and we have 


J5 = 


dx * 


2(7 = 


dB 

dx* 


^dJO 

dx* 


dx* 


But as (1) is true for all values of y, we may make y = 0; whence 
A = f{x) = u * ; letting u/ represent the value of the function v, when y = 0. 
Now, as is Independent of y, it will have the same value for one value of ^ as 
for another ; hence A ^f{x) = u' is the general value of A. 

dA du' 

Again, J? = But as A = u', a function of x, dA = du\ and 2? = — . 

dx dx 


In like manner 2(7 = 
■"2 dc** 


dx* 


But as J? = dB = d(^^) 
dx \dx/ 


d^u' 

"dx* 


and 


8 ., 1 ..., •» 3J> . 2 .nd 8(7 = W (g) = I" f = ,5 S'- 


1 d*u' 


Similarly we find ~ '" ^"4 ’ series is apparent. 

Finally, substituting the values of A, B, C, etc , in ( 1 ), wo obtain 
. , du' y d*u* d'*u' v'^ d^v! y* 

„ =/ (» + y) = y I + _ I + etc, (6) 

which is Taylor’s Formula. 


212* SCH.— Taylor’s Formula develops «=/(aJ + y) into a series in 
which the first term is the value of the function when y = 0 ; the ieaothd 
term is the first differential coefficient of the function when y = 0, into y; 


the third term is the second differential coefficient of the function when 

jtf* 

p = 0 , into ~ ; etc., etc. 

E 


As it is/{ 4 J-f y) when y = 0, we may write /(*) for u\ and for f\x ) ; for 


/* W » J before explained. The formula tlM^|^ 

Domlg ^ 
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«=/(®+y) =/(*)+/'(») I + /"(»)^ +/"'(«) 

This is a very important method of writing Taylor’s formula, and diould be 
clearly understood, and firmly fixed in memory. 


^+/"(»)^+eto. (6) 


Examples. ^ 

1. Develop (a;+y)® by Taylor’s Formula. * 

du' 

Solution. — P utting u = we have u' = .j*, = Sir*, = 20x*, 

= COr*, = ISOar, and = 120. Here the coefficients terminate, as 
ftr djc* dJT 

the differential of a constant is 0. 

Substituting these values in (6) {21i), or <6) {212)^ we have 

u = (r4-3/)®= + 10a; 10 a;*^®-H 5a:y*4*y®. 

The same as by the Binomial Formula. 

2. Develop {x—yY by Taylor’s Formula, and compare the result 
with that obtained by means of the Binomial Formula. Also (.» + y)^* 
Also (ir— y)-*. Also (X’\-y) 

3t Show that 

« = log (r +y) = log 0 . + f - £ + ^ - £1 4- etc. 

4. Develop {x-^-y)*" by Taylor’s Formula, thus deducing the Bi- 
nomial Formula. 


213^ Taylor’s Formula is much used for developing a function 
of a single variable after the variable has taken an iiicrenient. When 
80 used the increment maybe conceited as liuite or infinitesimal, 
only so that it be regarded aa a variable. 

Ex. 1. Given y = 2^^ — a;* -b 5:*? — 11, to find y\ which represents 
the value of the function after x has taken the increment li. 

Solution. — In the function as given, we liave y = /(«), and are to develop 
y'=/(a; -f* h)» "By Taylor's Formula w© have 


, . dy^ d*yh* d'^y h* d*yh* . ^ 


From y =: <1^ 4* 6® — U, wo havo ^ =s 0^— 2» 4* 5, ^ 
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“ = IS^aiad eabjsequent differential coefflcieuta 0. Substituting these values 
djr ^ 

in the formula, we obtain 

y'=(8j:*-ie»+&e-ll)+(6**-8a!+6)A+(ia*-2)-+(13)— 

3 2*8 

== 2aj»--a)^-h6aj*--ll -h(6«*--2a;+5)A+(6a; ~iyi«+3A*. 

This result is easily verified by substituting x-^h for x in the value of y, as 
given in^the example. Thusi 

y'=s2(a;-4-A)*— (a!+A)*-i-5(aj+A)—ll ; 

a result which will reduce to the same form as the other. 

2, Given y=:3a;® — 2ic*, to develop y\ the value of y when x takes 
the increment h, 

SECTION VIL 

INDETEKMINATE EQUATIONS. 

214:. An Indeterminate Equation between two quan- 
tities, as X and y, is an equation which expresses the only relation 
which is required to exist between the two quantities. 

III. — Suppose we have 2.r-}-3y=7, and that this is the only relation which is 
required to exist between x and y. Then is + 3^=7 an indeterminate equa- 
tion. So also, if ~ -—h^scy is the only relation required to exist between x and y, 

this Is an Indeterminate equation. In like manner y* = 2x'^ — 8a? is an in* 
determinate equation if it expresses the only relation which is Required to exist 
between x and y. 

The propriety of the term indeterminate is seen if we observe tliat such on 
equation does not fix the values of x and y, but only their relation. Thus, in thb 
equation 2a? + 8y = 7, £F may be 2, and y 1, and the equation be satisfied. So x 
maybe 8, and y and the equation be satisfied. In fact, value may be 
assigned to one of the quantities and a corresponding value found for the other. 
Hence the equation does 7Wt determine the values of the quantities. , 

21S^ An equation between three quaft titles is indeterminate if it 
expressed the only required relation between the quantities, or if 
there is but one other relation required to exist. 

lllDL*-r^us,.lf 2a? + 6fl}=:10 is the only relation which is required to mdst 

and s, it is evident tliat the equation does not determine particalar, 
d tr^ y* 9o also if, in addition to tlm relation expressed 

it Is required;' that %x Iduill equal %, or ' these two 
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equations will not fix the valuea of x, y, and e. For if the forxnei 

equation becomes 9^-^52=:10^ which may be satisfied for ahy valuAof e« and 
a corresponding valae of y, as shown above. 

216» In general, if there are n quantities involved in any 
number of equations less than «, and these are the only relatione 
required to exist between the n quantities, the equations are in- 
determinate. 

217* In indeterminate equations the quantities between which 
the relation or relations are expressed are properly variables, i, e., 
they are capable of having any and all values.* 

III. — Thus in the Indeterminate equation 5^ — Bar = 12, any value may be 
assigned to and a corresponding value found for y\ or any value may be 
assigned to y, and a corresponding value found for x. 

r 

21S* There are, however, many classes of problems which give 
rise to equations which are called indeterminate, although they arc 
not absolutely so : in such problems there is some other condition 
imposed than the one expressed by the equation, but which con- 
dition is not of such a character as to give rise to an independent, 
simultaneous equation. Such an equation may have a number of 
values for the variables, or unknown quantities, involved, bub not an 
unlimited number. 

111.-— Let it be required to find the positive, integral values of x and y whicl: 
will satisfy the equation = 85. Now, if 2ar 3.y = 35 were the only rela 

tlon required to exist between x and y, there would be an infinite number oJ 
values of each which would satisfy the equation, as shown above. But there it 
the added condition that x and y sliall be positive integers. This greatly re 
stricts the number of values, but does not furnish another equation between a 
and y. We may usuaUy solve such a problem by simple inspection. Thus, in 

thi« ease, we have y = , Now, trying the integral values of x till 2a? be 

8 

comes gpreater than 85, i. e. till x = 18, we can determine what integral values 
of X give positive integral values for y. For a? = 1, y = 11. For a? = 2 
y = loi j hence a? = 2 is to be rejected. For a? = 8, y =x and a? = 8 is to be 
rejected. For a? = 4, y = 9 ; hence a? = 4 and y = 9 are admissible,, etc. 

[Note. — This subject is not of sufficient importance to justify our going into 
a general discussion of it. We shall content ourselves with a few practical 
examples concerning simple Indeterminate equations between two or three 
quantities, and these restricted to positive integral solutions. The chief thing of 
importance U the^ student eomprehend the nature of an indeterminate egua- 
ficn.] ‘ 

- — — 

* Thti ttstement i^vlrwni totiicIndeliDaghts^ '^nra 
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Examples. 

1. What positive^ integral values of a? and y will satisfy the equa- 
tion 5a;+7y=:5 

Solution. — We may write « = == Now 

to make a? positive we must have 7y<29; and as y is to be an integer it can 
only have values less than 5. Again, to render x integral must be integral^ 

or 0. Finally, as no value .for y less than 5 will render integral or 0, ex- 
cept y=3, this is the only value of y which fulfills the conditions. Hence the 
answer is y=3, .'C=3. 

2. What positive, integral values of x and y will satisfy the equa- 
tion lliP— 17^= 5? 

Solution. — We have x = ^ = y -b ^ this we see that any pos- 
itive value of y which will render integral, will meet the conditions. Put 

=w (an integer) ; whence y = =m-H6 - — - . To make this value 

of y integral — must be integral. Put — = s (an integer) ; whence m 

=6s 4- 1. Now any positive integral value for 8 will fulfill the conditions. Thus, 
put tf = 0 ; * whence = 1, y = 1, and a? = 2. Again, put s = 1 ; whence w = 7, 
y=: 12, and a; =19. For « = 2, m=18, yr=23, and ar=86, etc. Hence there is an 
infinite number of positive, Integral values of x and y which satisfy the equation. 


3. What positive, integral values of x and y will satisfy the equa- 
tion 2 l:r -f 1 7y = 2000 ? 


Bug's, x = 


2000~17y 


, 6~17y 

and — jri — = w. 


21 


y is < 118. 


Again x = 
6-4i 


2000~17y 


m is negative, and yrr — w + 


17 


21 
Whence 


=96+ 


6— 4w 


6-~17y 
21 * 


17 


and m = - - =1 — 4# +^-^ . « is +, and any value of s which renders 

0 or integral, and gives y < 118, will meet the conditions. 


s= 1, gives 

fn = — 8, 

y= 

4 and a; = 92. 

«= 5, 

« 

m = — 20, 

y = 

25 and x = 76. 

#=5f 9, 

u 

#»= -87. 


46 and x = 68. 

# = 18, 

« 

m = — 64, 


67 and #) = 41. 

# = 17, 

l< 

m = - 71, 

y- 

88 uid 

# = 21, 


#» = — 88, 

y = 

10i9aadc#= 7. 


f 9 li considered an ixuegor. 
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Since any greater value of s makes jf > 118, these are all the values of x and y 
which fulfill the conditions. 


4. find the positive, 
following : 

(a) 5x + lly = 

(c) 9;» + 13^ = 

(e) llx + d5y = 
(y) 117x - 128y = 
(/) 5z ± 9 ^ = 


integral values of x 


254; 

{b) 

7x 

2000; 

(d) 

17x 

500; 

(/) 

19x 

95; 

w 

39‘x 

40; 

(1-) 

Bx 


y which satisfy the 


+ 13^ = 71; 
= 542 — 11 ^; 
- 11 7t/ = 11,; 
4 - 2 % = 650 ; 
9^ = 37. 


Applicatioxs. 

1. In how many ways can I pay a debt of S2 with 3-cent and 
5-cent pieces ? 

Sug’s. — L et x = the number of 3-cent pieces and y = the number of 5-cent 
pieces required. Then we are to determine in how many ways the equation 
8aJH-5y=:200 can be satisfied for i>oeitive, integral values of x and y. 

We find it to be in 13 ways, as follows : 

19 22 1 25 I 28 I 81 87 

60 55 80 I 25 I 20 I 15 

This means that 1 5-cent piece and 65 3-cent pieces will pay the debt, or 4 
0-cent and 60 8-ccnt, or 7 6-cent and 55 8-cent, etc. 

2. A man hands his grocer 15 and tells him to put up the worth 
of it in 11-cent and 3-cent sugars. Can the grocer do it in even 
pounds? If so, in how many ways? What is the greatest number 
of pounds of the poorer sugar that he can use ? What the least ? 

3. In how many ways can a debt of £50 be discharged with guineas 

and 3-8hilling pieces? Not at all 

4. If my creditor has only 3-shilling pieces and I only guineas, can 
he so make change with me that I can pay him £50 ? Can I pay him 
£201 ? In how many different ways? What is the least number of 
guineas and 3-shilling pieces ? How is it if I have crowns instead of 
guineas ? How if I have guineas and my creditor crowns ? How if 
I have crowns and my creditor pounds ? 

5. In how many ways can a debt of £1000 be paid in crowns and 
guineas? 

, SuG.-rHaving obtained a few^of the poiwilble ot^ ai^ 

become evident. 
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1. wWt EW the poeitiye integral Talues of w, y, and z which 
satisfy -h Taf=l:<)0 ? 

Solution.— W« have « =s - ; wh«Qpe as 1 is Uie least valtie that jr 

or s can have, x cannot be greater than 29. Also y = ^ ; whence y 

cannot*be greater than 18» Also s= — ~ — ^ ; whence s cannot be greater 

than 14 * 

Write * = =88-y-a8+ . Hence mnit be en 

u O O 

integer. Put ; whence -tr From this we see 

that m is negative. 

Let us now proceed to examine in succession for £=1, £=2, 0=8, etc. 

For £=1. — For this value of £, aj=81— y— ^ , and y= — f» — ~ . From the 

o 4 

latter we see that m must be an even negative number ; and from, the former, 
that y must be a multiple of 3. Hence the following computation : 


For w = 0, y = 0, which is inadmissible. 

For m = — 2, y = 8, and a? = 26. 

For m = — 4, y = 6, and a? = 21. 

For m = — 6, y = 9, and x = 16. 

For m = — 8, y = 12, and a? = 11. 

For m = — 10, y = 15, and « = 6. 

For w = — 12, y = 18, and a? = 1. 


Since the values of x decrease as m increases numerically, and 1 is the least 
admissible value of x, we have all the values of y and x whidi correspond to ' 
» = 1 . 

Fob £ =s 2. — For this value of £, » :^ 28 — y 4- ^ , and y :?» ^ m 


1 -f w 
2 * 


From the latter we see that m mnst be a negative odd number ; : 


and from the former, that y must be 1, or a uziit more than a multiple ot • 
Hence the following computation : 

For fu = — 1, y = 1, and x = 27. 

For m 8, y 4, and jr = 22. 

For m 5= — 5, y « 7, and oj sk 17. 

For fit = — 7, y = 10, and x == 13. ^ 

• ^ For wisBr — 9, y s= 18, and j» =s 7. 

Formsa— 11, y«16, and^B:^ 2. 

— ' 1"^ i 

; V Of OTTM neednot com* up to th«« limits. 
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ile other Talaes are oa follows : 


•=8 

11 II 

\i\ 

1 ^1 
lisl 

11 1 
sl 

l‘J|, 

0=4 

(y= 81 
U=19| 

i.:i 

9 

9 

r.h 

0=5 

{•zil 

i>;i 

1 10 1 

1 0 1 

1 * 

0=6 

<y= 81 

(it=16 1 

61 
11 1 

8 

6 


il 

(y= 8 1 
la=t3l 

1 ^1 
1 71 

1 ^ 1 
1 2 1 

1 > 


0=8 

l>=18 1 

t\ 

7 

8 

h 

0=9 

ISSI 





0=10' 


f 



0=11 

i:si 

1 ^ 1 
1 1 1 

1 » 



0=12- 

1 

l.'3l 





2. What positiye, integral values of x, y, and z satisfy 17x 4- 
+ 21z = 400 ? 

Sua. — ^There are 10 sets of values. 

3. What positive, integral values of x, y, and z satisfy 5x 4- 7^ 
+ 11« = 224? 

4. What positive, integral values of x, y, and z satisfy Gx 4- 85 

4* = 13 ? Also 2x 4- 3y 4- = 41 ? 


If the conditions of a problem furnish less equations thar 
unknown quantities, the problem is indeterminatey and in genera 
can have an infinite number of solutions. But if the solution be 
limited to positive, integral values, it can be effected as above. Thus, 
if there are two equations and three unknown quantities, one of 
the unknown quantities can be eliminated and the resulting equation 
solved as heretofore. In like manner if there are three equationg 
and four unknown quantities, a single equation between two may be 
found and solved ; or if four unknown quantities and but two equa- 
tions, a single equation between three unknown quantities may be 
found and solved. 

Examples. 

1. Given 2a; + 5y 4- 3jr =s 61, and 10a; 4- 3y 4- 3« = 120, to find all 
the positive, integral values of a;, y, and *. 

2. Given 3a; 4* 6y 4- 7* =5= 660, and 9a; 4- 26y 4- 492; 2920, to find 

all the positive, integral values of y, and z. 

3. Given 2a; 4- — 82; =* 10, mi 4- 8* si to all 

the positive, integnd values of z, y^ sad s# 
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Applications. 

1. I wish to expend #100 in the purchase of three grades of sheep, 
worth respectively #3, #7, and $17 per head. How many of each kind 
can I buy ? In how many different ways can I make the purchase ? 
How jnany of the first two kinds must I take in order to get the least 
possible number of the third kind ? 

2. A merchant has three kinds of goods. The value of 20 yards 
of the first, less the value of 21 yards of the second, is $38 ; while 
the value of 3 yards of the second and 4 yards of the third is $34. 
What is the price per yard of each kind, the question being restricted 
to even dollars ? What if the latter restriction be removed ? 

3. In how many ways can I pay a debt of $171 with $20, $15, and 
$6 notes? What is the least number of $20 notes that I can use? 
Of $15 notes ? What the greatest number of $6 notes ? 

4. A farmer has calves worth $10, $11, and $13 per head. What 
relative number of each must he take and sell them at the uniform 
rate of $12, without gain or loss ? If he is to sell only 15 animals, 
how must he select them ? 

5. A man bought 124 head of cattle, viz., pigs, goats, and sheep, 
for $400. Each pig cost $4^, each goat $3-J, and each sheep $1^. 
How many were there of each kind ? 

6. A grocer has an order for 150 pounds of tea at 90 cents per pound, 
but having none at that price, he would mix some at 75 cents, some 
at 87 J- cents, and some at $1.00 per pound. How miicli of each sort 
must he take ? 

Suo*8, — The nature of the 4tU and 5tU problems restricts their solutions to 
positive integers. The 0th is, however, only restricted by its nature to positive 
numbers ; they may be fractional as well as integral. 

[See Complete School Alqebea, subject AUiffotion,'] 

7. What quantity of raisins, at 10 cents, 18 cents, and 20 cents per 
pound, must be mixed together to fill a cask containing 150 pounds, 
aud to be worth 19 cents a pound ? 

S. A wheel in 36 revolutions passes over 29 yards; and in « of 
^volutions it describes s yds., y ft, and 5 in. What are the 
oif x, y, and « ? 
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[Note. — T his subject, though properly geometrical, is introduced here for the 
purpose of the elegant and clear illustrations which it affords of the abstract 
principles of the subject of Higher Equations. It is thought that the aid which 
it will afford the pupil in comprehending th^ principles of the succeeding chapter 
will more than compensate for the time required to master this. Moreover, the 
subject of Loci of Equations is of prime importance in a mathematical course, 
and is always pursued with pleasure by the pupil. No geometrical knowledge 
is required in reading this chapter, farther than the ability to draw and measure 
straight lines.] 


221 . JProp. — jEIvery equation between two variables^^ having 
real roots, \ may he interpreted as representing some line either 
straight or curved. 


This proposition will be made sufficiently evident for our present purpose, if 
we show how such equations can be made to represent lines. This we shall do 
by means of particular examples. 


Examples. 

1. Draw the line represented by the equa- 
tion y = 2a: -h 6. 




i ' 

i. 


lY' 

Fia. 1. 


Solution, — First, in all cases, draw two straight 
lines, as X'X and YY',at riglrt apgles to each other, 
as in the figure. Then, in the equation y = 2® -f- 0, 
assign values (arbitrarily) to Xt and find the corre- 
sponding values of y. Thus, 


If a:=0. 

0, 

1 Al80,if «=— 1, y= 

4, 

” ®=1, 

8. 


a?=— 2, 

2, 

« a;=2. 

y=10, 

** 

aj=— 8, y= 

0. 

" a;=3. 

y=12. 

it 


-2,. 

« »=s4. 

y=i4. 


5, y=-4, 

etc.. 

etc. 


etc., etc. 



Haring computed a few corresponding values 
of X and y in this way, wo proceed with the figure, 
as follows : Measure off a distance A 1 to the right 


* This means simply, * ** baling two vaHables, and only t^^ ln it** 

t The geometrical Interpretatioa of tm a glnmy lod dosii not otimb wtttiln oar pr sss n t 
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of A, of fiome oonveniemt 10ng:tH» and call it the unit of di^nees. Draw b 1, 
at 1, perpendicular to AX« and make it 8 units long (t. e., 8 times as long as Al). 
Now, d is at a distance 1 to the right of the line YY', and 8 ab&ve the line X'X, 
and is hence a point in the line which our equation represents. In like manner, 
find the point c, 2 to the right of YY', and 10 above 
X'X ; and e is another point in the line represented 
by our equation. Again, when « = 8, y = 12. 

Hence, lay off three units to the right, as to 8 in the 
figure#and draw d 8 peipendicular to X^X and 12 in 
length. Then is d another point in the line we 
seek. When a; = 4, y = 14. Hence e is a point in 
the line ; since it is 4 from YY', and 14 from X'X. 

W’^hen aj =: 0, y = 6 ; whence a is .a jjoint in the 
line, as it is 0 distance from YY', and 6 from X'X. 

For negative values of a?, we have, when £c = -- 1, 
y = 4. Now, laying off negative values of x to the 
left from A, since we laid off positive values to the 
right, we measure from A to —1, the unit’s distance, 
take fl equal to 4 units, and thus find the point f. 

When a? = — 2, y = 2, and g is the corresponding 
point. When aj = — 8, y = 0 ; whence ^ is a point 
in the line, as it is 8 to the left of YY' and 0 above 
X'X. When » = — 4, y = -— 2. As this value of y 
is negative, we lay it off below X'X. Thus, taking 
from A to —4, a distance of 4 units, and from —4 to e, a distance of 2 units, i is 

a point in the line. Thus also A; is a point in the line, since when a? = — 5, 

y = — • 4, and k is taken 5 to the left of YY' and 4 
below X'X. 

This process might be continued indefinitely, 
both for positive and negative values of x. We 
might also use fractional values of a;, as a; = 
a; = a; =: 2^, etc., and, finding the corresponding 
values of y, locate points between those found by 
taking integral values. 

Finally, joining the points e, d, c, &, a,/, g, h, i, 
ifc, we have the line MN, which is represented by 
the equation y = 2aJ 4- 6. This line does not stop 
at M and N, of course, since we might produce 
it indefinitely either way, by continuing to take 
larger and larger values of x (numerically). In 
this case it is easy tosee that the line is an indeft^ 
nite straight line. 

2. What line is represented by the equa- 
tion y = 6 ? (See 3.) 

compute a table of corresponding values of x and y, as in the 
pxeeeding eah^ple ; and then locate the points thus designated. 



Fig. 8. 
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3, What line is represented by the equation y = — 2a;+4P (See 
Fig. 4.) 

Definitions. — The assumed fixed 
lines X'X and YY' are called the Axe» of 
Meference, or simply the Axes* A is 
called tlie Origin* X'X is the Axis ofAb^ 
scissasy and YY' the Axis of Ordinates. 
The distance of a point from the axis bf ab- 
scissas is called the Ordinate of the point ; 
and the distance of a point fix)m the axis of 
ordinates is called its Abscissa. The ordi- 
nate and abscissa of a point taken together 
are called its Co-ordinates. 

Abscissas measured to the right from the axis of ordinates are 
and those to the left — . Ordinates measured above the axis of 
abscissas are + , and those below — , 

4 to 13. Draw as above the lines represented by the following equa- 
tions: y—aj + S; y=--a;4*5; — a;—5; y=:4.'r+6; 

y=4a:— 6; y= — 4a;H-6; — 4a;— 6; 2a;— 3^=— =2. 

Suo. — ^Put such equations as tlie last two into tbe same form as the others 
before proceeding with the solution as above. 

223. Def. — T he line which is represented by an equation is 
called the Locus of the equation; and drawing the line in the 
manner indicated, is called Constructing the Locus of the equation. 

14. Construct the locus of the equation y = 



Y 

X' 

4-tr4 i— 4 — ■ ■■■j X 


JiH i * -9 t 


Y 


Fia. a 

Solution. — F or a? = 0, y = 0, For ar y = — f , 

« a? = i, y = " a; = — 1, y = — i, 

« a? = i, y = I, " ar = — 2, y « — f , 

^ a?=rl, y=ri, " a: - 8, y =c — iVt 

« <B5s 2, y = t, “ — 4, ys; — 

" a)=8, y=sA# etc. 

" <»=r4, y=s #. 




Aim 


. XiUUi^ 4JJB 

Now, laying oft on the axla of abeoissaa to tlie right distancee equal to 
1, 9, 0, l^d 4, on some oonvenieut scale/ and at these points erecting ordinates 
equal respectively to f , f , A'» ^nd iV of the same scale, we find the points a, 

b, c, d, e, and/ of the locus. We also see that If we continued to give x greater 
and greater values, y would continually grow less, but would only become 0 when 

2 ! = 00 , for then we should have y = = ~ =-= ~ = 0. 

" 1-h** a?* a? oo 

In like manner laying off the negative values of Xy and the correspcmding 
valuq^ of y, we find the points a\ c\ d\ e\ and/', and also find that y dimin- 
ishes numericaUy as x increases numerically, and that for x negative y is 
always negative, and only becomes 0 when a;=: — oe. Hence, the curve ap- 
proaches the axis of abscissas to the left from below, as it does to the right 
from above, reaching it in either direction only at an infinite distance from the 
origin. 

A line sketched through the points found represents the locus sought. 




15 to 18. Construct the loci of the following eciuations : 
6f (see Fig,Q)\ (see Fig, 7); y=a;*— 

(see Fig, 8) ; 3a; + 5 (see Fig, 9). 



ftifite quantity 1, as prodiicIzM; no effSct when addad to the t&Aaite se*. 

in the locue, it 1» ofton neceiwary to attribute fractional vaittea to ta. 
to akeitih the carve from a to o', we seed an intermediate point If there H 
the charier of the curve between two points, resolve the do^H in this way. 
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^ to 28. Construct the loci of the following equations: 

— 6a:®+4 (see My. 16); y=a:*+2a:*— 3a;*— 4a:+4 (see Fiy. 16) ; 

yaca:*— 9a;*+4a?+12 (see Fig, 17); 2a;*-^7a;*— 8a;+16 (see 

ig, 18) ; and^=:a;*H-a;*+a?4-ic+l (see Fig, 19). 



PiO. 17. Fio. 18. Pio. 19. 


29. Construct the locus of the equation y=:a;*4*4a;*— 14a;*—17a;— 6. 


Bug's. — In attempting to construct this 
locus, it is necessary to give x values from 
—8 to -4-2, including these values, and also 
to obBt='rve the character of the locus beyond 
tliese limits. But it will be found that for 
some values of x between these limits, y is in- 
conveniently large. In sketdiing the figure, 
we may use one scale for laying off values of 
a?, and another for laying off values of y. 
Thus in the figure given, the unit used for X 
is 6 times as great as that used for y. This 
is equivalent to constructing the locus fiy^r'’ 
4-4iC^-~ 14a!*— 17ay — 6, or y = ^x^ + ^x*—ix* 
— ^x — 1. This locus has all tlie peculiar- 
ities of the one required (that is, all the turner 
fleiures, or bends), but is mrtof the same pro- 
portions. The portion represented is 6 times 
as wide in relation to its length as the re- 
quired locus would have been. 

41. Construct the loci of the 
using a smi^r 
g than for a, as explained in 
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the suggestions above, when more oonvenient ; y = i,’*— 2x — 15 
y z=zQ^ ^ lOx 4* 26 ; y = ar* — 3ir* *- Sx — 10 ; 
y = 12a;* 4- 13a? — 15 ; y = a;* — a?*— 8a; 4- 12 ; y = ar* — 2a;* 

— 25a; + 50 ; ^ = a;*— 2a;*4- Sa? — 16 ; y = a;* 4- 2a;*— 8a;*— 4a; 4- 4 ; 
y = a;*— 6a;* 4- 5a^ 4- 2a; — 10 ; y = a;* 4 - 5a;* 4- a;*— 10a;*— 20a; — 16 ; 
and y = 5a;* — 4a;* 4* 3a;*— 3a;* 4- 4a; — 5. 

« 

224* JPvoh^ — To construct the real roots of an equation contain- 
ing only one unknown quantity* 

Solution. — Put the equation in the form /(£r) = 0, then write y=:/(a?). 
Construct this equation, and the abscissas of the points where the locus cuts the 
axis of abscissas are the roots of the equation /(a*) — 0. This is evident, since 
for these points, and for these only, y = 0, and wo have /(a?) = 0. 

Examples. 

1. Construct the real roots of the equation a;®— 3a; — 2 = 0. 

Solution. — We will first write y = a?*— 3a; — 2. Now, for a; = 0, y =r — 2 ; 

for a* = 1, y =. — 4 ; for a* = 2, y =r — 4 ; 
for a; = 3, y — — 2 ; and for a; = 4, y=3. 
Hence wo sec that the locus of the equa- 
tion y = Sa* — 2, cuts the axis of ab- 
scissas between a; = 8, aud a; = 4, since it 
passes from below the axis of abscissas 
(where y is — ) to above this axis (where 
y is 4-). There is therefore a root of as* 
— 8a — 2 = 0 between 8 and 4. To con- 
struct this root, we sketch the curve be- 
tween a* = 8 and a? = 4, by finding the 
values of y for a few intermediate values 
of O’, and then sketching the curve. l''hus 
for af = 81, y = — 1 ; for sc = SJ, y =: Sketching the curve mn, through 

these points, we find by measurement Aa = 3.56, as an approximate value of x 
In the equation a;* — 3a; — 2 = 0. (Verify by solving the equation.) To construct 
the other root, we notice that for a; = 0, y = — 2, and the curve cuts the axis of 
abscissas again at the loft of the origin (probably, as it certainly docs not cut it 
again at the right). Now, for a; = — 1, y = 2 ; whence we see that the locus 
cuts the axis between a; = 0, and a? s= — 1. For a;= — 1, yss*— 1; and for 
a; = — 1, y = If. Sketching the curve through these points, we have m'n' ; 
and measuring A a', we find the other value of a; to be —.56. 

Suo. — ^For constructing the approximate roots in this manner, as we only 
need to sketch a small portion of the locus, in the vicinity of its Idtersectlcm with 
the axis, we can use a much larger scale than would othervrise be prallfIpahAv* 
and thus obtain a nearer approximation. With good Instruments and imipleili, 



Fie. Sl. 



203 


mOHEB SaVATIONS. 

we can usually' construct the root with tolerable accuracy tohundredtlis. When 
the locus cuts the axis quite obliquely* the approximation cannot be made as 
accurate. 

2 to 7. *Ag above, construct the real roots of the following: 

cc* - 12a;* + 36a; - 7 = 0 ; a;* - a;* - 10a; + 6 = 0 ; 
a;* — 7a; + 7 = 0; a;^ — 12a;* + 50a;* — 84a; + 49 = 0; and 

2a;* - + 10a; = 9. 

ScH. — This method of approximating the roots of equations geo- 
metrically is not given as a good practical method ; but simply to assist the 
learner in comprehending some subsequent processes, and for its geometrical 
importance. 


OHAPTEB III. 

UIGUER EQUATIONS. 


SECTION /. 

SOLUTION OF NUMERICAL HIGHER EQUATIONS HAVING COMMEN- 
SURABLE (OR RATIONAL) ROOTS.* 

226. Equations of higher degrees than the second are called 
Higher Equations (6-10 ^ or same in Complete School Algebra). 
No general, practicable method of resolving such equations is known. 
Theoretical solutions of equations of the third and fourth degrees 
(cubics and biquadratics) are known ; but these solutions are 
attended with practical difficulties in many cases, which render 
them nearly or quite useless. We are, however, able to obtain the 
real roots of Numerical Higher Equations, in all cases, either exactly, 
or to any required degree of approximate accuracy. 

22V. The Beal, Commensurable Roots of numerical equations are 
usually found with little difficulty % the methods given in this 
section. 


. ^ root (or number) in one which can be exactly expreMMd in ihd decimal 

In «a integral, fractional, or mixed form. Thus, ^ V*. die., are cosh 

4^^ m. etc., are Incosunenailrable. 
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JPl*Op, — J^very equation with one unknown quantity 
haviny real and rational co^cients^ can be tramfomied into at 
equation of the form 

x«H- Bx”-=4- - - - - L = o‘ 

in which the exponents are all positive integers^ the coefficient of ii 
1, and the coefficients of the other terms^ A, B, C, etc.^ and also th 
absolute term L, are integers, « 

Dem. — 1st. If the unknown quantity orcurs in any of the denominators in th< 
given equation, remove it to the numerator by clearing of fractions. If then 
are then any negative exponents, multiply each term by the unknown (juantitj 
with a positive exponent equal to the numerically largest negative exjmnent 
Then unite the terms with reference to the unknown quantity, and write then 
in order with the term containing the highest exponent, at the left, and so thai 
the exponents shall diminish toward the right, transposing all the terms to th< 
first member. The most complicated form which can then occur is 

^1/' + +j.y‘ ■ - • - 1 = 0, ( 1 ) 

in which any or all of the exponents may be fractions ; and ^ > ~ > f , etc 

n a 

Is supposed. 

2d. To free the equation of fractional exponents, substitute for the unknowr 
quantity a new unknown quantity with an exponent equal to the least commor 
multiple of the denominators of the exponents in the equation. Thus, in (i; 


put y =: 2 "*, whence y*^s^, y' z= and y* = These values substituted 
in the equation, wdll evidently give an equation of the form 

V + ^ *«-‘+ >*"-» . - . . / = 0, (2) 

0 d J 

in which all that is essential concerning the exponents is that they should be 
all positive integers, decreasing in value from left to right, since iu (1] 

m r ^ ^ 

*->*-><, etc. 

n s 

8d. Kow divide by the coefficient of r”, and let the resulting equation b« 
represented by 

- - - - r=o. «8) 

d f 

iPinally, put e , and substitute in (8), thus obtaining 

K 


^ c a?*- 


- - - 1 = 0. 


d' 

Multiplying (4) by and representing the absolute term by Z, we bate 




- Z=:0. 
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]K>w ^ be SO taken that these numerators urill be divisible bj the denopobm- 
tors, and the quotients represented by -4, J5, (7, etc., we have 

.... XssO, 

the form required. 


Examples. 

l..Tran8fonn i + fa;"* + ~ a fomqi 

having positive integral exponents and coefficients, and having the 
coefficient of the highest power 1. 

Solution. — IM ultiplyiug by a®, wo have 

2aj*. (1) 

Multiplying (1) by a* *, we have 

.c*H-‘,+!|j'^^=2*'^VjJ-^+ar*-2j!*. (3) 

Putting r=y‘’, there results 
a/’" + 

Arranging with reference to the highest i>ower of 

g 

Finally, put y = ^ » whence 

i!!_ 5g” 8«” 

12A:” 4:”' 24;®* ■*■ 2^'" 44;'* ^ g - 


4 8 


Now, if 4: be made 12, this equation will be of the required form.* 

g g>® 

Notice that as a; = y®, and y ^ , a* = ; so that, if the value of S could 

be found, the value of ,v would be known by implication. 


2. Show as above how to transform the following 

^/if\ ^6^ .1. Aj/ ^ U- ^ = i Urn Aw* — 


(a) 2y~^ + iy~^ + ^ ~ 
(5) |_3*+4a:*-l = l; 

(<,) ^ = 

1 +®* 

' it) - 3 ®^; 


y + 1/ - iVr^; 


fjN -a-'+a. 

W i + ar‘ *+a ’ 


. a: = Vl — *• 


etileiltiiitieii would be tedious, and as it is our present purpose simply to show the 
t i0i the transformation, and the method of making it, the atihititntlou la uuneoessary. 
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229 * — Since every equation with one unknown quantity, and real 
and rational ooefficients, can be transformed into one of the form 

X=0, (1) 

this will be taken as the t 3 rpical numerical equation whose solution 
we shall seek in this and the succeeding sections; and we shall 
frequently represent it by /(a)=:0, read function x equals 0.*’ The 
notation f{x) signifies in general, as has been before explained, simplj 
any expression involving x. Here we use it for this particular form 
of expression. We shall also use f\x) as the symbol for the first 
differential coefficient pf this function. 


230. JProp . — When an equation is reduced to the form x* 
4* Ax"“* -I- Bx*~* 4- Cx“"* - - — L = 0, the roots, with their sigm 
changed, are factors of the absolute {Jenown) term, L. 

T>KM. — Ist. The esquation being in this form, if ^ is n root, tin* function ig 
divisible by a?— a. For, suppose ujwn trial ar—a goes into the polynomial 
+ + , etc., Q times wUJl a remainder It. {Q ri*prt*scnts any wrics of teriug 

«wliich may arise from sucli a division, and R any remainder.) Now, since thei 
quotient multiplied by the divisor + the remainder, equals the di\idend, w<! 
have (iT— <?) 6V'“* - - - - Z. But this polynomial =r 0. 

Hence (x^a) Qa-R'=0. Now, by liypotliesis a is a root, and consequently a— a 
=0. Whence .B=0, or there is no remainder. 

2d. If now iT— rt exactly divides a'« + yl.r**~* + — - Z, a must 

exactly divide L, as readily appi'ars from considering the proresa- of division, 
Hence —a is a factor of L, a being a root of the equation, q. e. d. 

231. Cor. 1. — Ifo, is a root q/’f(\)=0, f(x) is divisible bg x— tt; 
and, conversely, if f(x) is divisible by x — a, a is a root of f(.\')=:0. 

Bek. — ^T be first statement is demonstrated in the proposition, and the second 
is evident, since asj/Xi) is divisible byir— -ff, let the quotient be (p{x); whence 
{x^a) <p(ir):s:0. Now a*=rt will satisfy this equation, since It renders cc--rt=30, 
and does not reader <p{r) infinity, since by hypothesis « does not occur in the 
denomhiator.* 


232* !PTop*'^J(f the coefficietds and absolute term in x"4-A.x*’* 
4 -Bx"”‘*4‘Cx**’* - - - L=0, are all integers, the equation eanhqeqjj^ 
HO fractional root. 

I *i/* '■ 

a Could there he a term of the form — in *p (x), x»a would rendarM Q»k«dd 
a*— <» > 

bed K o», which is iudetermllMiie. since 0 HrnmOtt 
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]>SM,--Snppp^ in this equation a* s= 7, - being a eimple fraction in Its lowest 

f t 

terms. Bubstituting this value of (r, we have 

ZL ^ B — + C~ Z=0. 


Multiplying by f*-* we obtain 

|^+4«*->+J5««"-«+CW-> i«»-'=0. 

Now, by bypotbcais, all the terms except the first are integral, and the first is a 
simple fraction in its lowest terms, as by hypothesis a and t are prime to each 
other. But the sum of a simple fraction in its lowest terms and a series of in> 

tegers cannot bo 0. Therefore x cannot equal a faction. 

t 

2SS* Sen. — This proposition does not preclude the possibility of aurd 
roots in this form of equation. These arc possible. 


234. Prop.— -An equation f(x) = 0 (229) of the nth degree, 
has n roots (if it has any *), and no more* 

Dkm.— L et « be a root of f(x) = 0, which is of the wth degree. Dividing 
f(x) by ir — {231)t we have ip{x) = 0 , an equation of the ( 7 i~l)th degree; 

Let 6 be a root of <p(;r) = 0,and divide <p(;r) by x—b {2H1). Call the quotient 
9 ' (a:), whence <p' (r) = 0, an equation of the (n— 2)th degree. In tliis way the 
degree of the equation can bo diminished by division until, after n—l divisions, 
there results <p^ {x) f of the first degree, and the equation is IzzO. Tlmrefore 
f(x) =s (x — ,«) <p(x) = (.T-a) (x ~ b) <p'{x) = (;c — a) (x - h) {x - c) 9" <4 

, =5 (a; — rt) (a; — 6 ) (j — c) (a? — ^) ■= 0 ; 

t. e,, f(x) hltresolvable into n factors, of the form x — m. 


♦ Wc shall <»iswne that every equation hat* a root real or Iraauinary ; I. that there I# fome 
Una of oxprcgstoii which sul)»titt^Kl for the unknown quantity will aatitiry the equotton. St 
is shown In works treating moro largely upon the theory of equations, that the •'eneral form of 
a root Is O' + ^ When 0, the root is real. The ^renml dcraonstrafion of this propOf 

sitlon Is loo al)8truse for an elementary treatise. That every equation of the form 0 *"+ 

+ • ZsO {9ia0) has a real root when n is an odd number, aiul also 

when n Is an even number If t be negative, is very simple. Thus, if n is odd, and t f * wlwhif 
Is made - » the value of the first member Is - ; and when x Is 0, the value Is . Hence 
a; posses from ~ eo toO. the function changes sign, and bonce must pass tbrooghU t 
some value of e between - ao and 0, the equation la satisfied. In like manner, if Z is 
m « 0, the Ihnction Is and when a? = 00 the Ainctlon is +. Henw some vatiio ofas 
^Oand 4^ CO, satisfies the equation. It follows from this that in an equation of au odd degn^V 
If tba|^htte term is there is at least one real, mgoHve root ; and if Die absolute 

)M«t. nne real, nn^n^ nwtr.. 
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Now, as O' =: or X rr A, or T =r any one of the quantities a, A, c - - • - f, 

will render /(t) equal to 0, each one of these will satisfy the eqikation /(jr)5=:0L 
Therefore tliis equation has n roots. 

Again, since it is evident tliat we have resolved f{x) into its prime factors 
with respect to j, there can be no other factor of the form x^m in / (r), hence 
no other root of /(? )=r0, and this whether m is equal to one or more of the roots 
a,b,e - • - - 7i, ornot. Therefore /{*) =r 0 has only n roots. 

23Sm Cor. 1. — The pH>lynominl Bx"~“+ Cx®”*- 

L, or f(x), = (x — a) (x — b) (\ — r) - - - - (x — 1), in which 
a,b, c--- - 1 are the roots f (x) = 0. 

230. Con. 2. — The equation f (x) =0 may have 3, 3, or even n 
equal roots, as (here is no incotisistency in supposing a = b, a = b 
= c, or a = b = c = - - - - \,in the above demonstratiovu 

237m Con. 3. — Imaginary roots enter into equations having only 
real coefficients, in conjugate pairs [223, Part I.) / that is, if f(x)=0 
has only real coefficients, if it has one root of the form of + 1, 

it has another of the form a — 1 ; or, if it has one of the form 

/8V — 1, it has another of the form — p's/ — 1. 

This is evident, since only thus can /(aj)=(a!— ft) (a?— A) (u—c) - - - - (a?— a) ; 
that is, if one root, a for example, is *->1, there must be another of the 

form a-rft V— 1, in order that the product of these two factors shall not involve 
animaginary Thus, [r— (a-h/5 V—1)] x [a?— (a~-/5 1^— 1)]=®*— 2ac-h(cr*+ 
a real quantity. So also (r — ^ V — 1) {x -^p = »•-+- P*, a real quantity. 

But if tl]^ assumed imaginary roots be not in conjugate pairs, the product of the 
factors {x — a) (x —A) (« ~ c) - - - -*(t — ?) will involve Imaginaries. 

23Sm Cor. 4. — Hence an equation of an odd degree must have of 
least one real root ; btU an equation of an even degree does not neces* 
aarily have any real root, 

230* Cor. 5. — Jf an equation has a pair of imaginary roots, the 
hnown quantities entering into the equation may he so varied that the 
two imaginary roots shall first give place to two equal roots, and then 
these to two real and unequal roots 

As shown above, imaginary roots arise from real qaadratljC factors in, f{x), 
SM x*-^2ax + A he such a quadratic factor, whence x*^2aa A ss 0 falhito 
y(,t) = 0, and ft ± Va* A are the corresponding roots of f{x) w 0* 

A > ft*, tliese roots are Imaginary. If, however, A diminishes or ft 
Ixitlii change thus together), when A s=; ft* the two imaginary rpots 
we have in their place two real roots, eacli ft. If the same cliangc I4 
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jo&tifiues, 60 that a* becomes greater than 5, the two real, equal roots in turn 
l^ye place to t^o real, unequal roots. Now as a and b are functions of the known 
quantities of the equation /(or) = 0, such changes are evidently possible. 

240 » Sen. — That an equation has a number of roots equal to its 
iegroe, is illustrated geometrically by the fact, that, if we write y= /(a?) and 
construct the locus, we shall always find that a straight line can be drawn 
(o as to cut the locus in 1 point and only 1, if /{jt) is of the Ist degi’ee 
Ex’s.. 1-13, Chap. II.); in 2 and only 2 points, if f{x) is of the 2d degree 
Ex’s. 15-18, CuAp. II.); in 3 and only 3 points, if f{x) is of the 3d degree 
Ex’s. 19-23, Chap. II.); in 4 and only 4 points, if /(r) is of the 4th degree 
Ex’s. 24-28, Chap. II.), and specially illustrated by the line X/ X„ {Fig, 20), 
5tc. 

241» Sen. 2. — The fact that imaginary roots enter real equations in 
mirs is also beautifully illustrated by the loci of equations. Thus the equa- 
ion a?-'— 3 j* f-5=0 has two imaginary roots, and no real roots. Now, by ref- 
jrcncc to Fig. 9 of the preceding chapter, we see that the locus of 3a? 

f 5 docs not cut the axis of abscissas at all; i. «., that no real value of a? wdll 
pveytj)—^. But, if the equation were so modified as to make each ordinate 
mly V less than it now is, i. if 3a!-i-S, we should 

lavc the same locus, but changed in jjosition so as just to 
ouch the axis of .r, as in r, thus giving f{x)=sO two real and 
'qual roots. If, again, we wrote y=a;*--3®— 3, wc should have 
he locus referred to the axis A''X", ttnd/(a?)=0 would have 
-wo real and unequal roots. Thus we see, conversely, how 
wo real, unequal roots can pass into two real and equal roots 
)y a proper change in the equation, and how by a further 
!hange two equal real roots disappear at a time^ passing into two 
mnginary roots as the equation changes form. All that is 
iccessary in this change in the form of the eciiiation is a pio- 
>er change in the absolute term. 

Again, consider Fig, 14, and the corresponding equation 

0. First W’C observe that as this locus cuts the axis of z 
hrcc times, there arc thivc real roots. Now change tlie absolute term —6 
ly allowing it to increase gradually, becoming -~5j, —5^, —5, etc. We shall 
ind that tlie axis of a? moves down, and the two roots A d and kf approach 
jquality, first becoming equal when the axis just touches the lowest point « 
)f the curve, and then both becoming imaginary together. 

Or, in conclusion, this matter is illustrated by the fact that whatever the 
iegree.of the equation /(;r)=0, if w^e construct the locus of y =/(*), we shall 
ind w^ can draw a straight lino which will cut the curve in a number 
to the degree of the equation, and that if the line gradually 
mum It^is position so as to cut the curve in any less iuiml>er of points, 
be found first to run two intersections together, convsqwmding 
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to a change of two unequal roots into two equal roots, und then drop out 
these intersections, corresponding to the introduction of two imaginary 
roots at a time. 


2d2m ^rop* — Xf the equation f(x)=0 hoe equal rootSy the highest 
common divisor of f(x) and its differential coefficient^* ^(x)> being 
put equal to 0 , constitutes an equation which has for its roots these 
equal roots^ and no othe^ roois,f 

Dem. — ^L et a be one of the m equal roots of /(aj)=0, and let the other roots be 
- • 1; then f{T)={x—a)^ {x—h){x—e) - - - - (ar— 1){23S). Differentiating 

(132) and dividing by dx, we have 

i) (r—e) - - - - (ar— rt)"* (ar—c) (a;— 1) 

. . . - + (x—b) (x—c) - . - - -f- etc. 

Now («—«)**“* is evidently the highest common divisor of f(x) and f'(x), and 
ssO is an equation having a tor its root, and having no other. 

In a similar manner, if has two sets of equal rt)ots, so that 

f(x)z=z(x--(t)»> (X’-iy (x—c) (x—d) (x^l), 

differentiating and dividing by dx, we have 

f'(x)=:m(x—a)*-^x-~byix-‘r)(x-’d) .... (aj— l)+(x-^a)'^r{X‘^by-\x^c) (ar— d) 

■t-(x—a)”^(x—hy(x—d) ... - (a?— n)4-(!r— «)’« («— . (a;— f)+-. 

.... 4 -(aj— c)(ar— d) .... 4 - etc. 

Now the highest common divisor otf(x) and /'(a?) is evidently (aj— 6 )’'“*. 
Putting this equal to 0, we have (a:--rt)"*“* (a;— &)’’“* =0, an equation which is sat- 
isfied by ar=a and a:=:&, and by no other values. 

Thus we may proceed in the case of any number of sets of equal roots. 

243* ScH. — ^In searching for the equal roots of equations of high degree, 
it may be convenient to apply the process of the proposition several times. 
Thus, suppose that /(a;)=0 has m roots each equal to a, and r roots each 
equal to b. Then the highest common divisor otf(x) and f*{x) is of the form 
(aj— 6 )'“*; whence (a;— is an equation having the 
equal roots sought. Therefore we can find the highest common divisor of 
and its differential coefficient which will be of the form 
{x^a)^*(x^b)^\ and write as an equation containing 

the roots sought. This process continued will cause one of the factors (x—c) 
or(x— &) to disappear and leave (x— = 0 , when r \ (x— 5)’’""*= 0 , 
when r>m ; or (x— c)(x— 5)=0, when m=:r. From any one of these forms 
we can readily determine a root. 

* The dlflhrentisl coefficient of a f anetlon le sometimes called Ha first derived 

t The student mast not suppose that the roots of /txlsO. and its first dlfisrenthU 
are necessarily SHke. /'{x)s;a series ^ term* some oflrificlK he 4 
eilifch may destroy each other, ^ as to render/'CxlssU, for other Wdttesi^ ^ 
and not necessarily for any trhich do render/(x)»0, esmpt the 
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244 * an $qnaiion f(x)=0, f(x) mil change sign when 

X pasm through any real root, if there is hut one such root, or if there 
is an odd number of such roots ; but if there is an bvbb number of 
such roots, f(x) will not change sign. 


Let a, b, c - - - - 6 be the roots of /(aj)=0, so tbat/(.t)=(.r— a) (.r— Z») (aj— c) 
, . - - (a?— e)=0 {2SS). Conceive x to start with some value less tlian the least 
loot, and continuously increase till it becomes greater than the greatest root. 
As long as x is less than the least root, all the factors a;— -a, a?— 6, etc., are nega. 
tives but when x passes the value of the least root, the sign of the factor com 
taining that root will become and if there is no other equal root, this factor 
will be the only one which will change sign. Hence the product of the factors 
will change sign. But if there is an even number of roots, each equal tQ this, 
an even number of factors will change sign ; whence there will be no change in 
the sign of the function. If, however, there is an odd number of equal roots, 
the passage of x through the value of this root will cause a change of sign in an 
odd number of factors, and hence will change the sign of the function. 

Finally, as it is evident that the signs of the factors, and hence of the function, 
will remain the same while x passes from one root to another, and in all cases 
changes or does not change as above when x pusses through a root, the proposi- 
tion is established. 


24S* ScH. — This proposition is ilhiatrntccl by putting y=f{x) and con- 
structing the locusy as in the i)receding chapter. Thus, Ex. 15, Fig, 0. In 
this case y=/(ar)=raj*-f«--0. The least root is —3. When a? is less than —8, 
as —4, or — {anything less than —3), 3/, or/(.t), is +. When x is —3, y, 
or/(4?)=0, and the equation /(a?)=0 is satisfied, and —3 is a root of the equa- 
tion. When X becomes greater than --3, as —2, y, or /(ar), becomes nega- 
tive, changing sign when x passes through the value of the root —3. As ar 
increases, y, or /(*), remains — , till x reaches +% at whicli value of a*, 
y=/(a?)=:0, and the equation /(a;)d=0 is satisfied. When x passes this value, 
becoming anything greater than 2, y, or /(.r), becomes +, i, <?., changes sign 
as X passes through the root 2. The same thing is illustrated by the loci 
in Figs. 7, 11, 12, 14, 15, and 18, witli tlwjir corresponding equations. 


That /(a?) does not change sign upon »*s passing through the value of one 
of two equal roots of /(^;)=:0, is illustrated in Fig. 8 and its corresponding 
equation, Ex. 17. ^ In this case y=/(a-)=aj*--4aj-b4, and the equation 
ju*.w4a;4.4-:0 has two roots each equal to 2. Now when x is anything less 
than 2, y, i, #. /(aj), is + ; when a?=2, y, or/(af), is 0, and the equation /(ar)si:0 
is satisfied. But when * passes the value 2, f{x) dtm not clmnge sign ; it 
renndiis The saihe truth is illustrated by the loci in Figs. Ifi, 18, Ifi, 
their corresponding equations. Fig, 10 illustrates tbe case in 
aso two pairs of equal roots. 



Bast root, and thit cf !• the next state <itx greater tton a; tlite e'-ali 4^ 
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Ex* 39 will be found vexy inetructive. The locus in Fig. 30 illustrates 
case of 8 equal roots. Here g ^f{x) == Ax* — 14aJ*— 17aJ— 6. The least 
root is — 8. When a; < — 8, f{x) is — ; when a? := — 8, /(a?) s? 0 ; when x passes 
— 8, increasing, f{x) changes frojn — to -h, and remains 4- till a? = -^ 1, when it 
becomes 0, and changes sign as x passes — 1, notwithstanding there are equal 
roots. But there is an odd number of such roots, viz., three. 

Thus, if X,' X, were to revolve about c' until it took the position X'X, the 
intersections h’ and d' would run into e', the three intersections becoming one. 


JFvop * — Changing the signs of the terms of an equation 
containing the odd powers of the unknoion quantity changes the signs 
of the roots. 

Dem. — I f aj = « satisfies the equation a;®— Az*+ Bx^— (7a? -f- D = 0, we have 
a^—Aa*+ Ba'*— Ch 4- /) = 0. Now changing the signs of the terms containing 
the odd powers of x, we have a?® — Ax* — Bx* 4- Cx 4- Z> ~ 0. This is satisfied 
by X =r - u, if the former is by x ~ /e. For, substituting — a for x, we have 
«* — -4a^4- Ch 4- H = 0, the same as in the first instance. 

247* Cor. — Changing the signs of the terms containing the even 
powers xcill ansfwer equally well, since it amounts to the same thing; 
and if we are careful to put the equation in the complete form, 
changing the signs of the alternate terms will accomplish the purpose. 

III. — The negative roots of x® — 7x 4- 6 = 0, are the positive roots of — • x® 
4- 7x 4* 6 = 0, or of x^ — 7x — 0 = 0 (0 being considered an even exponent) ; or, 
writing the equation x* ± Ox*— 7x 4* 6 =0. changing the signs of alternate 
terms, and then dropping the term with its coefficient 0, we obtain the same 
result. 

Again, the negative roots of x®— 7x''— 5x^4- 8x’*— 133x*4- 506x— 240 =r 0, 
axe the positive roots of x®4- 7x'‘— 5x^— 8x®— 133x*— 508x — 240 = 0, or of 
7 x® 4“ 5x^4- 8x^4- 132x»4- 508x -f 240 = 0. 


248^ Prob . — To evaluate * f (x) for any particular value of x, 
X r= a, more expeditiously than by direct substitution. 

Solution.— As /(x) is of the form x» 4- Ax»-* 4- i?x»“* 4- CSr*~» - - - - Z, 
let it be required to evaluate x*-h Ax* 4- Zx*4- (7x 4- i> for x = a. Write the 
detached coefficients as below, with a at the right in the form of a divisor : thus 

1 'i'A , 4“jB 4”f7 4-J5 lu 


♦ This me«»e to find the value o£ Tbns, sappose we went to ttefif the 
1x4- Sx* + fix*- X- 19, tor x^ 5. We wight rohatltnte 5 Itor x* ^ 

t4. Bat there to a more expedlUons way, as the solotion of this proh^ 
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Waiting written the detached coefficients, and the quantitj a for which f{x) is 
to be evaluated as directed, multiply the first coefficient 1 by a, write the 
result under the second, and add, giving A. Multiply this sum by a, write 
the product under the third coefficient and add, giving a* -h Aa + B. In like 
manner continue till all the coefficients (including the absolute term, which is 
the coefficient of x^) have been used, and we obtain a* + Ad^^ Ba*-\- Ca -H D, 
which is the value of f(x) for a; = a. 

Illustration. — T o evaluate x^ — 6aj® + 2x* — 8aj* + fia?* — aj — 12, for » = fS » 


1 -6 

42 

-3 

4-6 

-1 

-12 1 6 

5 

0 

10 

85 

205 

1020 

""o 

~2 

7 

~4i 


1008 


Now* 1008 is the value of a,*® — 5aj®-i- 2®^— 3a;^4- ftr*— x — 12, for a? = 5 ; and it 
is easy to see that much labor is saved by this process. 

We are now prepared for the solution of the following important 
practical problem : 

240* I^rob* — To find the commerisurable roots of numerical 
higher equations. 

The solution of this problem we will illustrate by practical examples. 

Examples. 

1. Find the commensurable roots of a;*— 8a;*4* 68aj 
+ 48 = 0, if it has any. 

Solution. — By {2B2), if this equation has any commensurable roots they 
are integral : — it can have no fractional roots. 

Again, by ( 230 ), the roots of this equation with their signs changed are fac- 
tors of 48. Now, the integral factors of 48 are 1, 2, 3, 4, 0, 8, 12, 16, 24, 48. 
HenCe, if the equation has commensurable roots, they are some of these num- 
bers, with either the -h or — sigh. We will, therefore, proceed to evadmite 
f{x) (i. e., in this case x^ — 2.x:^ — 15a!* -h 8a!* 4- 08a! + 48), for x ^ + t,0sst — 
a! = 4- 2, JT = — 2, etc., by ( 248 ), as follows ; 

1 -2 -15 4- 8 4-68 448 | 4l 

1 - 1 -16 - 8 60 

Zi -10 ZTs 60 108 

Hence we see that for a! = 4 1, f(x) = 108, and 4 I is not a root of f(x) = 0. 
Trying a? =— 1, we have 


1 -2 

-15 

4- 8 

4-68 

448 1-1 

-1 

3 

12 

-20 

-48 

--8 

-12 

20 

"Is 

0 


fbr « ss — l,/(a!) = 0, and hence that — 1 is a root of our equa* 



214 ABTAHOSD ck}Qbb« I# 

We might now divide f{t) bj x+l (^^Jf) end reduce'the degree of, the , 
tkm bf unity. But it will be more expeditious to proceed with our trial. Xiift 


us therefore evaluate /(a;) for ssz 

= 4-2. Thus 



1 -2 

-15 

4- 8 

4-08 

4-48 1 4-2 

2 

0 

-30 

-44 

+48 





96 

Henee for «=4-2, f{x)z 

=96, and -h2 is not a root. Trying a;=— 2, we have 

1 ~2 

-15 

+ 8 

4-08 

+48 1 -2 

-2 

8 

14 

-44 

-48 

-4 

- 7 

22 

24 

0 

Hence for a?=— 2,/(a*)= 

=0, and - 

-2 is a root. 

Trying 

a;=4-3, we have 

1 -2 

-15 

+ 8 

4-68 

+48 1 +3 

3 

3 

-36 

-84 

-48 

1 

-12 

-28 

-16 

0 

Hence for a?= -4-3, f{x): 

=0, and -f-8 is n root. 

Trying 

aj=— 3, we have 

1 -2 

-15 

4* 8 

4-08 

+ 48 1 -8 

-3 

15 

0 

-24 

-133 

-5 

0 

8 

44 

- 84 

Hence fbr a?s=— 8 ,/(j?): 

=—84, and —3 is not a root. 

Trying »=4, we have 

1 -2 

-15 

4- 8 

4-68 

+ 48 1 4* 

4 

8 

-28 

-80 

-48 

2 



-12 

0 


Hence for a?=4,/(a*)=0, and 4 is a root. 


We have now found four of the roots, viz., —1, —2, 8, and 4. Their product 
witj^.ll^ir signs changed is 24. Hence, by {230) 48+24=2 is the other root 
changed, i, e, there are two roots —2. 

equation had equal roots could have been ascertained by the princi- 
ple ; but as the process of finding the H. C. D. is tedious, it is generally 

best to avoid it in practice. 

2 to 13. Find the roots of the following : 

{%) of -3^- + 84* + 180 = 0 ; - A- 

(3.) + 6®‘ - 9a; - 45 = 0 ; _ 3 . ^ 3 • *«> - i" 

(4.) a* + 8a?- 23a -60 = 0; - i', f/. J -f & 

(5.) a‘-8a?-14a? + 48a-32 = 0; , ^ ^ ^ 

(6.) **-8a? + 13a-6 = 0; .. / j > , 

j 

* Of course It is not necessary to retain tt^ + pga, oa wo bave doneia tb0;inFeciii^^^ 
ttenst It has been done simply for empboiis. ^ 
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{7.) *‘-113^+ 18*1^8 = 0;* /; S-; 

' (&) a!*- 3a^ + 6a:* - 3a: + 2 = 0 ; / • 

(9.) a:* - 130:* + 67# ^Wla:* + 2i6a: - 108 = 0 ; 

(10.) a:* - 46a:' - 40a: + m = 0 ; 

(11.) a^ - Oa:* - 9a:* + 21a:* - 10a: + 24 = 0 ; 

(12.) a:* - 7a:* + 11** - 7a:* + 14a,-* - 28a: + 40 = 0. 

13 to 20. Apply the process for finding equal roots {2d2, 243) to 
the following : 

(13.) ar> + 8a:* + 20a: + 16 = 0; 

(14.) a? - a?- 8a: 4- 12 = 0 ; 

(15.) a-* — 6a:* — 8a: + 48 = 0 ; 

(16.) a:* - 11a:* + 18a; - 8 = 0 ; 

(17.) a.-* + 13a:* + 33a:* + 31x + 10 = 0 ; 

(18.) a4 — ISa:* + C7a,-* — 171a:* + 216a: - 108 = 0 ; 

(19.) a4 + 3xf — 6a4 — Ca4 + 9a:* + 3a: — 4 = 0 ; 

(20.) a:’+ 5x^+ 6uf— Ca^— 15a:*— 3a;*+ 8a: + 4 = 0. (See 243,) 

21 to 27. Having found all but two of the roots of each of the fol- 
lowing by {248), reduce the equation to a quadratic by {231), and 
from this quadratic find the remaining roots : 

(21.) a.^ - Oa:* + 10a: - 8 = 0 ; 

(22.) a." - 4a? - 8a: -I- 32 z= 0 ; 

(23.) a?-3a? + a: + 2 = 0; 

(24.) a? - 6a? + 24a: - 16 = 0; 

(25.) a? - 12a? -f- 50a:* - 84a: -|- 49 = 0 ; f 
(26.) a? - 9a? -h 17a? -I- 27a: - 60 = 0 ; 

(27.) a? - 4a? - 10a? + 112a:* - 208x + 128 = 0. 

28 to 34 Apply the processes of {228) to reduce the folloitt^ to 
the form a? -1- Aa?”' + + CV"’ - - - - L = 0, befoi-e s^^hisg 

for roots: 

(28.) 2a?-3a? + 2a:-3 = 0;I 


* Tn order to apply the process of evaluation, the coefficients of the missing powers miist he 
supplied. Thus we have 1+0-11+18-8. 

t Apply the method for findingeqnai roots. The method of trial based upon (980) ss s|^4ied 
by (SSiS) is likely to lead to much unnecessary work when there are several equal roots, andfU 
tike others Incommcnsurablu, 

3 S V 8 18 88 

t Wehavoa;»-|a;t+a:-^=s0, Put«=s|, whence + j^|r-|j=0,(wr|r»-i-yt +4'*p 

tisS, we have y«- 8 y* 44 y- 18 = 0 , which can be solved as before, Car one value 
: tiwttt reduced lo a quadratic and solved for the other values, FlnaSljt 

» jVi we have the values of x required. 
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(29.) 3a? — 2a? — 6* + 4 = 0; 

(30.) 8a? - 263? + 11a: + 10 = Oj _ 

(31.) a? — ^a: + 35 0 ; (Lool^nt for eqnal roots.) 

(32.) a? — 6a? + Oja? - 3a: + 4^ 3 = 0 ; 

(33.) X 3= 19a:-> + i — "?! — 403a:-’ ; 


(34.) 
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24 

05 + 1 


= 2(a: + l)i- 


2S0. By means of the property exhibited in (23^) produce the 


equations whose roots are given ir 

1. Roots 1, —3, 4. 

2. Roots a/2, — V2, —1, 3. 

3. Roots 1, 2, 2, —3, 4. 

4. Roots —3, 2 + a/^, 

6. Roots 3, —2, —2, —2, 1. 

6. Roots I, f 

7. Roots l±v'-2, 2 ±a/^. 


the following exiitnjiles : 

8. Roots 1|, 2, Vs, — 4 / 3 . 

9. Roots a/ —2,- —a/— 2, a/s’, 

• -a/5. 

10. Roots 10 , —13, |, 1. 

11 . Roots 3-2 a/3, 3 + 2 V 3 , 

2-3 a/^, 2 + 3a/^, 1, 
- 1 . 


SECTION II. 

BOLtmOK OP NUMERICAL HIGHER EQUATIONS HAVING REAL, 
INCOMMENSURABLE, OR IRRATIONAL BOOTS. 


As all equations having real roots have real coefficients*** 
and as all such can be reduced to the form 
-f 4- - - - - Z = 0, which we represent by / (x) = 0 

{229), we shall consider this as the typical form. Moreover, since, 
if an equation of this character has equal roots, they can be deter- 
mined by (24:2 f 243), and the degree of the equation depressed 
by (231), we nwd only to consider the case in which f(x) ^ Q hai;^ 
no equal roots. > 

♦ Thi* is evident from tbe feet th»t (a?~6) (»-<?) - - - - Jf 

arc real, no imaginary quantity will \>e found in Uia product of tbe 
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232* The best general method of approximating the real, incom- 
mensurable roots of such equations, is : 

let. To find the number and situation of such roots by Stukm’s 
Theobem and the method based on it. 

2d. Having found the first figure or figures of such a root by 
Sturm’s method, to carry forward the aiiproximation to any re- 
quired degree of accuracy by Horner’s method of approxima- 
tion. 

These methods we will now proceed to develop. 

Sturm’s Tueorem and Method. 

2S8. Sfitrm^s Theoretn is a theorem by means of which we 
are enabled to find the number and siluafion of the real roots of any 
numerical equation with a single unknown quantity, real and 
rational coefficients, and without equal roots.* 

Ill, — T hus, if we have the equation O'*— 7aj -h 7 = 0, Sturm's Theorem 
enables us to determine that it has three real roots, i. e,, that all its roots are 
real. It also euables us to ascertain that one root lies between 1.8 and 1.4, 
another between 1.0 and 1.7, and tin* third between —3 and —4. Hence it shows 
us that the roots are 1.3-4-, l.O-h, and —3. with a decimal fraction. 

2S4:, ScH. — Of course it follows from the above that if tlio equation has 
commensurable (227) roots, Sturm's Theorem will enable us to find them, 
or even when the roots are not commensurable, it will enable us to find any 
number of initial figures. Thus in the equation a; * 7^* 7 = 0, we might 
by Sturm’s Theorem find that the first root is 1.35689 ; but it would bo 
too tedious an operation to be of any practical utility, as will appear hereaf- 
ter. We only use this theorem to find one or two of the initial figun^ dt, 
enough of the figures to enable us to distinguish between (separate) the roots. 
Thus, if w'e had an equation /(r) = 0, of which two root? were 2.356878> fuid 
2.8509i504, we mhfhf use Sturm’s Theorem to find tlic first five figures of each 
root, i. e., to distinguish between (separate) the roots; but this is nqt ^he 
best practical method, as will appear hereafter. 

2SS* TJie Sturmian FuncflotiH of f{x) = 0 (which has 
no equal iMots) are functions obtained by treating f(x) and its first 
differential coefficient f'{x), as in the process of finding their H. C. 

that in the process we must not multiply or divide by a 
and the signs of the several remainders must be 

— — 

f wliicti we wish to solve has equal roots, they (fan be discovered by 

'Hikh *nd the dsfiee of the equation minced by division. 
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changed before they are used as divisors. These remaitiders wUh 
their sigm changed are the Stumiian Fmictions** 

III. — Let the equation f{x) = 0 be a?’* — 4*5* — a? 4- 4 =: 0. The first differential 
ooefflcient of — 4r* — a; 4- 4 is 3a?^ — Ba; — 1. Dividing x** — 4aj* — » + 4 by 
ar*— 8x — 1, first multiplying the former by 3 to avoid fractlons.f exactly as in 
the process of finding the H, C. D., we find the first remainder of lower degree 
than our divisor to be — 19x 4- 16. Hence 19® — 16 is the first SturmUtti Func- 
iion of ® * ~ 4x* — ® 4- 4. Again> dividing 3x* — 8® 4- 1 by 19x — 16 (introducing 
such constant factors as necessary), we find the next remainder to bo — 2625. 
Hence 2025 is the second Sturmian Function of ®’-* 4x* — x 4- 4. 

2S0* Notatiorkm — As the function which constitutes the first 
member of our equation is represented by f(pc\ and its first differ- 
ential coefficient by f\x), we shall represent the Sturmian FunC'^ 
tions by /i(ir), fz{x\ etc., read sub 1 function of .r,” “/ sub 
2 function of Xy* etc., or simifiy " function sub 1,’^ “ function sub 2,” 
etc. 


2S7* In any scries of quantities distinguished as + and , a 
succession of two like signs is called a Peruia^ience of signs, and a 
succession of two unlike signs a Variaiion, 

III. — lu the function x® — > 3x’ — 2x^ 4- ® * 4- ®* 4- 6® — 4, the signs of the terms 


4 - — — 4 - 4 - 4 * ~. 

The first and second constitute a variation ; the second and third a perma- 
nence ; the third and fourth a variation , the fourth and fifth a pennanence ; the 
fifth and sixth a permanence ; and the sixth and seventh a variation. Thus, in 
this case, there are three permanences and three variations of signs. 

So also if we have 

fix) = ®“ - 7x*4- 13 x®4- x» - 16® 4- 4, 
fix) = 5®*~ 28®^+ 80x*4- 2® - 16, 
fix) = 11®’- 48x*4- 51® 4- 2, 

/,(«) = 8®*- 8x4-4, 
fix) = ® - 2, 

/4(flr) = 0. 

For ® sr 0, fix) = 4-4, or fix) is 4- ; fix) is — ; fix) Is 4- ; fix) is + ; 
fix) is — ; and f^ix) being 0, its sign is not considered. Hence the series of 
signs of these functions, for x = 0, is 4- + 4- ; and has three variations 

and one permanence. 


* I have thonght it best not to inclttde /(®) and /'(®) under the term Btarmian Fnnmiaas. 
There seems to be no propriety in including them, inasmuch as they are ncS^ 
titorm^s m( thod ; and by excluding them an Important distinction is maficed. 

t We introduce or reject constant factors, Jai*t as in ftmling the fifL. <3. D., only 
introduce oi ro j<>ct nsfiro/itw ihetors since the (Agn/t are an essential thhifr in these ftutct|ini|p|l^id 
to multiply or divide by a negatWe number would change the signs of the functUms. f 
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For * = 1, woBiid /(«), - j /'(*), + ; /,(r), + ; /.(r), - j and /,{«), - ; the 

Beriec ot signs Iwiiig — + H . This gd^es two yuriations and two per- 

xoanences. 


2SS» J^ropm — In the series qf functions f(x), f'(x), fi(x)> ^(x), 
f,(x), f 4 (x), f^x) - - - - fi,(x), whe9i f(x) = 0 has no equal roots, if 
X be conceived to pass through all possible real vatues, that is, to vary 
continuously, from — oo to -f oo , there will be no change in the number 
of variatiom and permanences in the signs of the functions, except 
when X passes through a root of f (x) = 0 ; and when it does pass 
through such a root, there will be a loss of one variation, and onhf 
one,* 

Deh. — Iflt. Any change in x which does not cause some one of the functions 
to vanish, cannot cause any change in the signs of the functions ; for no function 
can change its sign without passing through 0 or oo , and from the form of the 
functions which we are considering, they cannot l)e oo for any finite value of as, 
(These functions are all of the form X* -f- .... X.) 

2d. No two conaccutUe functions ran vanish, i. e , become 0,for the same value 
of X. For, in the process of ])roducing the Sturmian functions from f{x) and 
/'(f), let the several quotients he* represented by g, q\ q'\ g'", etc. ; whence* 
hy the principles of division, we have 


fix) =f'{c)q 


(1) 

fir) ^Mx)q' 

-Air). 

(2) 

fix) ^Mx)q" 


(8) 

feix) =fdx)q ' 

'-/Ax), 

W 

fsU) =/4(f)/" 

-fAx). 

(5) 

etc., etc.. 

etc. 



Now, if possible, suppose that some value of .r, as ar = a, renders two conscctitiva 
functioits, as /«(.c) and fi{x) each 0 ; that is, that they vanish simultaneceusly^. 
Then, since from (4) we have /4(4’) -=/,(j*)g'"~/*(j), f^{x) = 0. So, also, from 
(•*5), /«( r) =/ 4 (J')g"“-’/j(ii'), and f^{x) = 0. Thus, as a consequence of the simul* 
taneous vanishing of any two consecutive functions, we could show that all the 
functions would vanish. But as, by hypothesis, /(a) and f\x) have no common 
divisor containing x, the last remaindf‘r found hy the process of finding the 
H. C. D. cannot contain ar, and hence cannot vanish for any value of as. It In 
therefore impossible that any two consecutive functions of the series should 
vanish for the same value of x (i*. e., simultaneously). 

dd. 'When any one of the functions, except f (x), tanishesfor a partieidar colttc 



|il8 if the ealMBtance, though not the exact form, of the celebrated theorem discovered hy 
ISSfl, and for m hich he received the mathematical prise of the French Academy of 
994 It is certainly one of tlil most elegant discoveries iu ulimbraic analysis made 
It is a masterpiece of logic, and a monument to the sagacity of its discoverer. 
Id imdfdtdr Containing this theorem is found in the ^^M^moires prdaentds par divert 
^ rAcaddiUle dAt Ounces," Tom. VI., 1885. 
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of X, the accent funetiom hate opposite signs for this paiue* ttui, If /»(!r) iff 0 
for a; = 6, we have» from (4),/t{j*) = — / 4 (J*), i* tlie adjacent fancttons, neither 
of which can vanish for this Value (2d), have opposite signs. 

4th. When any talue < 2 ^ x, «« x = c, emises any function except tmish, 

the number of tariatioM and permanences of the signs of the functions is Hie same 
for the preceding and the succeeding talues ofx, i. e.,for x =: c — h and x =: c H- h, 
h being an infinitesinutL Thus, let rf* = c render f M =: 0 ; then, since the adja- 
cent functions have opi>osite signs for this value of u:, wo have either +/f(r), 0, 
—’fMtOr — /«(r), 0, -hfiir), i.c„ 0, or — , 0, + (3d). Again, as neither 
of these adjacent functions vanishes for a* = r (2d), neither of them can change 
sign as ir passes through r (Ist). But /aCar) may or may not change sign as r 
passes through c ; hence its signs may be ± , or 7 , the upper sign 

representing the sign of f^(x) just before .v reaches r, and the lower its sign just 
after it passes, i. e,, for xz=: and a* = c 4- /i, respectively. Hence all thcj 

changes in signs which can occur are represented thus: -+- 4^ — , 4 - = — •, 
-h±— , 4-T--, *— 4=4-, -*=4-, — ±4-, and — 7 4*. These taken v\ 

any way give simply one permanence and one variation. Hence there enn hr no 
Hiange in the number of rariatums and permaneueis of the signs of the Junctions ^ 
consequent upon the tauisking of any iNrintULuiATfi: Junction, 

5th. We are now to examine wliat ehanueH, if any, ar(‘ produc(‘d in the num- 
ber of vuriatloas and permanences by th • vani«»hing of an extreme function. 
And In the first place we repeat that the la‘«t function cannot vanish for any 
value of j*, as it do<*8 not contain r. We linve then to examiju* only the case hi 
which f{r) vanishes, i.e.^ when r passes tliroiigh any root of f{r) = 0. For this 
purpose let us develop /(«4- /<) by Taylor’s Formula, considering h an infinitesi- 
mal. Thus, 

• ht 7,y 

fix 4- h) =/(r) 4-/Wi +/"(0 f + /"'(r) g- 4- etc. 


Kow let r be any root of fix) = 0, and substitute in this development r for x ; 
whence 


/(r + ») =/(r) +/'(r)ft +/"(r) - + /"'(r) ^ + etc. 


As r is a root of fix) = 0, fir) = 0 ; and as 7< is an infinitesimal, the terms con- 
taining its higher powers may be dropped ilisl, and foot-note). Thu'" we have 
fir h) =/'(7')/i. Hence, as h is 4-, we see that /(r -f- ?i), that is the function 
just after x jiasses a root, has the* same sign as /'(r), i e, f\x) when r is at a 
root. But as f\x) dot*s not vanish when j = r (2d), /'(r — //), / (?’)» 
f\r 4- h) have the same signs.* Again, since, by hypothesis, fix) = 0 has no 
equal roots, it changes sign when x passes through a root i244), i. e., fir — h) 
and /(r 4- have different signs. Thus, as fix) and fit) have like signs just 
after x has pMtrd n root, and fir) changes sign hi passing, while f'ir) does not, 
these functions have unlike signs just before t reaches a root,f and what was a 


variation In signs becomes a permanence ; that is, a variation is lost. , 


mm 


* That ia, the Axet dUS&reutiol coefficient of f{T) not ebaago when X 

aVDOtof /(r)«0. 




iiif:-. 

li 


t ihrom thli we see that the roots of are lnterme(1late Vtwaah thoM Of 

sintMi If a, b, and c are roots of /(a;)sO, In tlie order of tbclr m ignltudoe^ jUit lieAtre x r 
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Wore aliown that os tt paases through all vah^cn fiom 

— w to 4 * there can be no change iu anj of the functions except /(r) which 

i«rJU alCW the ntuuber of variations and permanences in the signs of the fiinc- 
ttOiW^ ^ variation lost when passes tlirough any root of /<0“=0. 

OOR. 1. — To ascertain the number of real roots of the equa- 
tion f(x) = 0, me euhstitute in f(x), f'(x), f,(x)^ f 5 (x) - - - - 

— 00 for X, ami note the number of variations of signs. Then sub- 
stitute 4- CO for X, and note the number of variations. The excess 
of the number of variations in the former case over that in the latter 
indicates the number of real roots of the equation. 

This is n direct consequence of the proposition, since as x increases from — oo , 
there is no change in the numlM^r of \Aiiatioiis of the signs of the functions ex- 
cept when r passes through a root , and every time that it does pass throut^U a 
rodt one variation is lost, and only one. But in passing from — oo to 4 oo , u 
passes through all real values Hence the excess of the number of variations 
for j* = — 00 over the number for a = -f- » is equal to the total numbt i of 
real roots. 

2 GO* CoH. 2 . — To ascertain how manij real roots of f(x) = 0 Ue 
beticeoi any two numbers as a and b, substitute the less of the two 
manbers in f(\), f '(x), and note the number of vari- 

ations of siyns. Then substitute the greater and note the number of 
variations. The excess of the 7iumber of variations in the fomm^ 
case over that in the latter indicates the number of real roots between 
the nuinhers a and b. 

This appears from the proposition in the same manner as Con. 1. 

201, Sen. — Since the total number of roots of an equation corresponds 
to the <legree of the equation {234)t if we ascertain as above the number of 
7'en? roots in any given equation, the number of imaginary roots is khown by 
implication. 


2G2* jProh* — To compute the numerical values of f(x), 
f,(x), fv(\), etc,y i.e., qf ajiy function of x for a^iy particular value 
of X, when the function is of the form Ax“ + Bx"'** Cx*'"* 

+ Dx”-’ - . . . P. 

Bolvtion. — Of course this can be done by merely substituting the proposed 
value of X iu the function. But there is a more elegant and expeditions way, 
which we proceed to exhibit. 


L<l* /(*r) aial have different signs, and just afttr, they have like signs. Bat jntt before 
/(*! /'(r) have unlike signs, and as /(.c) t mnot have chansred sign, the sign 

at have changed; i.«., x must have passed through a root of in passing 

In like manner It may be shown that a root of f'{T\ lies between each two con- 
I of /tJr)wO. This makes /'(ar)a80 have one root Ice- than /(xjaaO. as it shoatd. 
r this noiatiioii is meant the nth or last of the Stoftblan (un< lions, la whichxdoes not 




m 
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Thus, let It be required to ovitluate Ast^ “h Bx* 4- Os* ^ Jk^ ^ £l» P for 
S' = /f. Multiply A hy a and add the product to B, Multiply thhl eum by a 
and add the product to C. Multiply this sum by a and add the product to D. 
("ontinue this operation till all the coefficients liave been involved 
lute term added. The last sum la the value of the function when <f W substi- 
tuted for X, as will appear from considering the following ; 

A 

a 

Aa + n 

a 

Aa^ 4- lia -h 

a 

Aa * -H Ba* -t- ( u + ^ 

a 

Ad'^ -f- Bit^ -f- -f- IJd “H JS 

a 

Aa'^ -+- Ba* h- ( //■* - 4 - Da* -^r ■¥ F. 

This is evidently the value of the function when a is nubotitutcd for x. 

N. B. — 1. If the function is not complete, i e., if it hicks any of tlie succes- 
sive powers of x, care must Ih* taken to supply the lucking co< tficients \\ith (Ks. 
Thus the coefficients of — 2 r* -h 5 are to be considered as 3,0,— 2, 0, and 
5 (which may be called the copfflci<*nt of x*'). 

2. When the numbers involved are small the operation can be performed 
mentally. 

Ex. 1. Evaluate 257.r* - + loo3x — 6247865 for x = 342. 

OPBRATIOIf. 

257 
342 

. 514 

1028 
771_ 

87894 
- 312 
87582 

175164 
850J128 
262746 
^53044 
1558 
29954597 

842 

599091^1 
119818;i88 
89868791 
10244472171 
5247805 
X0889224;300 


The value required* 
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Ex. 2. Evaluate a?* 8a;* + 6a: — 20 for a; = 2, performing the 

Opej^ation mentally. 

Examples op the Use of Sturm’s Method. 

1. Find the number and situation of the real roots of a:* — 4a:‘ 
— 6a: 4- 8 ==: 0. 

Stro’s. — If tbe student has attended carefully to wliat precedes, he will have 
no difficulty in determining that 

f(x) = ic* — 4a;* •- 6 aj 4- 8 ; 
f'(x) = Or* - 8a? ~ 6 ; 
f,iT)T= 17x^12; 
and /*(a?‘’) = 1467. 

Now, for a: = — oo , we have* /(a*) 4 , fi(x) — , and /*(a?®) 4; i. e.,the 

signs of the functions are 1 J-. Tlier© are tliereforo three variations. 

Again, when a* = 4 «> , the signs arc 4 4 4 4 , giving no variations. Hence 
the number of real roots is 3 — 0 = 3 ; i. e,, they are all real. 

To find the situation of these roots we observe that for a* = 0, the signs of the 

functions are h h, giving two variations, or one less than — u, givea 

Hence there is one root between — oo and 0 ; i. c., one negative root. The othet 
two must of course be iwsitivo. We will first seek the situation of this negative 
root. Evaluate by {202). 

For a; =: 0, the signs of the functions are 4 . — — -j-. 

« a; =r — 1, « « « « 

« a?= -2, “ “ 4* " « - 4. - 

Hence, as one variation is lost when x passes from — 2 to — 1 , there is on© root 
between — 1 and ~ 2 ; i. c., the negative root is — 1 and a fraction. 

* 

In like manner seeking the situation of the positive roots, evaluating the 
functions by {202), w© have 

For a: = 0, the signs H h# 2 variations. 

“ a;=:l, “ “ h 4, 1 

** a? = 2, “ " 4 4, 1 

« a* = 8, ” " 4 4, 1 " 

a: = 4, « " - 4- 4. 4., 1 

« a? = 5, " " 4. 4. 4. -I-, 0 " 


• The evaluation of these functions is most elegantly and expcdIHott«ly effected by 
Thus for we have 


t -4 

~6 

+ 81-8 

8 - fi 

-6 

-8 

18 

-18 

- 6 

88 




-14 



lipfep iitt he earned on mentally without writing, and abould bo so done. 
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Therefor?, p.3 one variation is lost when ie passes from 0 to tiiere ia one root 
between 0 and 1, **. an incommensurable dedmal. Again, one variation is lost 
when X passes from 4 to 5 ; hence the other root lies between 4 and 6, or is 4 
and an incommensurable decimal. 

203^ Sert. 3. — It is usually unnecessary to find /*(«'’) (the last of the 
Sturinian functions), since its sign, which is all that is important, can be 
determined by inspection from the next to the last function and the pre> 
ceding divisor. Thus, if wc w’ere to divide ar*-!- 22ar — 103 by 122.r — 393, 
first multiplying the former by 122, it w'ould be clear that the remainder 
would be — , without going though tlie operation. Hence would 

be +. 

2 to 7. Find the number and situation of the real roots of the 
following : 

(2.) 10a; — 1 = 0; (5.) a;* — 2a;‘‘ + a;® — 8.r + G = 0 ; 

(3.) — Ga;* + 8a; + 40 = 0 ; (6.) x* — 4a;® -b a;* + Ga; + 2 = 0; 

(4.) a;" - 4a;® — 3a; + 23 = 0; (7.) a;* + 2a;® + 17a;* — 20a; + 100 = 0. 

204. Sen. 3. — In case the equation has equal roots, we shall detect them 

in the process of producing the Sturmian functions, since in such a case the 
division will become exact at some stage of the process, and the last Stur- 
mian function will be 0. Having thus discovered that the equation has 
equal roots, we miglit divide out the factors containing them, and then ope- 
rate on the depressed equation as above for the unequal roots. But it is 
not necessary to depress the degree of the equation, since the several Stur- 
mian functions will have the same variations of signs in either case for any 
particular value of x. This arises from the fact that the common divisor of 
f{x) and /'(.r), which contains the equal roots, is a factor of each of the 
Sturmian functions, and hence its presence or absence will not afTect their 
signs for any particular value of x if the common factor is + for this value, 
and will change the signs of aU if it is — ; but in either case the variations 
of signs will not be aftccted. , 

8. Find the number and situation of tbe unequal real roots of 
a;* — 6a?* + 7ir* + 22a;® — QOx + 40 = 0, without depressing tbe equa- 
tion. 

Sun’s.— Forming the required functions, we have 

fix) = ~ + 7a;® + 22®* - 60® + 40; 

f'ix) = 6a;^ - 24a?® + 21®* + 44® - 60; 
fxix) = 37®* - 228®* + 468® - 820 ; 

/,(®) = a>* — 4® + 4; 

/*(®) is a fa<;tor of /(.p), and /i(®), and removing It 
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fllball Ikave the iollovthig iunctiono, which may be uaed iantead of the Stonuian 
ftinciioxiB derived from the depressed eqiiation : ^ 

/(a>) = — Saj* — 5a? -4- 10 ; 

/'(*) = {te*~4®-.15; 

/i(a?) = 87ii?~80; 

/.(*)=!. 

Hence, since the signs of these two sets of functions evaluated for any particfila^ 
value of X will be the same, either set may be used at pleasure. 

Thus either set gives 

For aj= — oD, 1 1-; 

and for flj = H- 00 , 4. 4. + -f.. 

Therefore there are two unequal real roots of f{x) = 0 ; and from the existence 
of the factor {x —2)* in /(a?) and /'(«), we know that there are three equal roots^ 
each 2. 

The situation of the unequal roots can now be found as before. 

9 to 12. Find the number and situation of the reaj roots of the 
following : 

(9.) jc* - 7a?* + 13a;> + 11a;* - 6Ca? + 72 =r 0; 

(10.) a;’ - 18a?» - 28a?* + 24a; + 48 = 0; 

(11.) a;* — 4a;* + a;* + 20a; + 13 = 0; 

(12.) a;* - lOa?* + 6a? 4 - 1 = 0. 

20/S* Sen. 4 . — Elegant as the method of Sturm is, and perfectly as it 
accomplishes its object, the labor of producing the functions required and 
evaluating them, especially when the roots are large and widely separated, 
is so great as to deter us from its use when less laborious methods will serve 
the purpose. In a great majority of practical cases in which there are no equal 
roots, the pi'indpU that f(x) changes sign when x passes through a root of f(x) — 0 
will enable us to determine the situation of the roots with far less labor than StumCs 
Theorem, Often a simple inspection of the equation will determine the near 
value of a root. Methods arc usually given for ascertaining the limits (as 
they are improperly called) of the roo*^s of an equation, from the coefficients. 
But these are of little practical value.* 


* For example, the two following, which are ino§t ttequeatly given ; 

1. In any equation (he greatest negative ooeffideni Us eign changed and increased by unity 
in a suPBRion LIMIT qf the roots. 

9. Jh any equation unity added to that root of the greatest negtUive coefficient wUh tie sign 
changed^ whose index is equal to (he diference of the exponenie of the fret term, and ihejirsi nega 
five term is a etTPSiuoR limit. 

Kew consider the equation a?* + ir* -B00=;0. By the tlrst rule the superior limit of • root Is 
0Ot« the second yMOHhl, or 29 -f. Now the fSet Is, the greatest root Is 7<9-l'. Again, by 

3, tb9 J t q > «rt or limit of the roots of 462 ;- TSacO is 78; and by 9 It Is the ssmo. But the 
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13. Find by inspection, and also by Sturm^s method, the situation 
of the roots of the equation aj* + rr* — 500 = 0. 

8no*B. — Let the etadent apply Sturm's method. The following is a solution 
by inspection : 

Since a? = V'SOO — »*, there is a + root less than VSOO, or less than 8. Now, 
trying 7, we have 

1 +1 0 -500 IJ7 

7 66 892 

“1 56 -108, /(«)ls-. 

Trying 8. 1 +1 0 -600 |J^ 

8 72 676 

9 73 76, is., /(«)is+. 

There is therefore a root between 7 and 8. 

Also from the relation a? = t'SOO— a?*, or from the operations above, we see 
that there is no other positive root ; since fix) evaluated for any positive quan- 
tity less than 7 would certainly be — , and for anything greater than 8, -f . 

Finally, that there can be no negative root is evident, since ** cannot 

be negative until aJ* > 600, but then ^500— a?* < —a?*, and V —x* is always 

< a?. Hence for x negative we can never have x = +500 •— aj**. Therefore 
our equation has one real and two imaginary roots. 

Note. — ^The advantage of this method of inspection over Sturm’s method, in 
this case, will not be fully seen unless the student observes that all this can be 
done mentally, without writing a single figure. 

14. Find by inspection, and also by Sturm's method, the number 
and situation of the real roots of a:* + a;* + a? — 100 = 0. 

Bug’s. — A mere glance should show that there can be but one positive root, 
and that that is less than 6. In like manner writing — «• + a? + 100 = 0, or 
«'* + aj + 100 = sr*, we see that no positive value of x can satisfy the equation ; 
for when x is less than 1, of course the first member is greater than the second, 
and when x is greater than 1, x* itself is greater than x*, 

15. Find, by inspecting the changes of sign of f{x) for varying 
values of x, the situation of the roots of 3a; — 1 = 0, and also 
by Sturm's method. 

16. Find by inspection the situation of the roots of jr* — ' 22a? 
- 24 = 0. 

Sue’s.— Writing x(^* ^22) = 24, we see that any poidtlve value of j 
satisfies this must make «* > 22, that is, must be greater than 4* But Smiles 
22) = 16, and 6 malkss It 84. Koreover, it is evident that no 
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greater than 6 will totiflfythe eqnation. Seeking for negative roots, we write 
a?*— 22x -h 24 = 0 ; and then »(«* — 22) = ~ 24. To satisfy this, a?* most be less 
titan 22, or a? < S. For a; = 0, f(x) is +; for aj = 1, /<a?) is +; for a? = 2, /(x) 
is — . Hence a root of the given equation between 1 and — 2. Finally, for 
a? = 8, /(ar) is — ; but for « = 4, /(aj) = 0. Hence a root of the given equation 
is —4. 


17. Determine the situation of the roots of ir*— 10a;* 4- 6a: -f 1 = 0, 
by examining the changes of sign of /(a;). 

SuG*s. — ^For a; = 0, /(a?) is +; for aj= 1, f(x) is — ; for a; = 2, f(x) is for 
a? = 8, f(x)ia — ; for a; = 4, /(x) is +; and will evidently remain 4^, as at ad- 
vances beyond 4. This is seen from the following : 

1 0 -10 0 4- 6 +1 IJ^ 

4 16 24 +96 408 

"4 ~6 M Ice 

Now any positive number greater than 4 would destroy the —10 in this pro- 
cess, and give the sum at that point greater than 6, and hence the aggregate 
would rapidly increase. Thus notice, when 8 is substituted, we have 
1 0 -10 0 +6 +1 1 ^ 

8 9-8 -9.-9 


Now 8 is not large enough to destroy the —10; but every number larger than 
4 will destroy it. 

To examine for negative roots we write a;® — 10a;®+ 6aJ — 1 = 0, In this, lor 
0 ! = 0, f(x) is — ; for x= 1, /(x) is — ; for a; = 2, f(x) is — ; for x=: 8, /(x) is 
— ; but for a? = 4, and all numbers greater than 4 ,/(.t) is +. 

We have now found that there are certainly three roots between — 4 and 
+ 4, and none beyond these limits either way. But it is ?iot safe to tondude tha4 
the otlmr two roots are imaginary. The fact is, they are not. How, then, are we 
to find them ? Sturm’s method is thought to possess particular advantage in 
saving us from such erroneous conclusions, and enabling us to 6nd the situation 
of aU the real roots with infallible certainty. And certainly it does do this ; but 
let us see if wo cannot do it, in this instance at least, as readily without that 
method. It will be observed that we know only that — 8 is the initial figure 
of one root, and + 8 of another. The initial chgflt of the. root between 
0 and + 1 we have not found. Let us seek it. For a; = 0, f{x) is + ; and 
by trying a; = .1, a? = .2, we should at once see that/(aj) changes very slowly, 
and as when a: = 1, /(a?) is only — 2, we should be led to try numbers near 1. 
Trying x =.8, we would find that f{x) is +, and for x =.9,/(a:) is — , Hence .8 
is the initial figure. of the root lying between 0 and + 1. 

Wo now know the initial figures of three of the roots. But where are the 
two roots ? If they are real we know that they lie between — 4 and + 4, 
seen above that no root can lie beyond these limits. Ifbreover, as 
changes value rapidly beyond 1, a^ slowly between — 1 and 1, it 
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^jEild naturally bo suggeated tlu^ there may bo ^ cliangofl of aiga. between ^ 
and 4- 1» OP 0 and — 1. Evaluating /(a?) = »* — lOa?* -f- 6af + 1 fop .1, .2, .8, eta, 
we soon see that it will not change sign for values of a; betvreen 0 and + 1, 
Evaluating f(e) =;: as'* — !()«* -j- 6af — 1 . for .1, .2, .8, etc., we find that the other 
roots are between 0 and — 1, a^ that their initi^ digits are -*.l and —.6. 

18 to 23. Find by inspection, by the change in sign of /(x), or by 
Sturm’s method, the number and situation of the real roots of the 
following : 

(18.) ir*- 3a:*- 4.T + 11 =0; 

(19.) a:* - 2a: - 6 = 0 ; 

(20.) - 4a:* - 3a: + 23 = 0; 

(21.) + lliT* - 102.a: + 181 = 0; 

(22.) -17a:* 4- 54a: = 350 ; 

(23.) a:* 4* 2a:* + 3a: - 13089030 = 0.* 

ScH, 6. — If we have an equation in which, when cleared of frac- 
tions, the coofilcient of the highest jiower of a: is not unity, it may be trans- 
formed by {228) into one having such coefficient. But this is not necessary 
in order to the application of Sturm's method^ as it is not required hy anything in 
the demonstration of that theorem tluit the coefficients should be inteyraL 


24 to 31. Find by Sturm’s method the number and situution of 


the real roots of the following : 
(24.) 2a:* + 3a:*- 4a: - 10 = 0 ; 
(36.) a:’-18** + 29V'A = 0;t 
(26.) ’8**- 36a:‘+ 462 ; - 15 = 0; 
(27.) 4a;*- 12.r>+ 11a; - 3 = 0 ; 


(28.) 3 . 1 ;*— 4a;*+ 2x - 1000 = 0 ; 
(29.) 7a;*— 83a; + 187 = 0; 

(30.) a?- Ip’- Ip = 440 ; 
(31.) a;*- la;*- |a; = 312. 


Horner’s Method of Solution. J 

Horner’s method of solving nnmerical equations is a method 
of finding the incommensurabie roots of such equations to any re- 


* Observe thst neglecting the tomui + toe, which, since x is lan;e, are small as comiiared 
with a:*, we have 18069080, or x lies between 800 and WQprcixAly. 

t Clear of fractions flrft. 

% Among the manr methods discovered, and doubtless to be discovered, for this purpose, it 
is scarcely possible that BomerV sbonld be superseded, since the solution. of eoch an equation 
will certainly require the extraction of a root corresponding to the degree of the equation ; and 
the labor required by Bomer's method is not greater than that required to extract this root. 
Nor is this merely a method of approxtxnatkm, except as any method for incemmensuraUe roote 
le necessarily a method of approximation. If the root can be expressed exactly in the deeioMd 
notation, or by means of a repeating decimal, this process effects it. The method wu'fnt 
pabUabed by W. G. Hc^er, Bsq:, of Bath, Xni^nd, to 1619, ab^nt fiftoen years bef^ 
Theorem was publlsbed. 
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quired degree of apprbximate acctiracy. It is based upon the two 
following problems and pi^oposition : 

208 0 J^rob^—^To transform an equation^ a« f (x) i=: 0, into another 
whose roots shaU he a less than those of the given equation. 

Solution. — ^Let a!=flH-a!i, whence Xiz=iX-~a, and we have /(a!)=/(a4-Jt5i)=0, 
or 0^f{a + Xi). Developing the latter by Taylor’s Formula, we have 

0 = /(«-+-«,)=:/(«) 4- +/"(«) ^~ + /"'(«) * 3 * 4 -fete., or 

3fj* Xi S' 1^ 

0 — /(o) 4*/'(o)aJi 4 -/"(a) ^ +/'"(«) ^ 4- /"(«) j |- 1 etc., as the required equa* 
lion. 

20B, Sen. — ^The meaning of this may be stated thus : The absolute term 
of the transformed equation is the value of f{r) when a is substituted for 
x\ the coefficient of the first power of the unknown quantity, in the 
new equation is the first difTetentlal ooefiident of f(x), when a is substituted for 
X in this coefficient ; the coefficient of the second power of ^ri is the second dif- 
ferential coefficient of f(x), when a is substituted for x ; etc. 

Ex. — From 5a:* — 4- 3a:® -f 4a? -f 5 = 0 deduce a new equation 

whose roots shall be each less by 2 than the roots of this. 

SOLUTION. 

/(a?) = 5aj* — 12«» 4'8a?*4-4jj-f6 =9 ==/(«). 

z=^a—U* 

f'{x) = 20®* - 86®* + 6® -f 4 =82 -f\a). 

/"(®) = 60®* - 72® 4- 6 =102 =/"«. if'\a) = 61. 

«=s2 

f"{x) = 120® - 72 = 168 =/"'(«). A- r\a) = 28. 

®=8 

/"(®) = l20 = 120 =/*^(a). = 6. 

®=s2 

Hence 0 = 04- 83®, -f 51®i* -f 28®i* -f 6®/, or 6®,^ 4 - 28®,* -f 61®i*-f 83®i4- 9 = 0. 
is an equation whose roots are 2 less than the roots of the given equation, 
since ®, = ® — 2. 

270* J^r6bm — To compute the numerical vtdues of f(a), f'(a), 
Jf''(a)> T^f"(a), etc., from '£(x), when f(x) has the form 

Ax“+ Bx“'* + Cx"-*4- Bx”-* P. 

Solution. — Let y(®) = A«*-f J?®*-f (2c* 4 - D® -f E\ whence, fonnibg 
f\x), and substituting a for ®, we have 


* 1^9 .mining of this notation Is that ® is made equal to 9 In the fmaction, whsaoe sssaltt 
thO Vaiae. 
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/(») = Aa* + Ba‘ + Ca* + Z>a + JS; 
f'{a) = 4Aa> + 9Sa‘ +iCd + If; 
if "{a) = OAa* + 3Ba+C; 
iif’"ia)=:iA<i + S; 

= A. 


Haw, «B may compute these as follows : 


+ + 

•I 

<2 

+ 


+ + 

M 


C) eq 
+ + 

*e 


+ ^ 




+ 

a ' 
+ 

4 - 

+ 

+ 4 - 


U 

4 - 

5 

eo 

4 - 


4 - 

cs e 


3 


+ 4 - 
^ I a 


o; 

4 - 

« e 

3 ^ 




I I 2 « *9 

Il5“i 


Examples. 

1. Transform Sa?*— 4a? + 7a? + 8a?— 12=0 into another equation 
each of whose roots shall be 3 less than the roots of this. 


SoLxrriOK. — ^Ammgixig the coefficients and proceeding as in the above solu' 

tirtn. we ha -a the following : 
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OPERATION. 



-4 

+ 7 

+ 8 

-12 

ij_ 



66 

m 


6 

22 

74 

210 

=/(8) 


i? 

192 



14 

64 

266 

= /'(3) 



69 




23 

138 = 

i/"(3) 




_« 

*82 = ii/"'(8). 

Hence the transformed equation is 

8aJi*+322>i» + 183a?,» + 266a5, +210 = 0. 

2. Transform — 13a;* 4* 7a:* — 8a; — 9 = 0 into another equation 
whose roots shall be less by 3 than the roots of this. 

The new equation is 3a;* + 23a:*+-52a;* + 7a;— 78=0.* 

3. Transform a;* 4* 2a;® — 6a;* — lOo; 4- 8 = 0 into another equation 
whose roots shall be 2 less than the roots of this. 

PKOCESS. 

10 +2 -6 -10 +8 LI • 

2 4 12 12 4 

2 6 6 2 12 

2 

4 14 34 70 

2 12 52 

6 26 86 

^ _16 

8 42 

_2 _ r- 

10 

The equation is as* + 10a;* + 42a5’ + 863?* + 70a; + 12=0. 

4. Transform a;* - 6a4 4- 7.4a;* 4- 7.92a;* — 17.872a;-.79232 = 0 into 
another equation whose roots shall bo each less by 1.2 than the roots 
of this, 

6. Transform a;*— 2a;* 4- 3a; + 4=0 into another equation whose roots 
shall be 1.7 less than the roots of this. 

6. Transform a;* + 11a;*— 102a; + 181 = 0 in to another equation whose 
roots shall be 3 less than the roots oF this equation : transform the 


* For convenience In reading; end writing, It is customary to omit the eitbaoiipts which dla* 
iinirtilsli the unknown quantity iu the truisformed equation from that in the ghren eqnatloa. 
But It should bo home in mind that the unknown quantiUes ore difTerent. 
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resulting equation into another whose roots shall be .2 less than the 
roots of the Idst ; transform this equation into another whose roots 
shall be .01 less than those of the last; transform this into another 
whose roots shall be ^003 less than its roots. 


OMaiATIOW. 


+11 

-102 

+ 181 

\A 

_8 

_42 

-180 


14 

-60 

1* 

\A. 

A 

51 

-.992 


17 

-9* 

.008+ 


8 

4.04 

-.006789 


20* 

-4.96 

.0012'61t 

1 .003 

2 

4.08 

-.001217403 


20.2 

-.88t 

.000043597§ 


.2 

.2061 




20.4 

.2 

20.6t 

.01 

20.61 

.01 

20.62 

.01 

20.63t 

.003 

20.633 

.003 

20.636 

.008 

20.639§ 


-.343803§ 


EXPLANATION. 

.2062 

— 4«77f * together with the first, 

061899 coefficients of the equation 

* whose roots are 8 less than those 

—.405801 Qf given equation. The equa- 

.061908 tion written out is aj* + 20^;*— 9a; 

— .843808§ +1=:0. (v4). But, instead of re- 

writing these coeflficients for the 
second transformation, we operate upon them just as 
they stand. 

f These, together with the first, are the coefficients 
of the equation whose roots are .2 less than those of 
{A)» and consequently 8.2 less than those of the given 
equation. This equation written out is a‘^-i-20.6a;* — 
.88a; 4- .008=0. {B). But instead of rewriting these co- 
efficients we effect the next transformation upon them 
just as' they stand. 


t These, together with the first (which remains the same in all), are the co- 
efficients of the equation whose roots are .01 less than the roots of (B), .21 less 
than the roots of (.4), and 3.21 less than the roots of the given equation. This 
equation is aj» +20.68a;* -.4677a; + .001261=0. {C). 


% These are the coefficients of the equation whose roots are .003 less than 
those of ((7), .018 less than those of (i^, .213 less than those of (A), and 3.218 


less than those of the given equation. The last transformed equation is 
x^+V!o:mx* -.843898a; + .000048897=0. 


‘7. Transform, as above, the equation a;*— 3=0, suc- 
cessively, into equations whose roots shall be 2 less, 2*8 less, and 2..85 
less than the roots of the^^ivsii equation. 
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OPERATION. 


0 

-12 

+ 12 

-3 1 2.85 

_2 

__4 

-16 

-8 

2 

-8 

-4 

- 11 # 

2 

_8 

0 

8.0856 

4 

0 

-4* 

-2.0144f 

2 

12 

15.232 

1.71940625 

6 

12 * 

11.232 

-.29499375$ 

2 

7.04 

21.375 



19.64 

82.608f 



JM. 

1.780125 


8.8 

26.72 

84.888125 


.8 

8.32 

1.808:TO 


9.6 

86.04f 

36.196500$ 



.5625 



10.4 

85.0025 



.8 

.5650 



11.2f 

36.1675 



.05 

.5675 



11.25 

36.7850$ 




.05 

11.30 

.0 5 

11.36 

■05 

11.40t 

Hefice the succeBsiv'e equations are. 

The Primitive, a;*—12iC* +12a;— 3=0 ; {A), 

One whose roots are 2 less than those of (.4), 

+ + 12jj*—4r-ll=0 ; (B). 

One whose roots are ,8 less than those of {B), or 2.8 than those of {A)p. 

+ 35.04aj* + 32.608a;-2.0144=0 ; (C), 

One whose roots are .05 less tlian those of ((7), .85 less than those of (B), or 
2.85 less than those of (A), 

X* + 11.4ar® +36.786«* + 36.1966a;- .29490376=0. 

8. Transform, as above, the equation a^--7x + 7=0, sucoessively, 
into equations whose roots shall be 1 less, 1.3 less, 1.35 less, and 1.356 
less than the roots of the given equation. 


mtl. a 4^ Xx is a root /)[«*) == 0 , <mdXx U^i*0tierUly 

ixiUh r^erenee io a, — 0^.9 approximatdy^ 

J W 
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SsiM. — ^If a+iDi is a root of/(a))=0, /(a+te,)=0. Deyeloping this by Taylor’l 
Bormula, we have 

/•(a+a?,)=/(a)+/'(a)a ?4 +/"(«) ^ + etc.s:0. 

Now, to determine afi approafimatelp, which is all the proposition proposes, when 
ir, is quite small with reference to a, all the terms in the development involving 
higher powers of aji than the first may be neglected ; whence we have /(a) -f 

/’(a)ii.,=0,or«. = -^J. 

Ex. — Knowing that 4. + some decimal fraction which we will call 
cjj, is a root of + 100=0, required the approximate value of 

the decimal fraction Xi. 


Solution. — F inding /(a), i. e., in this case/ (4)* in the ordinary way, we have 


1 


4-1 

4 

6 

4 

9 

4 

13 


+ 1 -100 |_ 4 ^ 

20 84 

21 -16=/(a),or/{4)* 
36 

67 =/'(a), or/'(4)* 


~16 

Hence —^77—;= = .28+ is approximately the decimal part of the root. 

j 07 

In fact, 2 w the tenths figure of the decimal part of tlie root, the i*oot being 
<as we shall find hereafter) 4.2644+ . 

We thus have a?i*+ 18a?i®+ 57a? 1 — 16=0, an equation whose roots are 4 less 
than the roots of the given equation. We will now transform this into another 
equation whose roots shall be .2 less than the roots of this equation, or 4.2 less 
than the roots of the given cjquation. Thus 


1 +18 

^ 

18.2 

.% 

13.4 


+ 57 -16 i .2 

2.64 11.928 

59.64 -4.072 =/(4.2)t 

2.68 

62.82 =/'(4.2)t 


18.6 

and the transformed equation is 

«,• + 13.6a?,*+ 62.82ay,-4.072=0, 


* This notation means, the valae off{x) when 4 is subetituted for x tberein. 
t That these are the valnes of f (x) (the first member of the jjiven equation) and /'(»), when 
4.S is substituted for x, will l>e evident if it Is considered that ther are the same results as 
would have been obtained by transforming the given equation immediately (by one process) 
into another whose roots are 4.3 less. 
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whidi is an eqaation whose roots are 42 less than thoee of the given equation, 
i, e., 07=42 + iPf. 

Hence hy the proposition = — ^ - ^ =.005 approximatelj. In fact, it will 
be seen that 6 is the hundredths figure of the root. 

Writing both portions of the above work together, it stands thus : 


1 +1 

+ 1 

-100 

IJb? 


20 

84 


5 

21 

-16* 

* .*. -16=/(a),or/(4) 

4 

_36 

11.928 


9 

67* 

-4072+ 

* 67=/'{fl). or/’(4) 

4 

2.04 



13* 

69.64 


+ .*. -4.072=/(4.2) 

.2 

2.68 



13.2 

62.32t 


f.-. 62.32=/'(42) 

.2 




13.4 




.2 




13.Gf 





Horner’s Eulb. 



27 2. RULE, — 1. Put the equation in the fobm 
+ Cx*~^ • - - - Jfa7 + Z=0, 

IN WHICH THE COEFFICIENTS Ay By O Z, IF NOT INTEQEAL, 

ABE EXPRESSED EXACTLY IN DECIMAL FRACTIONS. 

2. Find the number and situation of the positive heal 
BOOTS BY Sturm’s Theorem, determining one or more (usually 
two) of the initial figures, (See Sch. 1.) 

3. Write the coefficients in order with their proper 
signs, being careful to supply with O’s the places of co- 
efficients OF MISSING terms, IF THE EQUATION IS NOT COMPLETE, 
Taking the initial figures of one of these roots as thus 

FOUND, OPERATE ON THESE COEFFICIENTS SO AS TO OBTAIN THE CO- 
EFFICIENTS OF THE TRANSFORMED EQUATION WHOSE ROOTS SHALL 
BE LESS BY THE PORTION OF THIS ROOT ALREADY FOUND. 

4. Having found these coefficients, if the coefficient of 

THE FIRST POWER OF THE UNKNOWN QUANTITY IN THIS TRANS- 
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iTORkED EQUATIOK AJSTD TOE ABSOLUTE TERM, /'(«) AKi> /(«), fiAVB 
UNLIKE SIGNS, DITIDE THE LATTER BY THE FORMER, AND THE FIRST 
FIGURE OF THIS QUOTIENT ViLL BE (APPROXIMATELY) THE NEXT 
FIGURE OF THE ROOT. (See SCH. 2.) If THESE FUNCTIONS HAVE 
LIKE SIGNS, MORE FIGURES OF THE ROOT MUST BE FOUND BY StUEM’S 

Theorem or by trial, before proceeding to apply this pro- 
cess OF transformation. 

5. Having found a figure op the root by dividing f {a) by 

f\a), ANNEX IT to the ROOT AND OPERATE ON THE COEFFICIENTS 
OF THE LAST (TRANSFORMED) EQUATION AS THEY STAND, TO PRO- 
DUCE THE COEFFICIENTS OF THE NEXT TRANSFORMED EQUATION, t. B., 
THE ONE IVHOSE ROOTS SHALL BE LESS THAN THOSE OF THE LAST, 
BY THE LAST FIGURE OF THE ROOT, AND LESS THAN THOSE OF THE 
GIVEN EQUATION BY THE ENTIRE PORTION OF THE ROOT NOW FOUND. 

Having found these coefficients, divide the absolute term: 
by THE coefficient OF THE FIRST POWER OF THE UNKNOWN 
QUANTITY, IF THEIR SIGNS ARE UNLIKE, AND THE FIRST FIGURE 
OF THIS QUOTIENT WILL BE (APPROXIMATELY) THE NEXT FIGURE 
OF THE ROOT. If THESE SIGNS ARE ALIKE, THE LAST ASSUMED 
FIGURE OF THE ROOT IS TOO LARGE AND MUST BE DIMINISHED. 

(See ScH. 3.) 

6. Proceed in this manner until the root is obtained; 

OR, IF the ROOT IS INCOMMENSURABLE, UNTIL AS MANY FIGURES 
OF THE DECIMAL FRACTION ARE OBTAINED AS ARE DESIRED, (See 

SCH. 4.) 

7. In like manner all the positive real roots, or their ap- 
proximate VALUES, MAY BE FOUND. To OBTAIN THE NEGATIVE 
ROOTS, CHANGE THE SIGNS OF ALL THE TERMS CONTAINING ODD POW- 
ERS OF THE UNKNOWN QUANTITY, OR ALL OF THOSE CONTAINING THE 
EVEN POWERS ; OR, IF THE EQUATION IS COMPLETE, EACH ALTERNATE 
SIGN, AND PROCEED TO FIND THE POSITIVE ROOTS OP THIS l^UATION 
AS BEFORE. ThE VALUES THUS FOUND WILL BE THE NUMERICAL 
VALUES OF THE NEGATIVE ROOTS (24G). 

This rale Is tipon previoosly demonstrated prinolples, and needa no 

special demonstntkhi. . 

« 

ScH. 1. — tneans of (244, 24S) we can nsnally And the initial 
figure 6r figures of the rosots with less labor than by Sturfti’s Tlieorem. 
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274:. SCH. 2. — Since by {274 ) — - 7 ^, if both /(a) and /'(a) have 

J W 

the same sign at any tims^ this quotient will be and hence the value 
thus found for Xi will not be the amount to be added (annexed) to the por- 
tion of the root already found, for the assumption is that this portion Is lees 
than the root of the equation which we are seeking. 

27if* ScH. 8. — That the figure of the root found by dividing /(a) by/'(«^ 
is liable to be too large is readily seen when we consider that inlstead of 
/'(a)a!|=: — /(fit) (in Dkm. of 27 1)^ we should have, if no terms were 
omitted, 

f'{a)X\ -f- ][f'\a)Xi ® +• I * + etc. = —f{a). 

Now a value of which satisfies the former may evidently be quite too 
large to satisfy the latter. Thus consider a?’ + 10a;* +5^—2600=0. Neglect- 
ing and lOi?*, we have 5a?=2000, or ^*=520. But this will by no means 
satisfy the equation when and 10a;* are not neglected. 

Again, the figure found by dividing/(a) by /'(a) niay be too small. Thus, 
if we have 12aj* 4-13«— 3=0, and neglect a;*, and — 12 j;*, we have 12a?— 3 

=0, or a?=i. But this is too small a value to satisfy the equation, since for 
a?= i, —12a;* will be numerically much larger than «*, and hence retaining 
these terms will diminish the function, thus making ^ too small to satisfy 
tlie equation. 

270. ScH. 4. — ^Prom Sen. 2 it appears that /(«) cannot change sign in 
the process unless also changes sign. But when f{a) changes sign, we 
know by {244) that we have passed a root of the equation ; if, however, /'(a) 
also changes at the same time, our work may still be right. In such a case 
there are two roots having their initial figure or figures alike, e. g., one may 
be 28.50 + , and the other, 23.59 -f- . To obtain the less of the two roots, take 
the largest figure which will not cause either /(a) or f\a) to change sign; 
and for the larger of tlie tw'o roots take the smallest figure which will cause 
both f{a) and /'(o) to change sign, 

[Note. — These scholiums, as also the rule, will be better understood In con- 
nection with their applications in the following examples. But in review, after 
the solution of the examples, they should be carefully learned.] 

Examples. 

1, Required tho roots of ar*— 4a;*— 6»-f 8=0. 

SoLtJTiOK. — ^By Sturm's method we find that there are 8 real roots, one nega- 
tive, and two positive (see Ex. 1, page 22S), and also that the negative root is 
and an incommensurable decimal, that one positive root is an ineommen- 
suiable. decimal, and that the other positive root Is 4. + an, incoimEnansumble 
dednu^ We will seek the latter first. 
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Ul*£iU.T10N. 


-4 

-6 

-h 8 

4 

0 

-24 

0 

-6 

— 16.* . • 

4 

16 

18.632 

4 

lO** 

-2.868. •• 

4 

7.04 

2.809760 

8.8 

17.04 

-.a58231... 

.8 

7.68 

.058275288 

9.6 

24.72.. 

-.004955712 


.8 

.9441 

10.49 

25.6641 

.09 

.9522 

10.58 

26.6103. . 

.00 

.021344 

10.673 

26.037644 

.002 

.021848 

10.674 

20.058992 


.002 

10.670 


14.8924- 


Beharks. — T lie general features of the process, being the same as heretofore 
given {270 f Example', need no further' explanation than they have already re- 
tseived. Each decimal figure of the root is added tlio first time in the first 
column simply by annexing It, 

In finding the second figure of the root, we have ~ 

this cannot be the proper addition, since we know that the root lies hettoem 4 
and 0 ; hence this trial fails to give the second figure in the root. (See 275,) 
But as we know that this figure cnnnot be greater than 9> we try 9, and find 
that it makes the absolute term change sign so that /(«) and f\a) have the 
same sign, and consequently .9 is too much to add. (See 270, and also consider 
that f{(K) would thus be shown to change sign as sc passed from 4 to 4.9, and 
hence that a root lies between 4 and 4.9, 24:4:,) We therefore try .8, and find 
tliat it is the correct addition. We know that .8 is right, since we know that 
as X passes from 4.8 to 4.9, / (x) changes sign. 

In finding the third figure we have for trial — = -09. Try- 

j (a) 24.74 

ing 9 as the third figure of the root, we find that the absolute term does not 
cliange sign, and hence we know that 9 is the next figure, t. e., we know that a 
root lies between 4.89 and 4.9. 

The process may be thus continued indefinitely, and as many figures found as 
we may desire, 

277* N. B. — It will be observed that this process is simply one of substltu* 
tion in /(x) of values for x which come nearer and nearer to making f{x) » 0, 
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Thus In tWB example 4, substituted in — 4** — 6* + 8, gives x* — 4®* — 6* 


4* 8 = — 16 ; 4.8 BttbstitTited for gives a?® 

-4a;*-6a;4-8 = - 2.368; 4.89 

gives aj* — 4a;* — 6 a ;+8 

= -.058281; 4.892 gives ®» -4®* - 6 * 4 - 8 = -.004955712. 

Thus we are coming nearer and nearer to the number which substituted for x 

would make a;® — 4 aj* - 

“ 6 a; 4 - 8 r= 0 , or would satisfy the equation. 

2. To FIND THE ROOT WHICH LIES BETWEEN —1 AND —2, we take the equa- 

tion a;® 4- 4a;* — 6 aj — 8 

=£ 0 (changing the signs of the terms containing the even 

powers of a;), and find the root of this equation which lies between 1 and 2 

(»^). 

OPERATION. 


1 +4 

-6 

-8 1 1.80044- 

1 

6 

-1 

5 

-1 

-9 • • • 

1 

6 

8.992 

6 

5.*» 

-.008 

1 

6.24 

.007249504064 

7.8 

11.24 

-.000750495936 

. .8 

6.88 


8.6 

18.12 


.8 

.00370016 


9.4004 

18.12876016 


.0004 

.00376082 


9.4008 

18.12752048 


,0004 



9.4012 



3. To FIND THE ROOT WHICH LIES BETWEEN 0 AND 1. We first find the 

Initial figure either by evaluating /(.r) successively for .1, .2, . 8 , etc., and no- 
ticing when it changes sign (244) ; or by Sturm’s method. The former is much 

the less laborious, and is to be preferred {2HS). 

In fact, to use Sturm’s method 

involves exactly the same work as the former method, vnth. considerable additional 
work. Moreover, the former method can bo applied mentally till the proper 
initial figure is determined, and no other writing will need to be involved than 
just what Homer’s method requires. No figures will need to be written but 

those in the following 

OPERATION. 


1 -4.. 

- 6 .- 

4-8.* •• 1 .90824- 

.9 

-2.79 

-7.911 

- 8.1 

-8.79 

.089 

.9 

-1.98 

-.080242688 

- 2.2 

-10.77- 

.002757812 

.9 

.010886 



-1.8 •• -10.780888 

.008 
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It is BO evident that the last d^^ure is 2, that the operation for verifying it is 
t^mecessary. 

2. Pind the roots of — 13ri^ + 63a:* —.49a:* — 110a: + 150 == 0, 
extending the deciiniils to the 6th place. 

SuG. — Apply Sturm’s method. If there are equal roots, depress the equa- 
tion. 

3 to 6. Find all the real roots of the following, extending the 
decimals to 4 or 5 places; 

(3.) a:* 4- 10a:* + 5a; - 260 = 0; 

(4.) a:*+ 3a:* + 5a: = 178; 

(5.) a:* + 2a:* = 23a: + 70. 

The cubic equations on pages 223, 224, 226, 228, will afford further 
exercise. 

6. Find the roots of the equation ar* — 80a:* + 1998a:* — 14937a: 
4-5000 = 0. 

SuG’s. — Of course we may always find the number and situation of the real 
roots by Sturm’s method. But as the labor of substituting in ail the functions 
used in this method is frequently great, we avoid it when we can. Iloicever, it 
is generaJUy best to free the equation from equal rootSy and find the numbbh of 
positivey and the number of negative roots by Sturm* s method. But the situalion 
of the roots is almost always more readily found by inspection based mainly on 
the change in sign of fix) i24r4:). We will solve this example in this way. 

1. By Sturm’s method we find that our equation has no equal roots, and that 
it has 4 positive roots, and no negative root (see 2S4:). 

2. Wb now froceed to find the least root . Observing that for a?=0, 
fix) is 4, and lor a;=l, fix) is we know that at least one real root lies 
between these limits. To find it we have the following (see next page) : 




MEXHOD. 

' j 

m 
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-80 

-4-1998 

-^14987 

+6000 

A 

.1 

- 7.99 

199.001 

^1478.7900 

.2 

-79.9 

1990.01 

-14787.999 

8526.2001* 

.8 

J. 

- 7.98 

198.208 

-2829.6820 

.02 

-79.8 

1982.08 

-14589.796* 

690.0681>.**t 

.02 

A 

- 7.97 

891.686 

- 274.42885424 

.01 

-79.7 

197406* 

-14148.160 

422.14424576$ 

.85 

A 

- 16.88 

888.468 

- 272.88640240 

-79.6* 

1958.18 

-18759.692. ..f 

146.26784880§ 

.2 

- 16.84 

88.499288 

- 185.86788711 

-79.4 

1942.84 

-18721.192712 

18.88000626T 

.2 

- 16.80 

88.467784 


-79.2 

1920.54- ’t 

-18682.724928$ 


,2 

— 1.6756 

88.404808 


-79.0 

1024.9644 

-18644.820120 


,2 

- 1.5752 

88.878886 


-78.8-t 

1923.8892 

-18605.946784g 


■02 

- 1.6748 

19.168078 


-78.78 

1921.8144$ 

-18686.788711 


.02 

- 1.6740 

19.155211 


-78.76 

1920.2404 

-18667.628000ir 


.02 




-78.74 

1918.6668 



.02 

1.5732 



-7a72t 

1917.008a§ 



.02 

- .7868 



-78.70 

1916.8078 



.02 

- .7862 



-78.68 

1916.6211 



.02 

- .7861 



-78.66 

19147850Tr 



.02 




-78.64§ 




.01 




-78.68 




.01 




-78.62 




.01 




-78.61 




.01 




-78.60 
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REHABK6.-~This work ia given to show how we map proceed to find the first 
two figures of the root by sucoesiAve ifiinple appiroxixnations. If the student is 
familiar with the prindples heretofore developed and applied, he will have no 
difficulty in seeing the reasons for the operations above. We are simply adding 
to the value of x substituted ln/(iP), so as steadily to diminish the absolute 
term, being careful not to add so great an amount to tr as to make this term 
chuige its sign; and when we can add no more of one order (as of tmtihs), we 
pass to the nett lower order (huttdreths) and proceed in the same manner. On 
this process we make two remarks, vis.: 

(a.) Ji i$ nai sure to succeed. Thus, if there were tuco roots between .84 and 
.86, for example, the absolute term would not change sign when we passed from 
.84 to .86, although we would have passed both roots ; and it might occur that 
no root lay beyond .85, in which case our method would be fruitless. But such 
cases are rare. It is in such cases, and in such only, that Sturm’s method is 
well-nigh indispensable for finding the situation of roots. 

(6.) In most cases the exact figure of any order can be told without such an 
approximation as the above ; or, what is equivalent, without trying a figure, and 
when it is found incorrect, erasing the work and trying another, and so on till 
the right figure ia found. In this particular case, the first figure in the root being 
a smaU fraction, the higher powers of x might bo neglected (and more especially 
as they differ in signs), and — 14887«» 4- 5000 = 0 would give the first figuro 

in the root at once. Thus X = =. 84 -. So, in this case, for tho second 

figure — -^ 7 ^ = — which gives the next figuro of tho 

root. 

8. To PIKD THE NEXT GREATER ROOT. By substituting l,we find, as on the 
next page, /(a?) = — 8018 ; and when 1 is added to this, f{X) = —17506. Now it 
is evident that any sHght addition, as of 2, 8 , or 4, to the value of x, will only 
make f{x) increase negatively. This is seen by insi>ecting the coefficients 1, 
—72, 4-1542, —7878, —17506. We therefore make a considerably larger addi- 
tion to sr, as 10. From this explanation the student should be able to see the 
significance of the following (see next page :) 
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SECOND OPERATION. 


-•80 

+1998 

-14987 

+ SOM 

1 


- 79 

1919 

-18018 

1 

-79 

1919 

-18018 

- 8018 

10 

1 

- 78 

1841 

- 9488 

12.7 

-78 

1841 

-11177 

-17506 


_1 

- 77 

lew 

13470 


-77 

1764 

- 9488 

— 4086. 



- 75 

1615 

3787.8441 


-76 

1689 

- 7878 

- 298.6550 



- 74 

9220 



-75 

1615 

1847 



1 

- 78 

4020 



-74 

1542 

5367 ... 



1 

- 620 

- 27.987 



-73 

922 

5889.068 



_1 

- 520 

- 42.981 



-72 

402 

5296.182 



JLO 

- 420 




-62 

- 18.. 




JO 

- 21.91 




-52 

- 89,91 




JO 

- 21.42 




-42 

- 61.^ 




JO 

- 20.98 




-82. 

- ^.26 





.7 


-31.8 

.7 


-80.6 


.7 



As now fia) and f\a) have opposite signs, and the remainder of the root la 
quite small as compared with t^t already* found, the approximation can be 

carried on in the ordinaiy way. Thus we hare = 

and the next figure of the root is 5. 

, 4. To FIND THE msxT OBBATEB ROOT we resume the coefficients after the 
roots had been diminished by 18. . Then adding 1 to Ihe value of ti we find that 
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f6r a; c; 13, /(d$) = 1383, having changed sign, as it ahduld. Kow as i. 8* 
5389, and /(a;) are both positive, and the other coefficients, though negative, are 
comparatively small, it will take considerable increase in £9 to diange the sign 
of f{x). We therefore add 10. Now f*i^) has changed sign, and by inspecting 
the coefficients, 1, +13, —848, —1831, and 34873, it is evident that x cannot in< 
crease another 10 without changing the sign of /(a;). Hence we try 5. For 
a similar reason we add 4 next. 


THIBD OPERATION. 


-83 

- 18 

+5367 

- 4086 

13 

1 

- 81 

- 49 

5818 

1 

-81 

- 49 

5818 

1383* 

10 

1 

- 80 

- 79 

38590 

5 

-80 

- 79 

5339* 

24873t 

4 

1 

- 29 

-2880 

-13180 

83.+ 

-39 

-108* 

3359 

11693^ 


_1 

-180 

-8680 

-11588 


-38* 

-288 

-1881t 

104§ 


10 

-80 

-1815 



-18 

-868 

-2636 



10 

30 

- 765 



- 8 

-848t 

-8401t 



10 

85 

504 



3 

-263 

-2897 



10 

110 

1144 



13t 

-158 

-1753§ 



_5 

185 




17 

1 1 
CD 




5 

144 




23 

136 




5 

160 




27 

386 




5 

176 




83t 

462§ 





40 

Jl 

44 

4 


^ ~ as the coeffldents ptee^ding kM 
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all +* they will diminlek it aomewhat in the operation, and hence it ie piobable 
that .06 is the proper addition to mahe to the root. The process can now be 
continued to any extent desired. 


5. To FIKB THB NBXT gbBatebt (In this case the greatest) BOOT, we have the 

following operation, whidi we leave the student to trace: 



FOmiTH 

OFEBATION. 


82 

1 +48 

+462 

-1768 

+ 104 

1 


^ 

611 

-1242 

1 

49 

511 

-1242 

-1188* 

84.8 + 

1 

50 

561 

16 


50 

661 

- 681* 

— 1154* .. . 


1 

61 

665 

1086.8416 


51 

612* 

- 16 

- 67.1684 


1 

m 

719 



52* 

065 

703.... 



1 

54 

655.552 



53 

719 

1358.552 



1 

65 

692.416 




774. •• 

2050.968 



1 

45.44 




55 

819.44 




1 

46.08 




66.8 

865.52 




^ 

46.72 




67.6 

912.24 





.8 

58.4 

.8 

50.2 


The student should extend these solutions 2 or 8 figures farther. 

7 to 12. Solve the following: 

(7.) + 60a:* - 800a: = 60000. 

(8.) a:* + 2a:* + 3a:» + 4a:* + 5a; == 64321, 

(9.) a:* + 4a:* — 4a:* — 11a: 4- 4 = 4). 

(10.) a:* - 27a:* + 162a:* + 356a: = 1200. 

(11.) a:* - 3a:* = 48664231721. 

(12.) a:* + 2a:* + 3a:= 13089030. 

(13.) a:* - 10a:* + 6a; = 1. 

(14.) a:* + 173a: = 14760638046. 
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(16.) *• - 7036a!* + 16368764a! = 10000738880. 

(16.) a!* + 18x 3= 36.4035. (Solve by Homer’s meibod.) 

(17.) a!* + 4a!* - 9a! = 67.623636. 

(18.) 23!*+ 6a!*+ 4x*+ 3a! = 8002. (Observe that it is not neees- 
mry to make the first ooefiloient unity. See examples in the first 
part of the section.) 

(19.) Sa:* - 4a^ + 2* = 1000. 

(20.) 635* - 3.2a! = 41278.316. 

Noth. — ^T he roots of several of the above are commensurable ; and their solu- 
tkm shows that Homer’s method is adapted to such cases. 


21 to 26. Extract the roots of the following numbers by Homer’s 
method : 


(21.) The cube root of 119736852154. 

(22.) The square root of 5126485. 

(23.) The fifth root of 2. 

(24.) The fourth root of 86718271002567691. 
(25.) The cube root of 3. 


SUo’s. — To solve the 21st, write a;* — 110786852154, and solve as usual, being^ 
careful to remember tliat the coefficients are 1, 0, 0, —119786852154. To find 
the initial figure, point off as in the ordinary method of extracting roots. The 
following exhibits the first steps of the process ; 


_4 

4 

JL 

8 

4 

129 

9 

188 

9 

147 


0 -11978086^54 

16 64 

16 - 65786 

82 58649 

48- - 2087852 

1161 ** 

6961 

1242 

7206 




26 to 29. Solve the following by first eliminating^ and then solving 
the resulting equation by Horner’s method : 

(26.) 2ar* — — 4ir® -f 12, and 4y* — = 2y + 5. 

(27.) 2y* — 4a;y 4* 2a:* ■— 3y — ' 2a:— 8 = 0, and 4y* -f 4a:* = 11 , 
(28.) 2^ — 4a^ + 2a:* — 3y — 2a: :=8,andy* x —6. 
(29.) 2y* — 4a:y + 2a:*— — 2* — 8, mid 4a:4-9=s0. 





m 

Sira's. — From tKe 2dt>f (26) we have y = i ± iy\/8aj + V Substituting this 
in the let, we obtain 6aj* — V® — V" = (»— i)'\/8a; 4 - whence 86«* ~ BOa”* 

- 101®* And dividing by 86, we have x* - 1.217»» - 2.806®* 

+ 8.687® 4- 3.188 = 0, carrying the iractions to three places. ^ 

ScH. — ^There are various methods by which Homer's process may 
be abridged, especially when a large number of decimals is required ; but 
we have thought it better to exhibit fully and clearly the principles esaentiai 
to the process, than to spend time and distract attention by giving these 
arithmetical abridgments. The most simple of these are : (a) the omission 
of the decimal point ; (1) the writing of the sums only in the several working 
columns, performing the various multiplications and additions mentally; 
(c) after several decimals have been obtained, instead of annexing 
(or • • • ’s) to the working columns, dropping off figures from the right in 
each new operation, as one from next to the last right-hand column, two from 
the next to the left, three from the next to the left, etc. ; (d) and, finally, 
when all the working columns but the last two have disappeared, continu* 
ing the operation as a process of simple division, only dropping off a figure 
from the right of the divisor at each step instead of annexing a 0 to the 
dividend. We condense an example from Todhunter as an illustration. 

Ex. — ^To compute to 16 decimal places the root of a?* + 2fl? 

— 5 = 0, which lies between 1 and 



OPBBATION. 


8 

-2 

-5 

1 

1 

4 

2 

-8000 

0 

700 

-888000 

60 

889 


-663000000000 

63 

108700 


-98047524875 

66 

110779 


-8847885443 

680 

112867000000 

*T 

-446624425 

693 

112870495025 


-107998801 

696 

112873990075 


-6411112 

699000 

11287454929 


-767851 

699005 

11287510850 


-90100 

699010 

1128751574 


-11087 

699015 

1128752068 


-929 


112875208 


-27 


112875210 


-4 
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SECTION IIL 

GENERAL SOLUTION OP CUBIC AND BIQUAimATIC EQUATIONS. 


Cardanos Solution op Cubic Equations. 

210. JETOh. — To resolve the general cubic equation x* +px* 
4- qx + r = 0. 

Solution. — ^This solution consists of three steps: 1. To transform the cqua> 
tion into one of the form y* 4* my -f n = 0, that is, an incomplete cubic lacking 
the square of the unknown quantity. To effect this, we put a; =: y + 2 , and 
substituting, have 

y* -4- 8y*s 4- 8y«* + «* + py* 4- 2i>y« + pz* + qy + qz + r ^=0, 
or, y* 4- (8* 4- j))y* 4- <3a* 4- 2pz 4- q)y 4- 4* 4- 4- r = 0. (1) 


Now as we have only one condition expressed between y and «, viz., y4-z=;a:, 
we are at liberty to Impose another. Let us put 8z 4* p = 0, whence e = — 
Then will this value of z substituted in (1) give 


y* 4- (g - ^*)y 4- — ipg 4- r) = 0. (2) 

2. Since the above transformation can always be effected, a solution of 

y* 4- my 4- « = 0 (3) 

vdll include the solution of all cubic equations. Our second step is to trans- 
form this equation into one which can be solved as a quadratic. To do this we 
put y = w 4 - «, which gives (3). the form 

-4 8«*e 4- 8wt}* 4- 4- fn{u 4 - e) 4 - w = 0, 

or, u* 4- 8w«(w 4 t^) 4- ^ 4- m(w 4 «) 4 » = 0, 
or, 4 «* 4 (3w« 4 mXw 4 «) 4 = 0. (4) 


Now, as we have but one condition expressed between u and e, viz., u-^vszy, 
we are at liberty to impose another. Let us put Bti/v 4 m = 0, whence v = 


— and (4) becomes 


4 4 tt = 0, 

or by substituting the value of v, 

whence we have w® 4 nu* = -^m*. 

8. Solving this quadratic we obtain 


( 5 ) 


•u* = — m* 4 - in-*, or w = — i » ± i^rm* 4 in*; 


and as o® = — (-M* 4 n), 


V = y --in ^ 4 i»*. 
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S^naJly, taking the square root as + for the value of v, and — for the value 
of V, sinoe these are corresponding values, we have 

y = ^ - in + ViVw* + in* 4- ^ — in - + in*. (6) 


2S0. l^rop* — 1. In the equation y* + my + n = 0, when m U 
positive, and token m is negative and j^vo? < J-n*, the equation has 
Ofhe real and tioo imaginary roots, and Cardanos formula (6) gives 
a satisfactory solution* 

2. When m is negative and 9f roots are equals 

and CardaWs method is satisfactory 

3. JBwf, toheti m is negative and all the roots are real 

and unequal, while Cardanos method makes them apparently imagi^ 
nary, and the solution is misatisfactory, 

Dfiitf. — A cubic equation must have at least one real root {23S). Let this be 
a. Now conceive the equation reduced to a quadratic by dividing /(a;) by 
and let 6 + and & — ^ c be the roots of this quadratic, these being the 
general forms of the roots of a quadratic, in which if c is ■+* the roots are real, 
if c is — they are imaginary, and if c is 0 those two roots are equal. 

Now, «, & 4“ v^* ^ "" being the roots of the equation, we have 

by (2^5) 

(a;--a) (»— p+\/c]) (a?— [&— V'c])=aj*— (a4-8ft>r*4-(2a64-6*— c)=0, 

, To transform this into the form y* 4- my 4- n = 0, we must put a 4- 2& = 0; 
whence u = — 26, and we have 

y* - (36* 4- c)y 4- 26(6* -c) =0. 

Comparing this with Cardan's formula^we see that 

4- W = V ~ ^(36* 4-c) * 4- 6*(6* - c)* = V - 86V 4^ f6*c*~gVc» 

= V (6^ -f 6*c 4- -^J'K - 8c) = (6* - ic) 

Hence we see that if c is 4*, that is, if all the roots of a cubic equation are 
real and unequal, Cardan’s method gives a result apparently imaginary. But if e is 

that is, if two of the roots are imaginary, Cardan’s method gives n recd form. 
Also when 0 = 0, that is, when the roots are a, 6, and 6, the form is real, since 
4^ = (6* — ^ 0 ) ef — Ze, is then B. 

Now by inspecting the quantity y' VrW’* 4- \n* we see that it is real when 
m is positive ; and also when m is negative if j^ym* < Hence in these 


* If ay the roots are equal, the equation takes the form (a: ~ a>* = »• — 8aas* + 8o*a; — a* =* 0, 
a being the vnlne.of one of the equal roots (2SS). In this case the transformation which makes 
the term in disappear gives =« 0. since yp^sy^a, aad y ss « - a sa o. 
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oMes there are one real and two inuigljearjr roots, and Cardan's nwthod, gtvlng 
a real form, enables us to detemdae one of them, and hence to soIto the 
equation. 

2d. We have also seen above that when c = 0, that is, when two of the roots 
are equal (and not all three), + in* = 0, in which case m must be nega- 

tive and 3= i»*. 

8d. It has also appeared above that when all the roots are retd mkd unegualt Car* 
dan’s method gives an apparently imaginary result. But this can only he the case 
when m is negative, and 

281, Bch. — C ardan's method would seem to give a cubic equation nine 
roots instead of three, since as there are three cul» roots of any number, 

— in 4- in* would have three values, and + in* 

would have three other values. Now combining each of the former, in 
turn, with each of the latter, we should have nine results. In order to ex- 
plain this seeming paradox, let us find the form of the three cube roots of a 
number, os of a*. To do this we have but to solve the equation a:® =a*. 
Thus .r* — a® = (a? — a) («• 4- aa; + a*) = 0. Whence a? — a = 0, and x* H-aa?+a* 
=0. From these we have a;=:n, _ + y'^Tg), and — ia(l — y/ — 8). 

Now let the roots of /y — in -H VJym® 4- in* be r, -'ir(l-i- — 3), and 

. — ir(l — V "“®) > roots of ^ — 4 i/i* be r', — ir' 

(1 4 and — ir' (1 — —8). It will bo remembered that wo assumed 

m 

tfs =s — ; that is, the products of the admissible roots must be real. 

o 

Therefore we can use for the parts of the root r and r', — ir(l + ^/ — 3) and 
— 3), and -y/ ~ 3) and — ir'(l 4 -y/ — B); and we can 

use these parts in no other combination, as any other would not give a real 
quantity. Thus we cannot have y = n4« = r-'ir(l 4 -y/^ since 
would then be — 4 V^)]. which is an imaginary quantity, and hence 

not equal to — as it should be. 

We will give a few examples to which the student may apply Cardan's pro- 
cess. 


Exastplbs, 

Solve the following, finding one of the roots by Cardan's process, 
and then depressing the equation by division, solve the resulting 
quadratic. 
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1. *• - 9» + 38 = 0.* 

3. — 3a^ + 4 = 0. (See first step in general solntion.) 

3. !B* — 6* + 4 = 0. 

4. ** + 6* — 3 =r 0. 

6. a; + 5 -I- 3 y/aSx t= a. 

6. a? + 3a!* + 9a: — 13 = 0. 

7. ai* - 9a:* + 6a: - 3 = 0. 

8. af" — 6a:* + 13a: — 10 = 0, 

9. a:* - 48a! = 128. 

10. a:* + 2a: = 12. 

11. *• - 3** - 2** - 8 = O.f 

12. y - ey + isy = 12. 

13. 2a:’ - 12ai* + 36a: = 44. 

, . Va + X , V« 4- X V » 

a X e 

15. a4 — 8a4 + 19x - 12 = 0. 

SuG. — An attempt to solve the last by Cardan’s process will give roots 
apparently imaginary, although it is easy to see that the roots are all real, and 
commensurable. 


Descaktes^s Solution of Biquadratics. 

282m ^roh. — To resolve the general biquadratic equation x* + 
ax* + bx* 4- dx + e = 0. 

Solution. — The first step in the process is to transform the equation into one 
wanting the 3d power of the unknown quantity. This is done In the usual way 
(see Cardan’s method of resolving cubics) ; i. e., by putting x=y^rz, substituting, 
collecting the coefficients with reference to y, and, putting the coefficient of y* 
equal to 0, finding the value of z. This value of % aubeUtuted in the given 
equation will give the form 

y* + my* + «y + r == 0. 

2. Assume y* + my* + ny + r s= (y* + <^ + /) (y* + <y + y), and deter* 

* It is better for tbo student to nee Cardan*8 prociitthan to substitnte In the fonnnia. Thna 
fl>r ac* - to + «8 = 0, we bavo, by putting arKy + «.y*+a» + (3»«! - OH* + y ) S8 w 0 ; 

and making — 9 ts 0, ora y* ~ + S8aO. Whence and —8* and sac -s=~3,aBd 

y V V 

-1. easy + sar - 4. Then («• - to + 88) ■4-(a?+4) =sa;* 4« + 7 = 0; wlience«=s9± y'Us'. 

t An eqnationof the form 4. to*** -t-c=sO can be reduced to a cubic of the form 

yS4.fny4.ncxO, by patting «mscy^.^a. 
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mine tlio quantities e, e, /, and g, so that they will fulfill the required oonditiona 
Thus, expanding we have 


y* + my* + ny -f r =y® 4- e 

y^+f 


+ e 

+ ee 

+ g 

+ eg 


whence, as the members are identical, 

c + s = 0, / + os + ^ = m, 0 / + 0 ^ = », and fg^r. 

From the first we see tliat o = — s. Substituting this value, we have 
(1) /— + = (2) e{f--g') — n\ and (8) fg^r. 

From (1) and (2) we have g = \(^* ^ “** ^ "*" ' 

which substituted in (3) give ^o* + “ + ^ = s* + 2wo* 

5 + = 4r, or 

• s* 

0 ® + 2mo® + (m* — 4r)o* — n* = 0. (4) 

Now (4) can be reduced to a cubic in terms of 0 | by putting o*= (see 

foot-note on preceding page). This cubic equation will have at least one tc(& 
root and tliis will give real values to 0 (,and hence to o, c,/, and g. 

Wherefore, if Cardan's method gives a proLetioal solution of (4), we can resolve the 
biquadratic. 

28S, ScH. — ^It will be observed that this resolution of a biquadratic in- 
volves the resolution of a cubic, and hence is subject to the difficulty attend- 
ing the irreducible case of cubics. We will give a single example, to which 
the student can apply the process of Descartes. 

Ex, — Find by Descartes’s method the roots of 10a;*— 20a; — 16 

= 0 . 


Recurring Equations. 

28^m A Mecurring JEquation is an equation such that the 
coefficients equidistant from the first and last are numerically equal> 

when the equation is in the complete form Aaf-j- 

X = 0 ; and the signs of the corresponding terms are either all alike, 
or all unlike; t. e,, the coefficients of the first half recur in an inverse 
order in the second half of the function, 
iT.y . , 12(»* + 8aj* — 6»* — 5»* H- 8aj 12 = 0 is a recurring equation. 
AiC* + + C5r»»-** .... Ov* + Pjr + — 0 is the type of such equations. 

28S0 JPTOpm 1 * — The roots of a recttrrihg equation are recipro^ 
caU of each other ; i, e., if a is a root, ^ is also ^ so of each 

ck 

of the roots. 
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Dbm. — I f a satimfies the equation 

. dp* 4. Sx ^ JL ^ Of 

^ will alflo satisfy it, for the former when substituted gives 

Aa* + + Ch^-* Cto* + Ba + J. =s 0 ; 


and the latter gives 
A 


a* a 


+ ^ =0. 


which, by multiplying by a" becomes 

A + Ba + Ca* ^ Ch*-* + B«“-* + ^* = 0, 
a result identical with that obtained when a is substituted. 


280, ScH. — ^From this relation among the roots of recurring equations, 
they are often called Meciprocal Equations. 

2S7» Cor. 1. — JTf the degree of the equation is odd the correspond- 
ing coefficients may all have lihCf or all unlike^ signs ; hut^ if the 
degree is even they must have like signs unless the middle term is 
wanting f in which case they may have unlike signs^ and the roots 
still he reciprocal. 

That the signs may be unlike in the cases specified is evident since, if in such 

cases a is a root, and we substitute - instead of a, clear of fractions, and chan^ 

a 

all the signs, we shall have the same result as if a had been substituted. Thus, 
if substituting u gives + Bu*-*C5a* + <7a*—Ba—j4=0, substituting i will 

give ^ + + whence clearing of fractions and changing 

all the signs we have — A — Ba + Ca* — (7a® 4- Ba* 4- Ac^ = 0, a result iden* 
tical with the former. The fact concerning the equation of an even degree is 
shown in a similar manner. Notice that all the corresponding coefficients must 
have like signs or all unlike signs. 

fdSSm Cor. 2 . — A recurring equation may always he reduced to a 
form having the coefficient of the highest power of the unknown 
quantity f and the absolute term each since by dffimtion these are 
numerically equal. 


2S9m fPvop* 2* — A recurring equoeHon of an odd degree has one 
of its roots 1 if the signs of the corresponding terms are alike^ and 
+ 1 they are urdike. 

DEiir.>»-Having ± Bs^*± Ckr-* - - - - i Ox* ± Ba#* dr Ax db 1 = 0,^ 

T60 tlgn of as* can always he mada v. Tha amblghoaf signa art to be taken r ot t*, ao- 
coidlng to the hypothesis. 
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taking tlie signs of the correi^nding terms alike we oa& wtiie 

(a;" + 1) ± -d* («•■"* H- 1) ± + 1) ± Cb«(ar*"-« + 1) + etc. = 0, 

which is divisible by « + 1 (Part I., 119), wherefore 1 is a root {231), 
Taking the signs of the corresponding terms unlike, we can write 

(a:" — 1) ± Ax{<t^^ — 1) ± — 1) ± Cfc*(ar»”* — 1) + etc. = 0, 

which is divisible by « — 1 (Part I., 119), wherefore + 1 is a root {231), 


290. JProp. 3. — A recurring eguaUon of an even degree^ ^hoae 
corresponding terms have opposite signs^ Aew o7ie root 4*1, and one 
root — 1 . 

Dem.— H aving ± ± J?a?*»**» ± Ca;*»-» . . - . rp Cfe® 4= Bx* T Ax 

— 1 = 0, taking the signs of the corresponding terms nnlike, and remembering 
that the middle term, which would have no corresponding term, is wanting 
(287), we can write 

(af®** — 1) ± Ax (a;*"-* — 1) ± Bx*{x^^ — 1) ± Cfc®(a:**-* — 1) + etc. =* 0, 
which is divisible by «* — 1 (Part I., 119) ; wherefore «• — 1 = 0, and 
® = + 1 and — 1, 


291. IProp. — A recurring equation of an even degree above 
the second, may he reduced to an equation of half that degree^ when 
the signs if the corresponding terms are alike, 

Bsm.— H aving ... - drjKjc* . . - ±Ca?±Bsfi±Ax 

+ 1=0, taking the signs of the corresponding terms alike, we can write 
(ar»* + 1) ± A{x**-^ + ar) ± B{a^* + ®*) ± 0(a?*»~* + a>*) + etc. = 0 ; 
whence, dividing by xT, wo have 

- - - - x(e + I) ±Jlf=0. 

Now puUtng e + ? = y, w* can write (* + i') = «• + B + i = «*, 

<9 \ X/ X* 

wlvence B*+i = y»-a. (® + ^)’= »’+ 8** j + ^ « «• + i 

+ 8^« +^ = y*, whence «* + .= y* — 8y. 

== «* + 2 + i (y* — 2)*, whence «♦ + ^ = (y* — 2)* — 2. 

(* + 1)' J + Uto*^ ♦ + S. ~ + ^ * »• + 

+ 5 (aj» + + 10 (x + 0 « y*, whence a?® + ^ « y* — 8(y* — 8y) — lOy. 
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(®* + ^j) = «• + 2 + S= (7®— 87)*, whence «• + i = (7*.— 87)*— 2 . 
Whence we eee that anv term ot the form aj* 4- ^ may be exprdaeed In terms 

gm. 

of y, and will involve no higher power than y". Therefore the original equa- 
tion, which is of the 2nth degree, can by this substitution be transformed into 
an equation in y, of the nth. degree. 

Examples. 

I 

Solve the following recurring equations by applying the foregoing 
principles : 

1. a:* — 4- 6a:* — 6a; + 1 = 0. 

2. a;* - lla;^ + IW 4 17a;* - 11a? 4 1 = 0. 

8. 6a;» - 11a?* — 83a;* 4 33a;* 4 Ha? — 6 = 0. 

4 . 1 4 a;® = ^r(l 4 a?)®. 

6 . a;’ — 2a;® 4 a;* 4 — 2a:* 4 1 = 0. 

6. 8a;* ~ 16a;* - 25a;* - 16a;* 4 8 = 0. 

7. 4a;« ~ 24a;® 4 57a;* ~ 73a;® 4 57a;* — 24a; 4 4 = 0. 

8. a^ 4 — 19aV 4 4a*x 4 a* = 0. 

9. a;*4a;*4a;*4a;4l=0. 

10. 1 4 a;" = i(l 4 a;)*. 


Binomial Equations and the Boots of Unity. 

292* A Hinomial JEquatioti is one of the form a;** ± « = 0. 
Such equations may be considered as recurring equations and solved 
accordingly. 

111. — ^Having af* ± a = 0, put a* rt ay* ; whence ay* db a bb 0, or y* A 1 = 0, 
whidi Is recurring. 

. Examples. 

1. a;*db5 = 0. 3. a;* ±2 = 0. 6. a;* ±11 = 0. 

2. a;*±3 = 0. 4.a^±7 = 0. 6*a;*± 1 = 0* 

7. What are the two square roots of 1 ? The three cube roots of 
If The four fourth^oroots of 1? The five fifth-roots of 1? The 
six sixth-roots of 1 ? 

Sue. — The solutimi of these questions consists in resolving a* ^ 1 «= 0, 
B* — 1 5 = 0, «* — 1 ss 0, etc. The five fifth-roots of 1 are 

1 . i(vS'-l±'V'- 10 - 2 f'S), •Bd-i(4^+liV’-I0+8»^). 

2 M* Sc«.— It will be observed that the form a;* ± 1 a 0 is omitted 
ibove. Now (0^— IsO has one root 1 . The equation cap therefore be 
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depressed to a recurring equation of the 6th degree, having all it's signfi + . 
This can be reduced to a cubic by {291), a?’ + 1 = 0 has one root a? = — 1, 
and can be reduced to a recurring equation of the 6th degree having its 
signs alternately + and — . This can be resolved into one of the 8’rd degree 
by {291). Hence the complete resolution of ± 1 =s 0 depends on the 
resolution of a cubic. 

a;* ± a = 0 <^n be resolved by putting aj=*=y, whence we have y* i a = 0. 
Solving this for y we have 8 roots. Cedi them a, . a^. Hence to com- 

plete the solution we have to resolve the three cubics aj*±a, =0, aj^±a*=0, 

a?* ± aa = 0. 


Exponential Equations. 

294. Exponential Equations are equations in which the 
unknown quantity or quantities are involved in the exponents. 

1 

III. a* + = <5, a* = d, 2* = 42, aS' = 2, y* = 250, aj* = 100, and 

— y* = w are exponential equations. 

295, Eroh. 1. — To solve an exponential equation of the form 
a* = m. 

Solution. — Taking the logarithms of both members we have x log a = log m 
{180 f 181 ) ; whence x = • Therefore finding the logarithms of m and 

a from a table of logarithms, and dividing the former by the latter, we find x. 

290* Erob. 2. — To solve an exponential equation of the form 
X* =: m. 

Solution. — Taking the logarithms of both members we have x log x = k>gm. 
Then find log m from the table, and determine x by inspection from the table so 
that X X log X shall equal log m exactly or approximately.* 

Examples, 

1. Eind the value of a? in the equation 3* = 254:6. 

Solution. « log 8 = log 2546. •’* ® = •; 477 i^ = 

2 to 6. Solve the following; (24y=18742; 2-=2673j (11)*'=:2681; 

2 *= 10 ; 6 *= 1 ,- ( 12 )*' = !. 

7. Find the v^ue of x in the equation of* = 3561. 

* The method of solving each equations by Doable Position is entirely useless, since a table 
Df logarithms is necessary for that method, and having such a table at hand, the approximations 
can \>e made to any extent likely to be desired, more readily by simple Iniq;>ectlon than by oom- 
pntlng the errors by Doable Position. Moreover, the method here klven affbrds an excellent 
exercise in the use of the tablee. 






SoLunoK^^We liftire a k(g <r « to^g 8661 .» 8.651673. Now looking Jn a taMe 
of logaritluiis, we nopa nee that 9 miiat. be pear 6» ilnoe 61og 6 := 6 sx .698670 
=s 8.494850. Thus we see that 9 >6. Trying 6.1 we have 5.1 log 5.1s=:8.608607, 
X < 6.1. Therefore we try 6.06. 6.06 log 6.06 = 8.56161966, which coincides m 
neariy with the reqi^red value of x log Xt that undoubtedly the 100^ figi»:e is 
4. Again, for a nearer a^fnoalniatioB try 5i)49, as the value of ^ is very near 
6.06. 6.049 log 6.049 = 8.550482. Hence we see that x == 6.049 + . 

8 to 16. Solve the following as above; af = 100; of =7; a;*' = 21; 

»^-40*'=200 ; 3*'+ 3*=100; a*^*s=c; 

Qt 

= C. 

16 to 21. Solve the following; af = y®, and a;* = y ; a^ =s y', and 
af = y ; m*“* = n, and a? 4- y = ; 2* 3* = 600, and 2a? = Zy ; 

6»'- = 256 ; (a* - %a'h' + S*)-* -{a- ly (a + 1)-*. 


22. Given the fundamental formuls^ of Geometrical Progression^ 
vis., I = at^y and 8 = ^ , to find the following : 


log I --log a , - 

~ SL- + 1 ; 

log r 


w= 


log ? — log g 


r — 1* 

= ^og [a {r — 1)8] ^ log a , 
log r 


log{8--a)^\og{S--l) 


+1, and nz 


log log [Zr-- (r— l)/^] 

log t 


4-1.. 




23. Giyea the two fundamental formulae of Compound Interesi^. 
viz., <1 = jp ( T + ^ )•,* and t = a — to find the following : : 
log (;? + t) -logT? , _ logg-logj? , 

log (1 + r) * log (1 + r) ^ 

log (p + t) - log + r) == H « - log j> . 

log <» - log (a - i) . (1 + r) = ^ - 0 


log (1 + r) 


t = 


log (1 + r) 


Nqtk — M any problems in Compound Interest, Annuities, and hiudred sub- 
jects are most elpeditiously solved by means of logarithms. The student who.^ 
tias not a table of logarithms at hand may either omit the following eita mp l e e 
iu thle section, or content himself with selecting the proper formula and telling 
liow it is applied to the solution of the particular example. 

24. What is the amount of $100 at 7^ annual compound interest 

^ t This is obtsia^ thus : letthif r rspressst for titns 1, expressed 4eci^Iy, 

. tf the rate it 7 ptrst, or , we bars Ua time 1 (m 1 year), csp+prasp(l-fV) ; 

or time S, o^p(l4r)+pr<1 + r)»»j>^+^f 5 fcr, tl|peS| | 

^ for time f, a»y(l^r)^ < ' . - > . 
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Hot 10 years ? What if the interest is oomponnded semi-anutialiy ? 
What if quarterly ? What in each case if the rate is 10^ ? If 6j^ ? 
If 3j^? 

Scc'B. — ^We have a =|» (1 + r)‘, whence log a == log p^t log (1 -f r) = log 
100 + 20 log 1.086, for intereet at 7^ compounded eemi-annuall^. 


25. In what time will a sum of money double itself at lOj^ com- 
pounded semi-annually ? At 7^ compounded annually ? In what 
time triple ? Quadruple ? 

Sua. a=z2p=p(l + ry, whence 2 = (l-f-r)*, and t = • 

26. In what time will $10 amount to $100 at compounded 
annually ? 

27. What is the present worth of $2000 due 8 years hence, without 
interest, if money is worth 10^ compound interest ? 

Suo. — ^The present worth is a sum which, put at compound interest at 10^, 
will amount to $2000 in 8 years. Hence 2000 = p (1.1)®, p standing for present 
worth. Whence log p = log 2000 — 8 log (1.1). 

28. A soldier’s pension of $350 per annum is 5 years in arrears. 
Allowing 5$!^ compound interest, what is now due him ? 

Bug’s. — The 5th, or last year’s unpaid pension has no interest on it, as it is 
just due. The 4th, or next to the last, has 1 year’s interest due, and lienee 
amounts to 850 (1.05) . The 8d year’s pension has 2 years’ interest due, and hence 
amounts to 850 (1.05)*, Thus the total is found to be 850+350(1.05)+850(1.05)* 
+ 850(1.05)* + 850(1.05)S or 850 {1 + (1.05) + (1.05)* + (1.05)* + (1 05)*}. 


29. Letting 8 represent the amount of an annuity a, in arrears 
for i years, compound interest being allowed, at show that 


30. What is the present worth of an annuity of $200 for 7 years, 
money being worth 5^ compound interest ? 

Bug. — E vidently, a sum which, put at compound Interest, will amount to 

the same snm in 7 years, as the annuity will. 

31. Letting P be the present worth of an annuity a, for time t, at 
oomiKiund interest, show that P = ~ • 

the annuity is perpetual (tuns fotewrtr), Ptst^ > ^ 



- ^ « 31 ^. 


Sto.-W1i«i ( = «, = U H evMratly 

flhoold, since each an aimuitj la wor^ a present stun which will jleld an 
annual interest equal to the annuity. 

82. What is the present worth of a perpetual annuity of $850^ 
money being worth 7-fif^ compound interest ? If money is worth 
10^ compound interest ? 

83. What is the present worth of an annual pension of 1125, 
which commences 3 years hence (first payment to be made 4 years 
hence), and runs 10 years, money being worth lOj^ compound 
interest ? 


Suo. — Evidently, the difference between the present worth of such a pension 
for 13 years, and for 8 years. 

34. An annuity which commences T years hence,^ and runs f 
years at compound interest, gives 

When the annuity is perpetual after the time we have 
P = - (1 + r)“ Student give proof 

T 

35. Two sons are left, one with the immediate possession of an 
estate worth $12000, and the other with a perpetual annuity of $800 
in reversion after 7 years : money being worth 6^ compound in- 
terest, which has the more valuable inheritance, and how much ? 


3C. What annual payment will meet principal and interest of a 
debt of $2000 at 8^ compound interest in. 5 years ? 

Suo’s. — ^The amount of $3000 at 8^ compound interest for 5 yeans: the 
amount of the annuity a for the same rate and time. 

37. Show that if P is a debt at compound interest at 5 an 
annual payment, and i the number of years required to liquidate 

tho debt f - 

ttiedebt,#- , 

38. The debt of a certain State is $20,000,000, bearing Annual 

interest at 4^^^ A sinking fund pf $2,000,000 annually is ,wt apart 
to meet it How. long will it require to extinguish the debt ?, , ^ow 
long if instead of paying the $2,000,000 annually on the d^fe|, it \b 
invested at 6 compound interest ? ' ^ ' 

« An Snnsttr which commences sto some spsciasd tin^ls esld to h# iwwnciMk 
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39« A £»rmer has paid $10 per anuum for newspaperst, which he 
considers have increased his net ahnnal income at least For 10 
years during which his net income has been $500 annually, money 
has been worth 10^ compound interest. What is the total net gain 
to be credited to his iarestment in newsjjapers? 

40. A boy commenced smoking when 15 years old. For the first 
5 years he smoked 2 6-cent cigars each day. For the next SO years, 
3 10*cent cigars per day. Kow had he abstained from smoking and 
inYCsted at the end of each six months the amount thus saved, at 10^ 
annual compound interest, how much would he have accumulated from 
this source at the age of 40 ? 

41. A man pays a premium of $104 per annum on a life policy of 
$4200 for 20 years before his death. Money being worth lOj^ com- 
pound interest, does the insurance company gain or lose, and how 
much? 


OHAPTEB IV. 


macusaioNy om jktjsbjpmetatiok, or BQJTATioNa. 

297* To JDiseuss, or Interpret, an Mquation or 
an Algebraic Expression, is to determine its significance for 
the various values, absolute or relative, which may be attributed to 
the quantities entering into it, with special reference to noting any 
changes of values which give changes in the general significance. 

Buch discussions may be divided into two olasses : let The dis* 
cussion of equations or expressions with reference to their constants ; 
and 2d. The discussion of equations or expressions with reference to 
their variabies. 

The following principles are of constant use In such discussions : ^ 

29S% JProp* — A fraction^ vihen compared wUh a finite fuantitj^^ 
becomes: 


* TbeM principles, and fn fact most of this chapter, hsTS hesn oonaldered prerioavly, but 
tie coneetsd hsis lor rsirlew and ooniMeA ttodjr* 






1; id 0, iohen iu %ummAor U o i^ ^rnffiimiot flnU^, 

and when Ue numerator %$ finite and its denominator oo » 

2. JEqwilto 00 , when tie numerator ie finite and its denominator 0^ 
and when its numerator ie <xs and Ue denominator ftnke. 

8. It aemmee an indeterminate form when numerator and denom- 
inatoT are both 0, and when they are both oo ,♦ 

Dex. — T hese facts appear when we consider that the value of a fraction de* 
pends upon the relative magnitudes of numerator and denominator. 

1. Let a be any constant and x a variable^ then the fraction ~ dixalniskes as 

a 

X diminishes, and becomes 0 when x is 0. Again, tbe fraction - diminishes as 

X 

X increases, and when x becomes ao , %. e., greater tban any Assignable magni' 
a 

tude, — becomes less than any assignable magnitude or infinitesimal, and is 10 
X 

be regarded as 0 in comparison with finite quantities. (See Jf and ISZ^ DEx., 
and foot-note.) 

X 

2. As X increases, the fraction - increases, and hence when x becomes infinite 

a 

the value of ths fraction is infinite. Also As X diminishes the value of ~ in- 

X 

creases ; hence when t becomes infinitely small, Or Oy the value of the fraction 
exceeds any assignable limits, and is therefore oo . 


X 

8< Finally, if x and y are variables, - diminishes as x diminisbes, and increases 

as ff diminishes. What then does it become when x*iO, and ys=0ti. s., what is 

0 0 
the value q ? Simple arithmetic would lead us to suppose that was abso* 

lately indeterminate, t. e., that it might have any value whatever assigned to H, 
0 0 

for Q = 5, since 0=5x0 = 0;~=r7, since 0=7 x 0 = 0, etc. But a closet 

0 

inspection will enable us to see tliat the symbol - is not necessarily Indetermi- 
nate, or rather that the expression which takes this form for paHlcular values of 
its components, has not necessarily an indefinite number of values for these 

X 

values ef its oompoaeats. Thus, what the value of - will be when x and yetdh 

diminish to 0 will svldeliily depend upon the relaHve values of x And y at 
first, and which diminishes the faster. Suppose, for example, t^t yzsSx; 
XX' 

then -^ = — . Now, suppose x to diminish ; the denominator will dimliilsh 5 
y 5x 


r 9y this Is meant that ^ and ^ tiu^ have a vadel^ of values, not that t^ ntoswarOf 
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tinids itfi fast aa the numerator, and whatever the value of », tibe value of the 

w at 

fraotion will be i. So If y = , which is | for any value of «. Henee 

y 7i» 

(B 0 it 1 a;0 it 1 

whenaj = 0,andy=:0,wehave - = or - es - = = t, or 

y05jr6 y0 7»7 

a 0 

~ ^ - rs any Other value depending upon the relative values of a and y. So, 

X 90 X CO X 

also, if a? = 00 , and y = oo , - = — • ; but if y = d®, we have — = — =s — 

y oo y 00 

1 X oo X 1 

= ~ . And so if y = lOaj, we have - = — = = -- . Thus we see that the 

6 ‘ , y oo lOr 10 

mere fact that numerator and denominator become 0, or become oo , does not de- 
termine the value of the fraction, i. e., gives it an indeterminate form. 

299» A Meal Number or Quantity is one which may be 
conceived as lying somewhere in the series of numbers or quantities 
between — oo and + oo inclusive. 

III.— Thus, if we conceive a series of numbers varying both ways from 0, t. s. 
positively and negatively to oo , we have 

— 00 - -- --- 4, — 8, —2, — I, 0, +1, +2, +8, +4, - -- - -f-oo. 


Now a real number is one which may be conceived as situated somewhere 
within these limits; it maybe -f, — , integral, fractional, commensurable, or 
incommensurable. Thus + 15624 and — 15624 will evidently be found in this 
series. + may be conceived as somewhere between + 5 and -f 6, though its 
exact locality could not be fixed by the arithmetical conception of discontinuous 
number. So, also, — V' is somewhere between — 5 and — 6. Again + t'S is 
somewhere between + 2 and + 8, though, as above, we cannot locate it exactly, 
by the arithmetical conception. 

The following Geometrical lUustralion is more complete than the arithmetical. 
Thus let two indefinite lines, as CD and AB, intersect (cross) each other, as at 0, 
Now let parallel, equidistant lines be drawn between them. Call the one at a 



+ 1, that at h will be 4*2, at c +8, etc. So, also, the line at o' being —1, that at 
V Will be —2, at t* —8, etc. Now Conceive one of these lines to start from an 
infinite distance at the left and move toward the right. When at an infixitte 





distwce to theleft of O its y;U4iie would bo -r qo , aod 4^ pfuwini); to 0 it would 
pass through aU powibU negative talueB. In paasiug 0 it becomofl 0 at 0, 
<diattges sign to + aa it pasaea, and moving on to induitj to the right, pasaea 
through aU po99Q)U po«itite tcUuei. Hence we see how aiU real values are em- 
braced between •— qd and + oo inclusive.* 

300. An Imaginary Number or Quantity is one 
which cannot be conceived as lying anywhere between the limits of 
*— 00 and + 00 , as explained above. The algebraic form of such a 
quantity is an expression involving an even root of a negative quan- 
tity.! (See Part L, 21S.) 


Examples. 

1. What are the values of cc and y in the expressions x = ^ , 

ab' a*b 

y ~ ^ when b=-h' and a and a' are unequal ? When h = V 


and a = a' ? When a^a! and b and V are unequal ? What are the 
signs of x and y when 5 > and a > a\ the essential signs of a, a', 
b, and b' being + ? When b>b' and a < a' ? If a' and b are essen- 
tially negative, and a = and b = b\ what are the values of x and 
^ ? If «' and b’ are each 0 ? 


2. What general relation between a and a' renders 
What renders it oo ? 


a* -- a 
1 + aa! 


= 0 ? 


, Solution. — To render 0, we must have a' — a = 0, and 1 -f oa' 

finite or infinite ; or else we must have 1 + aa' = oo , while a' —■ a is finite or 0 
{2bS), Now a'— u = 0 gives a' = a ; whence which is 0 for 

any value of a finite or infinite. Hence the relation a' zs a fulfills the first re- 
quirement. I.iet usnowsee if 1 ■+•««' =oo will also fulfill this requirement This 
gives ou' = 00 , since subtracting 1 from oo would not make it other than oo . 

Thus we have U' = Hence for all finite values of a (Including 0) aMs co , 


* Eor example, the etadent who is acquainted with the elements of geometry knowa howm 
constract a line which is exactly equal to «/5 (Oxon., Past I., 110), Tfala Ihte he can locate 
between d and + 8, and also between - 3 and - 3. Since s/5 Is both + and 

t Transcendental Ihnctlons afford other forms of imaginary expressions ; for example, 
sln-^ S, sec~'M. log leg <-m), etc. But our limits forbid the consWejcatton of the In- 

terpretation of tmaglnarles, except In the most restricted sense, as liidiaatiiq( incompatUfiUtf 
with the arithmetical sense of the problem. : 
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and s: wliich can only be 0 wb^n a ss o». Therefore ^e 

d Ok 

pmrHeuiar TalaeB =xi oo ±r a as ® , render ^ » Iwtt no general 'taluee 

do. 

Again, In order that ^ % = oo , we must have 1 •+• = 0, and a' ^ a 

® 1 + aa 

finite or infinite ; or else we must have o' — a = oo , and 1 + cko! finite or 0. 


Now 1 4- oa' ^ 0 gives « = — 


o‘ * 1 4- oo' ' 


: ' ; ■ s 


o'* 4-1 _ o'* 4- 1 
' a* ^ a’ 0 


for any value of a! finite or infinite. Therefore the general relation a = — ^ 
between a and o' renders - 


, . ~ asQO .f Let ns now see if the relation a'-^n=z<x> 

l4-oo' * 

will do the same. Now if o' o = oo , one or the other (o' or o) must be <x> , 

Let o'= CO . We then have which can only be oo when o=0. 

1 4- oo oo o 

Hence the partietUar values 0 '= oo and o = 0 render == » hut no gen- 


eral values meet the requirement unless o = — 


o'" 


2 — 

3^ What general relation between o and a' renders -7-—— = 0 ? 


rt' 4- (t 


What renders ifc 00 ? 


4. In the expression y = — 2a? 4- 4 db — 4a; — 5, how many 
values has y, in gemral, for any particular value of a; ? For what 
value or values of x has y but one value ? For what values of x is y 
real ? For what imaginary ? For wliat values of a; is y positive ? 
For what negative ? 

Solution. — Writing the expression thus, y = — (2 jj -- 4) ± \/ x * — 4.1? — 5, 
we see that the value of y is made up of two parts, viz., a rational part — (3ir->-4), 
and a radical part y'aj* — 4aj — 5. But the radical part may be taken with 
either the 4- or the — sign. Hence, in ffenercU, for any particular value of a? 
there are two values ofy, 2d. But if such a value is given to a; as to render the 
radical part 0, for this value of y will have but one value, viz., the rational 
part. But the condition y'®* — 4* •— 5 = 0 gives ® = 5 and — 1. Thus for 


* This rednctlcnii Is madeliy dropping u and 1 , since the siIT>tnlct!on of a finite fiom an tn- 
finfNi, or ike sdSHloa ef a finite to all tilflntte» does not etaauge the chatacter iA the Infinite. - 
Thus, in this case, |o assame that dropping a and 1 affected: the relation between numerator end. 
denominator, would be to assij^n to a and 1 some values with respect to the infinite a'. But 
tbit is mtiary to the dofittkien of an ioflslte. 

t It is to observed that the relation a ~ requires that a and a* have difl'erent ossen- 
tiil idgna; while the relation o' ss a requires that they hare the aame oseentlal aigns. 
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« ss 6, y ss ^ 6, but mt vulue ; md lot * = »- y « 4* 6, al«o but pne tialae. 
8d. To ascertain for wbat values of ir, y is real, we observe that y Is real when 
«* — 4® — 5 is positive, and ima^finaiy when ®* — 4® — 5 is negative. Now 
for ® positive ®* — (4® 4- 5) is 4- when ®* > 4® 4* 5 J and for ® negative, we 
have ®* 4- 4® — 5, which is positive when ®* 4- 4® > 5. The former inequalitj 
gives ®* — 4® 4- 4 > 9, or ® > 5 ; and the latter gives ®^ + 4® 4* 4 > f , or ® > 1. 
Hence for positive values of ® greater than 5, y is real, and for negative values 
of ® numerically greater than li y is real. The 4th Inquiry is answer^ by this ; 
y is Imaginary for all values of ® between —1 and 4-5. 5th. To ascertain what 
4- values of ® render y 4-, and what — , we observe that — (2®-«-4)± -y/®* — 4®— 5 
can only be 4- when the 4 sign of the radical part Is taken and when 
— 5 > 2® — 4. This gives ® < 2 ± i s., an imaginary 

quantity. Hence y is never 4- for ® 4-. Taking the negative sign of the 
radical we see that both parts of the value of y are — , and consequently y is 
real and negative for all 4- values of ® which render y real, i. e., for values 
greater than 5. Finally, for ® — we have y = 2® 4- 4 ± \/®* 4- 4® •— 5. Now 
when we take the 4- sign of the radical both parts are 4- ; hence this value of 
y is always 4-. When we take the — • sign of the radical y is negative if 
2® 4- 4 < y/®* 4- 4® — 6. But this gives ® < — 2 ± y'— 3. Hence y is never 
negative for any negative value of ®. Therefore both values of y are positive 
and real for all negative values of ® numerically greater than 1. 

5 to 22 , Discuss as above the values of y in the following ; t. e., 
1 st. Show how many values y has in general, and whether they are 
equal or unequal ; 2d. For what particular value or values of x, y 
has but one value ; 3d. For what values of x, y is reab and for what 
imaginary ; 4th. For what values of a:,y is +> and for What — j 5th. 
Also determine what values of x render y infinite : 


( 6 .) 

y' 

+ 2 a;y 

— 

2 a;*- 

- 4y — a: + 10 = 0 ; 

( 6 .) 

y' 

— 2 a:y 

+ 

2 a:*- 

- 2 y 4- 2 a: = 0 5 

(7*) 

y‘ 

+ 2 ay 

+ 

x* — 

6 y 4 - 9 = 0 ; 

( 8 .) 

y‘ 

+ ^y 

•f 

3a:*- 

- 4a: = 0 ; 

(9.) 

y' 

— 2 a:y 

+ 

3a:* - 

f- 2y — 4af — 3 = 0 ; 

( 10 .) 

y‘ 

+ 


8 a:*- 

- 4a: = 0 ; 

( 11 .) 

y' 

- 2 .ry 

+ 

4- 

sc = 0 ; 

( 12 .) 

y' 

— 2 a:y 

+ 

a:*- 

4y 4 - a: 4- 4 = 0 ; 

(13.) 


-%xy 

+ 

7 ? -f 

2y 4- 1*=0; 

(14.) 

y' 

- 

— 

^ + 

6 a: — 3 = 0 ; 

(16.) 

y* 

~%xy 

— 

3a:* - 

- 2y + 7a; — X ;= 0 

( 1 &) 

y* 

— 2 xy 

— 

2 =:< 



* In all csMS solve the equation for y In the ftr^ place. In this exsaipte 



ADTiJrcnm comm m Axmmk, 


(18.) 4^ + 4a?* + 2y — 8a? + = O j 

(19.) 3y» - 8a:* = 12 ; 

(20.) i2y* + 4a;* = 20; 

(21.) a;*+y=16; 

(22.) a?* - y* = 20. 


23. DiscuBs the equation ay* — a?* 4- (^ — c) a;* -f hex = 0, as above, 
when h> e*; also when c> b. 


Suo'B. y 5= i — (6 — «) »* — dca?. Whence we see that y has two values 

a* 

lor every value of a?, numerically equal, but with opposite signs, y is 0, when 
a;® — (6 — c)a?* — bex = 0 ; t. e., when oj = 0, a? = 6, and — e. Again y is real for 
a+t when a>* > {b*— c)x* + bex^ or as* > (d — c)aj -|- 6c ; which gives x>b. For 


X — , we have y —±—t 
or 

<8* + ^ — c) aj* < beXt which gives x numerically less than c, i. e., greater than 

— c. Hence y is imaginary for all values of x between 0 and + 6, and real for 
all values of x from -+• 6 to -f <» • So also y is real for all values of x from 0 to 

— e, and imaginary for all values of x from — c to — go , 


-y/— aj® — (6 — c) aj^ -h box, which, gives y real when 


CC'—~h 

24. Discuss as above y* = (a? — a)* showing that in general 

y has two values numerically equal but with opposite signs ; tliat it 
is 0 for a; = a, and a? = 6 ; is imaginary from a; = 0 to a; = 6 (except 
when x = a, b being greater than a) ; real from a? = 6 to a;= + oo, 
and real for all negative values of x, i, a, from a; = 0toa:= — oo; 
and that for a; = 0, y = d: oo , and for x=s 4-Go,y=d:oo ; also for 
a;=:~oo,y=:d:oo. 


25. Show from the equation y + = x, that y = 0 when a; = 0, 

4-00, and— -00 ; also that y has but one value for any particular 
value of x; that it is 4* when a; is 4-, and — when a? is — ; and that 
y increases numerically as x passes from 0 to 4-1, and from 0 to —1, 
but that it diminishes numerically as x passes from 4- 1 to 4- oo , 
and also from — 1 to — oo . 


26. Discuss y*x=i4ta*{2a — a?) with reference to y as a function 

of X, as above. • 

27. Show that in the equation y* — 8aary 4- a;* = 0, y has three 

reid values between the limits a? = 0, and x = a\/4, ft^d only one 
real value between the limits x = 4 and a; = 4- « , and also be- 

tween the limits a: = 0 and a? = — 00 , 

SUQ. — This is done by means of Cardan's formula. (See fdSO*) 
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501* AEITHMETICAL IirXBKPBBTATIOlirS OB NbGATIVK ANO 
Imagii^^aky Solftiots. 

1. A is 20 years old, and B 16. When will A be twice as old 
asB? 

SuG*8.--*We have 20 + a? = 2(10 -f- ar); whence a? = — 12. The arithmetical 
interpretation of this result is that A ieiU never be twice as old as B,but that ho 
ioae twice as old 12 jears ago, i. e., when he was 8 and B 4. 

2. A is a years old, and B b. When will A be n times as old as 
B ? For > 1 what are the possible relative values of a and b con- 
sistently with the arithmetical sense of the problem? Interpret for 
a > nb, a = nb, a < nb when n > 1. Also for w = 1, « > m 3, a < m3, 
and a ^ nb, 

3. Two couriers, A and B, are traveling the same road in the 
same direction, the former at rate a, the latter at rate 3. They are 
at two places c miles apart at the same time. Where and when are 
they together ? 

Solution and Discussion. — Let XY represent the road which tho couriers 
are traveling in the direction from X to Y, and A and B the stations which they 

m m m 


t 


■e* 

B 


D Y 


pass at the same time, A being at A when B is at B, and D or D' tho place at 
which they are together. Call the distance from B to the place at which they 
are together ±x, + w when D is beyond B, and — x when it is on the hither 
side of A and B, as at D'. Then the distance from A to the point at which they 
are together is c 4- (± a^). Now disregarding the essential sign of x, and leaving 
it to be detemdned in the sequel, we have 

Distance A travels from A = c 4 aj. 

Distance B travels from B = x; 


Time from passing A and B to the time they are together — 


But these are equah Hence we are to discuss the equation 

e + x X 
_=-,or« = 


he * , ae 

=• , and (j 4 a? = ; 

a — b a — 2 


The points to be noticed in the discussion are, (1) when a > 2», (2) when a <h, 
(8) when a = 6, c being greater than 0 in each case but not oo . Also the like 
eases when c = 0. 

WAsn c > 0 MoT 00 . . 

We have, for a >b, a podiite, which shows that the point at which they are 


aj>takobd cocbsb nr aiaxbba. 


togetlker hi at right of B, i. in tlie direction which thejr are trareUng. 

a f ^ «R|m ^ 

Th© <M»«, j (or U iB poH^e^ which shows that thoy aw togeth^ ctfiet 
psMdngAaadS. 

For a <ht X is neffatif>€, and e x, which equals , Is also negative. 

This shows that they ioere together at a point at the left of A, that is» before 
they reached the stations A and B. With this the expressions for the time also 

agree. Thus ^ becomes — | , and is <tlSo negative, since in this case x>e. 

When az=:b,x=i - — ^ ^ =00 , and c + aj = i= ~ =00 j which Indh 

0 « — 6 0 

cates that they are never together. 

When c = 0. 


In this case x =s - — v = 0, and c -t* <r = r =3 0# for a and h nneqnal, indi- 

tt -^o n—^o 

eating that they are together when they are at A and B. This is evidently cor> 

rect, since A and B coincide in this case. When a=:b,x =z — ? , and 
' a--b 0 

0 4* ^ which riiows that they are always tc^ether, ~ being a symbol of in- 

determination which in this instance may have any value whatever, as we see 
from the nature of the problem. 

S 02 ^ ScH. — The student should not understand that the symbol ~ 

oilwayi indicates that the quantity which takes this form has an indefinite 
number of values. It is frequently so, but not necessarily. The indeter- 
mination may be only apyarenty and what the value of the expression is 
must be determined from other considerations. The Calculus affords the 
most elegant general methods of evaluating such expressions. But the 

1 — jc® 0 

simple processes of Algebra will often suffice. Thus for a? = 1, 

But -5 — ® which, for a; = 1, is 8. Hence = 3, for {i;=l. 

Here the apparent indetermination arises from the fact that the particular 
assumption (that aj = 1) causes the two quantities between which we wish 
the ratio, viz., the numerator and denominator, to disappear. Let the 

student find that ^ ~ ®==1- (9®o nlao 20 Sf 8d part of 

demonstration.) 

4. Two couriers starting at the same time j^om the two points 
A and B, c miles api^ tiuyel toumrd ^sueih other at the rates a 
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and J respectirelyi Biecuss the problem with reference to the place 
and time of meeting. (Consider when a> b, a ahd as^b.) 

6. Two couriers, A and B, are traveling the same road in the 
same direction, the former at rate a, and the latter n times as fast. 
They are at two places c miles apart at the same time. Biscnss the 
problem with reference to place and time of meeting as in Ex. 3, 
adding the considerations, > 1, ^ < 1, n = 1, n =s 0. 

6. Divide 10 into two parts whose product shall be 40. 

Solution and Discussion. — Let at and y be the parts, then at-^ysslO, 
aw = 40, and a? = 5 ± iS, y = 5 T -y/— 15. These resnlts we find to be 
imaginary. Tliis signifies that the problem in its arithmetlcfd signification is 
impossible : this indeed is evident on the face of it. But, although impossible 
in the arithmetical sense, the values thus found do satisfy the formal^ or alge- 
braic sense. Thus the mm of 5 4- iy/— 15 and 5 — -y/ — 15 ia 10, and the 
product 40. 

7. The sum of two numbers is required to be «, and the product 
b : what is tlie maximum value of h which will render the problem 
possible iu the arithmetical sense? What are the parts for this 
value of 6 ? 

8. Divide a into two parts, such that the sum of their squares 
shall be a minimum. 

Bug's. — Let x and a^x be the parts, and m the minimum sum. Then 
4- (a — «)* = 2aj* — 2oa? 4- a* = w ; 

whence x r= \a ± \ ^ 2m — a*. From this we see that if 2w < a*, ac is 
imaginary. Hence the least value which we can have is 2m = a*, or m 

9. Divide a into two parts, such that the sum of the square roots 
shall be a maximum. 

10. Ijet d be the difference between two numbers : required that 
the square of the greater divided by the less shall be a minimum. 

11. Let a and b be two numbers of which a is the greater, to find 
a number such that if a be added to this number, and b be sub- 
tracted from it, the product of this sum and this difference, divided 
by the square of the number, shall be maximum. 

IBug's. — ^L st n he the number, and m the required maximum qdotteat. Then 

by the conditions — ~ whence we find 

• , , , 0 ^ , , , 

' -i • -''f bf — 4ff5?^ 

.■ ■ * . , 
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From tliifl we see that the greatest Talae which m can haye and render n real 

+ &)• mvi ^ 2ab • 

4ab ® 2(1 — wi) a — 6 


la m s: 


12. To find the point on a line passing through two lights at 
which the illumination will be the same from each light* 

Solution. — Let A and B be the two lightn, and XY the line passing through 

Sc if 1 ^ & Y 


them. Let a be the intensity of the light A at a unit’s distance from it, b the 
intensity of B at a unit’s distance from it, c the distance between the two lights, 
as AB, and x the distance of the point of equal illumination from the light A, as 
AD (or AD'). Then, as we learn from Physics that the ill uminating effect of a light 
varies inversely as the square of the distance from it, wo have for the illumina- 


tion of the point D by light A jj , and for the illumination of the some point 
b 


by light B, 


But by the conditions of the problem these effects are 


equal ; hence we have the equation to be discussed ; vis., 

a __ b 

X* (c — X)* * 


This gives 

(c — «)• & C — X 

i = - ; or = ± 

aj* a X 

^ /b d; 

y^a * 

or 

e ^ ± ^/h ♦ c 

a db , 


« * 

■y/a ' 


nndT — 


OTf nnui/f 

ya + yb 

/y/ a — <yZ6 


which are the values of a; to be discussed. 


Discussion.— I. Let c be finite and > 0. 

1. When a>ht xssc since i for a> 6. This 

'y a -f" b ■y a ■+• <y b 

is as it should be, since for o > b the point of equal illumination will evidently 

a/ a 

be nearer to B than to A. Again, the other value of x gives a? = c — pr p > e, 

ya-^yb 

since ■ p Is H- and > 1, when a > 6. Hence we learn tliat there is a 

V« — 

point beyond B, as at D', where the illumination is the same from each light. 

If we assume AD ?x f c, and AD' =r 2o. 

2. It is evidently unnecessary to consider the case when a < l>,slnce this would 
only situate the ykAuts of equal illumination with reference to A as the preeed 
ing discussion does with reference to 6. 
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8. men« = J,«==e— This 
V^+V^ Va-f-v^ 3 V® 

is as it should be, since it is evident that in this case the ]x>lnt of equal illumina- 
tion is midway between the lights. Again, for the second value of x, we have 




— 00 . This is also evidently correct ; for when the lights are 

v^— v^ 

of equal intensity there can De no point beyond B, for example, at which the illu- 
mination from A will be equal to that from B, except wlien x=:co, for which 
the illumination is 0 for each light. [Let the student give the reason.] 


II. WAen c =s Ot In this case the original equation ^ ^ becomes 

~ = A whence a=&. We then have — = 0 ; and a? r=c — 

C\/~€t 0 

= — ^ The former shows that there is a point of equal illumlna- 

\/a— ^ b ^ 

tion where the lights are (when c = 0 they are together), and the latter shows 
that any point in the line is equally illuminated by each light. Both these con- 
clusions are evidently correct.* 


* In discussing this prohlem, some hare committed the error of considering that, since fo* 
<j =s 0 and a and b unequal, « = <J ^ = 0, therefore there ts a point of equal illumination 

at the point where the lights are situated I This Is evidently absurd, since the hypothesis is 
that the lights are of vnegucU Intensity. The error consists in not perceiving that the 
hypothesis, c .s-O, excludes the hypothesis, a and b unequal. That the hypotheses a ^b are 
excluded by the hypotheses 0 and that there Is a point of equal illumination, Is self-evident. 
Perhaps the student may think that these conditions are no more inconsistent than those In 1. 8, 
above, viz., o finite, a— and a point of equal illumination ; and that, if in the former case we In- 
terpret x=so — s oo as indicating a point of equal iUnminatlon at ar =s oo , we should in 

Va- 4/‘5 

this Interpret x =a — rs 0 as indicating a point of equal Illumination at the jiiace 

Va- 4/6 

where the Ughts are situated. But the closiag remaiic in 1. 8 will dear up this dlfilculty. 
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SECTION /. 

SERIES. 

SOS* A Series is a succession of related quantities each of 
which, except the first or a certain number of the first, depends upon 
the next preceding, or a certain number of the next preceding, 
according to a common law. Each of the quantities is called a 
Term of the Series. 

III. — A Progreasion, aa 1, 3, 6, 7, etc., or 8, 6, 12, 24, etc., ia a aeriea in which 
each term after the first depends upon the next preceding according to a common 
law. The numbers 1, 8, 7, 11, 21, 89, 71, 131, etc., constitute a series in wliich 
each texm after the third is the 8^m of the three next preceding. The numbers 
2, 8, 5, 17, 88, 1513, etc., constitute a series in which each term after the first 
three is the product of the two next preceding the third preceding. 

S04Ln A Mecurring Series is a series in which each term 
after the first n is equal to the sum of the products of each of the n 
preceding terms multiplied respectiyely bj certain quantities which 
remain tlie same throughout the series. These multipliers with 
their respective signs constitute the Seale of Melation. 

111. 1, 4a, Sto*, Ifir^, etc., is a recurring 4iieries whose scale of relation is 

~8a?*, 8f», since (1 x a?*) + (4*! x [ — 8a?*]) + (9a?* x 8a;) 16a?*. The next 
term after Ifir* would be (4a? x »•) + (9a?* x [ — 8a?*]) + (16«* x 8r) s25a?*. 
The next would be 86a?®. 

An Infinite Series is one which has an infinite number 
of terms. Such a series is said to be Convergent when the successive 
terms decrease according to such a law as to make the sum finite ; 
otherwise it is called Divergent. 

III. yfsjj, rftrs, nrlhre. etc., to infinity, is an infinite, converging series 
whose sum is i. That + tItt + + Tulw + etc., to infinity e=r ^ is evi- 

dent, since by division we have i 4- » A + tIv + riftny + etc. 


* The expretclon ** to infinity Is ttSiMdly omitted, as being snfliciently indicated by ** etc.; * 

and, la fact, either the + sign at the end or the etc**' may be omitted. 
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306* To Me^ert a Series involving an unknown quantity 
is to express the value of that unknown quantity in terms of 
another quantity which is assumed as the sum of the first series, or 
as involved in that sum. Thus the general problem is, having 
given f{y) = aa; + hx^ + ca:® -h etc., to express x in terms of i, e,, 
to find x=/ (y). 

III. — Thus to revert the series x 4- 8aj* + Soj® + 7®* + 9®* + etc., is to express 
the value of x in another series involving y when y = x + 8®* + 5®® + 7®* 
+ 9®* + etc., or when 1 — + 6y* = ® + 8®* + 5®® + 7®* + 9®® + etc., etc. 


307. IJie First Order of IHfferences of a series is the 
series of terms obtained by subtracting the 1st term of the given 
series from the 3d, the 2d from the 3d, the 3d from the 4th, etc. 
The Second Order is obtained from the first as the first is from the 
primitive series. The Third Order is obtained in like manner from 
the second ; etc. 

These several series are called the Successive Orders of Differences. 


III. — Having the series 


1st order of dLff’s, 

3d “ “ 

3d << «« «« 

4th '' ** 


1, 8, 27, 

7, 19, 

12, 18, 

8 , 

0 , 


64, 125, etc., 

87, 61, etc., 

24, etc., 

6, etc., 
etc. 


we obtain 


308. Interpolation is the process of finding intermediate 
functions between given non-consecutive functions of a series, 
without the labor of computing them from the fundamental formula 
of the series. 


III. — The logarithms of tho natural numbers 1, 2, 3, 4, 6, 6, 7, 8, etc., con- 
stitute a series of functions. Now knowing these, interpolation teaches how to - 
find intermediate logarithms, os log 4.8, 4.5, 4.6, etc., or 2.7, 2.72, 3.102, 7.025, 
etc., without the labor of computing them from the fundamental formula of 
the series {192), 

[Note. — The student must guard against the notion that every series is a 
recurring series. Any suceetsion of nwr^ers related to each oiher hy a common 
law^ as, for example, the logarithms of the natural numbers, is a series, as well 
as the more simple arithmetical, geometrical, and other recurring successions.] 

309. Some of the more important problems concerning infinite 
series are : To find the scale of relation of a series ; To find the nth 
(any) term of a series ; To determine whether a series is convergent 
or divergent ; To find the sum of a convergent series, or of n terms 
of any series ; To revert a series ; and, To interpolate terms between 
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given terms. To these problems we shall give attention after 
having demonstrated the following lemma^ which is of use in the 
solution of several of them. 


SlOm Lenitna* — Th^ first term of the nth order of differences 

? a — nb — ^c— ^ d+etc., whe7% n is even^ and 

jo 


. , n(n — 1) , n(n — 1) (n — 2) - ^ , 

—a + nb 5 — -c -\ — ^ ^d— etc., n ts odd; a, 

A o 

b, c, d, etc., hehxg successive terms of the series. 


Dem. — L etting a, 6, c, d, e, /, etc., be the series, we have 

Ist Order of difTs, b — a, e •-hfd — e, e f e, etc., 

2d ** ** ** c — 26 + a, d — 2c + 6, e — 2d -f c,/ — 26 + d, etc., 

8d ** ** ** d — 8c 4 - 36 — a, c — 8d + 3c — 6,/— 8c + 8d — c, etc., 

4th “ ** ** c — 4d + 6c — 46 + «,/— 4c + 6d — 4c + 6, etc., 

6th ** ** / — 6c + lOd — 10c 4-56 — a, etc. 


Now by inspection, we observe that, numerically, the coefficients in these 
terms follow the law of the coefficients in the development of a binomial. Thus 
the coefficients in any term of the 2d order of differences, as in c 26 4 a, are 
the same as in the square of a binomial ; those in any term of the 8d order, as 
in d—Sc 4 * 86 — a, are the same as in the cube of a binomial, etc. Hence, revers- 
ing the order of the simple terms in the first terms of the successive orders, and 
representing the first term of the first order by JE>i , the first term of the 2d order 
by j9f, the Ist term of the 8d order by etc., we have, for the even orders, 

D, = a — 26 4 c, 

j94 = a — 4646c — 4d4c. 


Hence, by induction, we have, for the 1st term of the nth order, when n is even. 


= a — ?i6 4 ■ 


t - 1) _ n{n - l)(n - 2) ^ 

T— * [8 + 


A^ln, for the odd orders, we have 


i>, = — a 4 6, 

i>, = — <^486 — 8c4d, 

== - a 4 56 - 10c 4 lOd - CIc 4/. 

Hence, by induction, when n is odd, the first term of the nth order is 


n(n-l)_ n(n-l)(n — 2)^ 
4 nb C4 ^ < 


* The author does not deem It expedient to take the time and space to demonstrate more 
rigorously this law ; nor does he fully tympathixe with the idea that UtducUon la in no case a 

satiafactory mathematical argument. 



B£BI£S« 


275 


SHn Cot* — I t will he oheensed. that in order to find the \st term 
of the first order of differences, we must have 2 terms of the series 
given; to find the term of the %d order, 3 terms ; to find the Xst 
term of the 3c? order, 4 terms ; and, in general, to find the term 
of the nth order toe must know n 4* 1 terms of the series. 

Examples. 

1. Find the 1st term of the 3d order of differences in the series 
7, 12, 21, 36, 62, etc. Also the 1st term of the 4th order. 

Bug’s. — F or the 3d order we have 

i)3r=-a + 36~8c+d=-7 + 812-8.21 + 86 = 3. 

For the 4th order, 

i)4 = a-46 + 0o-4ft + e = 7~4.12 + 621~4.86 + 62 = 8. 

2 to 6. Find tlie first terms of the orders of differences specified in 
the following : 

(2.) 2d, 3d, and 4tli, in 1, 8, 27, 04, 125, etc. 

(3.) 3d, and 5th, in 1, 3, 3*, 3*, 3^ 3“, etc. 

(4.) 5th, in 1, -5*^, etc. 

(5.) 5th, in 1, 6, 21j 50, 126, 252, etc. 

(0.) 6th, in 3, 6, 11, 17, 24, 36, 50, etc. 


S12* JPTObm 1* — To find the Scale of Relation in a recurring 
infinite series when a sufficient number of terms is given. 

Solution. — 1st, When each term after the first depends on the next preceding, 
— Let m represent the scale of relation. Then h = ma {SOd). Whence w = 

2d. When each term after the first two depends on the two terms next preceding 
U . — Letting m, n bo the scale of relation, we have and + 

wt. c*— , ad — bo 

' ' ac — h* ac — b* 

8d. When each term after the first three depends on the three terms next precede 
ing it. — Letting w, r represent the scale, we have d = ma + + rc, e-=mh 

+ TIC -f rdt and/= me + T«f + re. From these three equations the values of 
m, n, and r can be found. 

4th. We can evidently proceed in a similar mantbr when the dependence is 
upon any number of preceding terms. 

313, Sen. — In applying this method, if we assume that the dependence 
is upon more terms than it really is, one or more of the terms of the scale 
wiU reduce to 0. If we assume the dependence to bo on too few terms, the 
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error will appear in attempting to apply the scale when found. If we 
attempt to apply the method to a series which is not recurring, the error 
will appear in the form which the scale assumes, or when wo attempt to 
apply it. 

When the dependence is upon two terms, any two equations of the series 
<; = «ia + 7i&, ^ + m?, /= md + etc., will give the sa^ne 

oalueB for m and n. So also if the dependence is upon three terms, any three 
equations of the scries d = ma + iib + rc, ^ + wc + rtf, /= 

g = md + 7i« + ?/, etc., will give the m*ne mlua to m, Tt, and r; etc., etc. 

There is no general method of determining that a series is absolutely not 
recurring. The best practical method of procedure is to assume that 
the dependence is upon two terms: if this does not give a scale which will 
extend the scries, try whether tlic dependence is not upon three terms, then 
upon four, etc. Of course, applying this process to an infinite scries would 
not determine that the series was absolutely not recurring. 


Examples. 

1. Find the scale of relation in the series 1, 12, 48, 384, 1920, etc. 

Suo’s. — Assuming that the dependence is upon two terms, we have 48 = m 
4- 13n, and 384 t=r 12wi 4- 48n< ; whence m = 24, and ti. = 2. Now since 1920 
r= 24 . 48 4- 2 ■ 884, we conclude that + 24, 4- 2, is the scale. 

2. Find the scale of relation in the series 1, C.r, 12a:*, 48a:*, 120.r^ 
etc. 

Suo’s. — We have 12ar* = w 4- 6a?n,and 48a!* =r tom 4- 12a?*n ; whence ?n=6jj*, 
and n-=.x. Now, as 120a;^ = to* • 12a:* 4- a; - 48aj*, we conclude that the scale of 
relation is 4- to*, 4- x. 

3. Find the scale of relation in the series 1, 4a:, Ga:*, 11a;*, 28a:*, 63a:*, 
and extend the series two terms. 

Scale of relation, -f3a,-*, —.a:*, +2a;. 

Next two terms, 131a:*, 283a:’. 


4 to 11. Find the scale of relation in the following, and extend 
each series 2 or 3 terms : 


(4.) 1, X, 2a:®, 2a:*, 3.r*, 3a:*, 4a:*, 4.a:’, etc. 

(5.) 1, 3, 18, 54, 243, 729, 2916, 8748, etc. 
(6.) 1, X, 5a:®, 13.r*, 41.a:*, 121a:*, 365a:*, etc. 
(7.) 1, 4, 12, 32, 80, etc. 

(8.) 3, 5a:, 7a:», 13a:*, 23a:*, 45a:*, etc. 




(10.) 1, 4 , 10, 20, 35, 56 84, 120, etc. 
(11.) 1, 4, 8, 13, lO, 26, 34, etc. 
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314. Prob. find tlie ntA term of a aeries when a euf- 

fiident number of terms is given. 

Solution.-— 'T he beet method of doing tlds depends upon the character of 
the series. We give the following : 

1st. The formula I =.a {n — X)d, and I = resolve the problem for 

arithmetical and geometrical series, I being anj term. 

2d. Tlie scale of relation may be determined by Pkob. 1, and the series 
extended to the nth term by means of it. 

8 d. But the first tenns of the successive orders of differences afford one of 
the most elegant and general methods. Thus from {310) we have 


3;t 


etc., etc., etc. 


Whence, by induction, we have, in general, the nth term = rt-f (n — 1 ) 7 ), 


{n - l)(n - 2 ) 


2 >* 


(n-l)(n-2Kn-3) 


2)3 4 - etc., till the term containing 


JD«-i is reached, or till an order of differences is reached of which each term 
is 0. It is only in the latter case that the method is practically useful, since to 
determine the first terms of the n — 1 successive orders of differences, requires 
that n terms of the series be known. 


Examples. 

1 to 5, Solve the following by means of the scale of relation : 

(1.) Find the 8th term of 1, 2a;, 8a;®, 28a;*, lOO.r*, etc. 

(2.) Find the 9th term of 1, 3a;, 6a;®, 7a;*, 9a:;*, 11a;*, eta 
(3.') Find the 10th term of 1, 3a;, 2.r*, — a:*, — 3a;*, — 2a;*, etc. 

(4.) Find the 12th tenn of 3, 5, 7, 13, 23, 46, etc. 

(6.) Find the 11th term of 1, 1, 6, 13, 41, 121, etc. 

6 to 12. Solve the following by means of the successive orders of 

differences : 

(6.) The 12th term of 1, 6, 15, 35, 70, 126, eta 


• ess-a + Sfr f2)3 = -a+S(a4 

t 4 St a - 8 & f 3e + />3 e a - 3(a 4 ni) + 8 (a + %Di + Pg) + Z), » a + ZD, 
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(7.) The 15th term of 1, 3, 6, 10, 16, 21, etc. Also *the nth. 
(8.) The nth term of 1*2, 2«3, 3*4, 4*5, etc. 

(9.) The 12th term of 1, 4a:, 6a;*, 11a;*, 28a;*, 63a;*, etc.* 

(10.) Solve the first five given above by this method, when it 
will apply. Also detennine the scale of relation in (6) to (9) in cases 
in which the seiies is recurring. 

(11.) Find the nth term of 1, 2*, 3*, 4*, etc. 

(12.) Find the 9th term of 70, 252, 694, 1144, 1950, etc. 

13. Extend the following to 10 terms by the method of differences : 
1, 4, 8, 13, 19, etc. Also a;*, 4a;*, 8a;*, 13a:*, 19a;f, etc. Also 1, 6, 20, 
60, 105, 196, etc. 


313. ^roh. S. — To determine whether a series is convergent or 
divergent 


Solution. — 1st. When the terms are aU If the series is not decreasing’^ 
of course it cannot be convergent. Thus + c + d + d + etc., if a < & 

< c < d < e, etc. , is > a oo . Let us then consider the case when the terms are 
all + , and a>6>fl>d>e, etc. We have 

/8=a + 5 + c + d + e + etc. = a('l + ~ + £ ^ etc.') 

\ a a a a / 


( . h rh deft edch ^ \ 

^ ha^ eba ^ deba ® * 


Now if etc.C jp, S < a(l + p + p'* + p^+ p*+ etc.), which, if 


d* 

Therefore, An infinite series of positive terms is always conver- 

genty if the ratio of eowk term to the preceding term is less than some assignable 
guatUity which is itself less than 1. 


p<\, = ; 


l~i>* 


2d. When the terms are alternately + and — , and decreasing y Let the series 
be », — ft, + c, — d, + c, ~ etc. Now we may write 

iS'rs (a — ft) + (e — d) + (e — /) + etc . ; 
and also 5 = a — (ft — c) — (d — e) — etc. 

Since the terms are decreasing (c~d), (c—/), etc., are +, and 8>a-^h. 
Again, ^ — e), (d — e), etc., are + , and 8 < a. Therefore, Any series of decreas- 
ing terms, which terms are alternately + and —, is convergent 


8d. When the terms are alternately + a/kf — , and increasing, we have 

.ft + c — d + « — / + ^ — etc. = a — (ft — c) — (d — e) — (/ — ^) — etc. 
Now, since the terms are increasing, ft — c, d^e, f ^ g, etc., are essentially 
negative. Hepresenting these differences by —d, —di, — d„ etc., we have 

* It is evident that the ISth term involves a; to the 11th power, or contains a;i<. Hence we 
hAVC'only to find the coefficient, or the ISth term of the series 1, 4, 6, 11, 96, 68, etc. 
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8^ a -¥ di +<?# + etc., a eeries wHch can be examined by the first process 
given above. 

4th. The process of grouping the terms and thus forming a new series, as in 
the last case, is frequently serviceable in other cases than that there specified.* 


Examples. 

1. Determine whether 1 + j + 1 2^3» 4 

a convergent series. 

Sug’b. — Hero - = 1, ? = L ~ = 4-=t» ; whence we see that each 

a 6 2 c 8 d 4 

of the ratios after the second is less than which is itself less than 1. Hence 
the series is converging. 

2. Determine whether + + etc., is a converging series. 

3 to 6. Determine which of the following are converging : 

(3.) ^ “H "H "t" etc. 

(4.) + + etc., r being > 1, t. e., any decreasing 

geometrical progression. 

^ i^2l 14.27 

3 4 5 

(^•) 2 3 2^ 3~4^^* 

.r* /jj»® /jj® 

7. For what values of a: is a;— -r + ;r — t + t — - t : -¥ etc., 

/C o 4 0 O 

convergent, and for what divergent ? 

Sun’s. — ^This series may be written a; — ^ + — f) 

+ (7 “■ ® 1 becomes | + Q ^ j) + Q 

. 1 1 1 1 . * XT . ..1.1 .51 

+ etc., or + 5—7 + s + fr-Q + ®tc. Now m this series - = = , 
2o.40.07.o no 

^ 4- = a ratio which evidently approaches 1 without limit. 

5 5 c 28 d 45 j t't' 

Hence for « = 1, the series is divergent. Again, for any value of a; > 1, some 
one of the factors following it 


e-9 


* This Is confcsfiedly quite an imperrect presentation of this problem; but it Is sufficient foe 
most purposes, and is as (bll as our limits will allow. 
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•will become negative. Thua, W a;s=:-,all following;- — - will be negativa 

7 7 8 

The sum of that portion of the eeries preceding this first negative factor will be 
finite, since it will be composed of a finite number of finite terms. Let us now 
examine the infinite series which is composed of negative terms. Let a be 
the value of x for which we are examining the series, and y the exponent of x 

in the first negative term. This term is therefore - Now this 

may be taken as the general term of this portion of the series if we understand 
that a is constant and y variable. As y increases by 2 in each successive term, 

the first two terms of this series are a*'/- ^ ^ ^ : and 

\y y + w \y + 2 y + a/ 

-t ^ y-h8- ay--2a y(.V + l ) / 

( (y + 2) (y + 3) y + 1 — ay ( 


the ratio of the second to the first is 


(1 — a)y* — (8« — 4)y® — (2a — 3)y ) ^ , 

= «* 1 71 72 g-r"« 7 T 7 ^ — 2 - \ " — 2 f > the limit of which, as y in- 

((1 — a)y* + (6 — 6a)y* + (11 — 6a)y + 

creases to infinity, is a*. But as a > 1, a* > 1, and this negative series is diver- 
gent and its sum is infinite. Hence the given series is divergent for x == 1, and 
all values of a? > 1. In a similar manner it may be examined for a; < 1. 


31S» !Proh^ 4* — To find the sum of n terms of a series. 

This problem, like many others concerning series, does not admit of a general 
solution. We specify the following cases : 

Case 1. — When the series is Akithmeticai. or Geometbical, dther dimergent 

^ \ 

or convergent, for n finite, 8= in [2a + (» — !) d], or /S = - • For an 

infinite geometrical convergent series we have 8 = — ™ . 

Case 2, — When the series is an infinite, iiEcrniRrNo series, to find the sum of 
the series (t. e. n being oo). Let the series be a + ft + c + d-i-c-j- etc., and 
m, n the scale of relation, the dependence being upon two terms, Whence we 
have 

a = a, 

b =b, 

e z= am + bn, 
d z=hm + cn, 
e = cm + dn, 
f =r dm + en. 


Putting 8=a + & + c + d 4- etc.. 


and adding, this gives >8^ = a + 6 + 8m ^ {8 — a^n. 

Solving for 8, we have 8 = ^ — — . 

® 1 — m — 


( 1 ) 
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When the ecaie of relation eonaiste of three terms, as m, n, r, w« have 


a r=. a, 

b =b. 


e =: c, 

d = am + &n + er, 
e = bm + <!>i 4- dr, 
f =z cm + dn + er, 
ff z=: dm + en + fr. 


Whence 
And solving ior 8, 


+ Sm + {8 a)fi + (>Sr -—a- 
a 4- 6 + <5 — — (« + 


by. 


S-- 


1 — m — n — r 


( 2 ) 


When tho scale of rdaUon consists of four terms, as m, n, r, s, we can write 
from analogy, 

a + b + c + d — an — (a + b)r — (a -i- b + e)8 

: , 

1—w — w — r — » 


8z 


Case 8. — To find the sum of n terms of a series by the method of differ- 
enees , — Let the series be a, b, c, d, e,f, etc., which we will call (A). 

Now if wo write the series , 


(J5) 0,a,a+b, a -i- b + e, a + b e + d, a+b + e + d + e, etc.. 


of which the series {A) is the first order of differences, it is evident that the 
{n + l)th term of {B) is the sum of n terms of the given series (A). By the 
formula for the wth term {Sldlf 8<l), which is 


Tlie wth term = a 4- 4- 


{n^l)(n-2) 


Bi 4- 


(y^~-t)(n--2)(n~-3) 


Di 4* etc.. 


2 ' |_3 

noticing that a, the first term, in series (7?) is 0, that D\ of series {B) is a of 
series (j 4), Bg of series (B) is Bi of series (A), etc., wo have, for the sum of 
n terms of (A) 

„ n(n — 1) ^ n(n — l)(n — 2) ^ 

8 = 7ia + — ^ — - Bi 4- ’ Bt 4- etc. 


On this formula we observe that when the orders of differences do not vanish, 
if the series is extended to the (/i 4 -l)th term the coefficient of that term will 
become 0, and the series will terminate. But this requires that we know the 
first terfn of the nth order of differences, which requires that n 4- 1 terms of the 
series Ixj known. In this cause, therefore, the formula is of no service. But, 
when the differences vanish with some one of the lower orders, it is a aery con- 
venient formula. 


Case 4. — Upon the principle that any fraction of the form 

ss 1 ^ * many series of fractional terms of the form 

p\n n + p/ 

may be summed. 


t 

n{n+p) 

g 

»(» 4- p] 


* This is evident since ~ 

n n +p 


nq+pq-nq 

n(»+p) 


n(n 4- p)' 
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Also many series of fractional terms of the f<irm -7 ?/ " ' y ? may be 

^ n{n + p){n + 3p) ' 

summed from the fact that 

<7 ^ ^ j g g } 

7»(» + py^n + 2j)) 2p («(» + jj) (» + i?)(w + 2jp) ) * 

When the fractional terms are of the form rr — ;r-., the 

ii{n + p){n -H 2pX^ + 

summation may often be efEected upon the principle that 

? ^ i. \ g g I , 

n(n + pXn + 2pX^ + %>) t + P)(^ + %>) + PX» + 2pX^ + iJp) ) ’ 

The practicability of this method depends upon our ability to find the differ- 
ence between two series. Thus, when the terms of the given series are of the 

fonn ? — - , if we can find the difference between two series whose terms 

■ n{n + p) 

are of the form — , and — - — respectively, we can find the sum of the given 
n n + p 

series. But the method will be more readily comprehended in connection 
with its application, (See Ex’s 15-80.) 

Examples. 

1 to 7. Find the sum of the following recurring series ; 

(1.) 1 + + 8a;* + 28a;* + lOOa;^ + etc. 

(2.) 1 + 2a; + 3a;* + 5a;* + 8a;* -f etc. 

(3.) 1 + 3a; + 5a;* + 7a;* H- etc. 

(4.) 3 + 5a; + 7a:* 4- 13a;* + 23a4 -f 45a;8 -f etc. 

(5.) 1 4- 1 + 5 + 13 4- 41 + 121 4- etc. 

(6.) 1 + a; 4* 2a:* 4- 2a;* 4- 3a4 4- Sa;* 4- 4a;* 4- 4a;* + etc. 


8 to 14. Find the sum of the following by the method of differences : 

(8.) 14-34-54-74- etc., to 20 terms ; to n terms. 

(9.) 14-24- 3 4" 4 4* 5 4- etc., to 50 terms; to n terms. 

(10.) 14-54-154- 35 4- 70 4- 126 4 etc., to 30 terms ; to n terifis. 
(11.) 70 4 252 4 594 4 1144 4 1950 etc., to 25 terms ; to n terms. 

(12.) 1 4 2* 4 3* 4 4* 4 eta, to 12 terms ; to n terms. 

(13.) I42*43*44*4etc., to » terms. 

(14.) 1 4 2* 4 3* 4 4* 4 etc., to terms. 


15. Find the sum of 4 ^ 4 4 

1*2 2*3 3*4 

given ill Case 4. 


4.5 


4 etc., by the method 
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SuG*fl.— If we put p = 1 , g = 1, and n = 1, 2, 8 , 4, etc., Bucceasively, the 

general form of the term in this series is — - . Thus we have 

n(»-hp) 

For the 1 st term, — ~ 1 — 5 'j ; 

* + p) 1(1 + 1) 1 \1 1 + 1/ V 3 / 

For the 2d term, — — r = 57 ^-“ — T\ = 7 ^ 5 ') » 

n{n + p) 2(2 + 1) 1 \2 2 + 1/ \2 8 / 

For the 8d term, = 8(8 + 1) = i (§ “ m)*" ^ G"^) ' 

For the 4th term. = 1 Q - 1 (^ — J ) ! 

etc. , etc. , etc. 

Putting 8 for the sum of the series and adding, we have 

iS=(l-i) + (i-i) + (i-i) + a-J) + etc. 

(l + i + i+ i + etc. ) . 

“1 -i-^-.i~etc.f ■" 

Note. — I t will be seen that this method is only an ingenious device for de- 
somposing the given infinite series into two infinite scries, one of which destroys 
ill but a finite portion of the other. 

16. Find the sum + 3^ + 5^ 7^ 

17. Find the sum of n terms of each of the two preceding series. 

SUQ. — We have for the Tith term of the last series g = 1, p = 2, w s= 27i — 1, 


since 2n — l is tlie nth odd number. Hence for the nth term 

= ^( d —7 — TT— — ^ therefore have 
2 \ 2 n — 1 271+ 1 / 


n(w + p) 


®=21 1 1 1 


1 

2 n~l 

1 1 

2n — 1 2n + 1 


2\ 2n + 1/ 


18. Find the sum ofr^ + t^ + 5 ^ + ~+ etc. Also of n terms 

1-4 * 2*0 3*0 4*7 

if the same. 

19. Find the sum of — — + etc., to n terms. 

ID oD q3 99 

• since by Case 4, ssl (^- — Y 

, ^ ’ n(n+i»l p\n n+pj 
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Suo*s.— It will be seen that this series is tbe same as ^ ^ 

+ etc. Hence by making 9 = 2 , 8, 4, 5, etc., successively, nr=8, 5, 7, 9, etc., 
successively, and p = 2, we have 

i{(l -»)-»-») + (♦-»-(»-*) + etc.}, or 
iiS - (I + f) + (» + ♦)-(> + f) + A + etc.} 

= i{i-l + 1 — 1 + A + etc.}. 


Now the form of this last term is 


n -f 1 
2n + 8 


and if an even number of terms of 


the given series is taken, we have ^ | ^ ^ intermediate 

terms destroying each other. But If an odd number is taken, we have 

we have for an even 

1 


1/2 w + l\ —. II ft + l 1 

^(■3 ~ 2n + 8/* ^ 2n + 8 '2 

1 

■ 2(2n + 8) 


2(2n + 3)* 

number of termei ^ . or i - 


4(2n + 8) 


; and for an odd 


1 ( 2 _ 1 
* 2 18 2 


2(2h + 8)i 


number, 


1 

or t:z + 


12 4(2;i + 8) 


, When n=oo , we have 


20. Find the sum of ^ + etc. 

l*d* 2«4 d‘5 


21. Find the sum of 4- • 

1-3 2*4 3*0 


' etc. 


22. Find the sum of + 7 ^ + etc. 

3-0 0-12 U*1G 

Sua.-Thii. equals ^ + 8^ + ®“^ )- 


23. Find the Bum Of ji + gi + ^ + + etc. 

24. Find the aum of + etc. 

8uo’s. — ^By putUng p = 1, y = 4, 6, 6, etc., successively, and n = 1, 2, 8, etc., 

successively, these terms take the form —7 r; — r" 7 ir\ » since 

nin + p)(n + 2p) 

“7 ^ s~v = t -- 7 TT ?r-x write the given 

n{n + p){n + 2p) 2p(n(»+p) (»+p)(n + 2p)) 

series thus : 

}|(A- A) * (A - .- 5 -.) * 
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4 5 6^ 

1 I 1-3 » 4 


3 8.4 


— etc. 


= + O + 8^4 = 1(® + i) 


35. Find the sum of 


4* 


9 


15 


5.8.11 ' 8.11.14 ^ ll.14.ir 


"TW 4* etc. 


26. Find the sum of + etc. 

1 4 7 10 

27. Find the sum of ^ + etc. 

28. Find the sum of + etc. 


Suo. — Consider that 

. £ 

{n +p)(n + 2p) {n + Sp ) ) 

39. Find the sum of 


= Li 2 

. + 3») 8p < n.(n + p) (» 4- S 


71 {n + p){,n + 2p) {n + 3p) 8^ {n{n + p){n + 2p) 

\. 


1 +-^ + 


30. Find the sum of 


1 . 3 . 5 . 7 3 . 5 . 7 . 9 ’ 5 . 7 . 9.11 

3 5.8 


+ etc. 


3.6.9.13 ' 6.9.13.15 ' 9.13.15.18 


+ etc. 


Note. — The above examples are taken from Young’s Algebra, an excellent 
Did English work to which American editors are much indebted. 


Piling Balls and Shells. 

317 * In arsenals and navy-yards, cannon-balls and shells are 
piled on a level surface in neat and orderly piles of three different 
forms, viz., triangular, square, and oblong^ The figures below will 
aufliciently illustrate these forms : 

A 

rBXAKQtrum Pix.».‘ tqvAitx pil*. obloko pimi. 

s±s* ^rop» — Ttie formula for the number of baUa or eheUs in a 
^iangular pile having n bolls or shells on a side of ils lowest course is 
|n (u + 1) (n 4* 3). 
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APPEKBIX. 


Dem. — ^T he student will be able to discover, tbat, beginning at the top, the 
number of balls or shells in each course is as follows : 

1, 1 + 2, 1+2 + 8, 1 + 2 + 8 + 4, --- - etc,, 

or 1, 3, 6, 10, 15, 21, - . . - etc. 

Summing this series to n terms by the method of differences he will obtain tho 
formula. 

319* Cor. — The number of courses in a triangular pile is equal 
to the number of balls or shells in one side of the lowest course y and 
the rmmber of balls or shells in the lowest course is 1 + 24-3 + 4 
- - - - n, + n). 


320* J^vop* — The formula for the number of balls or shells in 
a square pile having n balls or shells on a side of its lowest course is 
in(ix + l)(2n + l). 

The student should be able to demonstrate this as above. 

321. Cor. — The number of courses in a square pile is equal to the 
number of halls or shells in one side of the loicest course; and the 
number of halls or shells in the lowest course is 1 + 3 + 5 + 7 + 9 
- - - - 2n — 1, or 11 *. 


322. JProp. — The formula for the number of balls or shells in 
an oblong pile having m balls or shells in the length of the base and 
n in the width is 


(n + 1) (3in — n + 1). 


Be&i. — Observe that there are as many courses as there are balls in the width 
of the base. Let m' be the number in the top row, whence wo have for the 
number in the successive rows from the top downward. 


m', 2(m' + 1), S{m' + 2), 4(m' + 8), 5(m' + 4), etc. 

Taking the Buccessive differences, we find i), = w' + 2, 2>» = 2, and = 0. 
Substituting in 

n(n — 1) . n(n — l)(n - 

“'IT— TF* 


na + • 


• 2 ) 




we hare 8 = m*n + (w' + 2) +• ^ , which readily 

reduces to 4rw((n- + l)(8w' +2» — 2)}. 

Now m being the number of balls or shells In the length of the base, we observe 
that m' = 771 — n + 1, which substituted In the previous equation gives 
8 ss + l){9m — »+!). 


ScH. — ^If we make m as n, this gives the formula for the square pile^ as it 
should. 
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Examples. 

1. Find the number of balls in a triangular pile of 20 courses. 
In a triangular pile with 42 balls on one side of the lowest course. 
How many balls in the bottom course ? How many in one of the 
faces ? 

2. Find the number of shells in a square pile with 30 courses. 
With 23 balls in one side of the lowest course. With 2209 in the 
bottom course. How many balls in one face of each pile ? 

3. Find the number of balls in on oblong pile whose bottom 
course is 42 balls by 20. Whose top course contains 23 balls, and 
which has fifteen courses. 

4. How many shells remain in an incomplete triangular pile whose 
top course contains 28 shells, and whose bottom course has 15 shells 
on a side ? 

6. How many balls in an incomplete square pile whose top course 
is 8 balls on a side, and whose bottom course is 20 balls on a side ? 

6. How many shells in an incomplete oblong pile whose top 
course is 12 by 20, and whose bottom course is 52 shells in length ? 


Reversion- of Series. 

323* JProb. — To revert a Series. 

Solution. — The problem is, having given 

/(y) = oar 4- 5®* + caj® 4- dx* 4- ©tc., (A) 

to express a; as a function of y, t. e., to obtain 

« = -4y 4- i?y* 4- (7y® 4 - Dy* 4* etc., {B) 

the essential thing in the solution being to find the values of the indeterminate 
cx)efficients A, B, O, J), etc. To do this, we form x*, a?®, x*, etc., from (R) in 
terms of y, and substitute in the second member of (A). Whence we have 
f{p) trzf (y).* From this relation we can obtain the values of the indeterminatea 
A, B, Ct B, etc., in the ordinary way. 


Examples. 

1. Given y = aj 4- i®* + -f 4- etct, to revert the series, i. e., 
to express the value of a? in a series involving y. 

* This notation means that both members are fanctions of but that they are not the same 
function : one Is the / function, and the other the /' function. . 
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SuQ’s, — ABBume » = Ay + Sy* 4- Cfy^ 4* Dy* + etc. 

Whence a* =s A *y* 4- 2ABy^ 4- 24 I y * 4- etc. , 

4 - B*\ 

«* =: A^y^ 4- 84*.Sy* 4- etc., 

and a* = A*y* 4- etc., theae developments being extended 

as far as is necessary in order to determine four terms of the reverted 
series. 

Substituting these values in the given Bcries we have 


y = J.y 4- JJ I y* 4- O 
+ 4-4B 

4- iA^ 


y-’ 4* 2> 

4- AC 
4- ii?* 
+A*B 
4* U* 


y* 4- etc. 


Whence 4 = 1. J9 4i4®=0, C -i- AB-^^A^ =0, and i>4-4C^4i5*44*J? 
4- i4* = 0. These give 4 = 1, B = —h and Z) = — Therefore 


the reverted series is 


« = y — - 


j y^ 4* etc. 


2 to 6, Revert the following : 

(2.) y=:a;4-a;* + ic®4-ir^ + etc. 

(3.) y = a? 4- 3a:* 4“ 5a;* 4- W + 9.T* 4* etc. 

(4.) y = a: •— -Ja;* 4“ -^a;* — • ^^a;* 4- etc.'*' 

(5.) y = 2a; 4” 3a:* 4- 4a:* 4- 5a:’ 4- etc. 

(6.) y = 1 4- a: 4- 4- Ja:* + 4- etc.f 

7. Required to express the yalue of y in teims of x from the 
relation 

y 4- ay* 4- ^y* 4- cy* 4* etc. = mx 4- noi^ 4- + etc. 


Interpolation. 

S24» jProhm — Having given a eeries of functions a, b, c, d, e, 
etc,, to find a function intermediate between any two of this series^ 
which function shoM conform to the law of the series* * 

iMi. — Liet the series of functiouB be the logarithms of 282,283, 284. 285, etc., 
viz., 2.865^ 2.867856, 2.869216, and 2.871068 ; let it be required to find the 
logarithjk ^ 288.4, ». c., the function I of the way from 2.867856 to 2.869216. 

Solution.— 'The solution of this problem Is simply an application of the 


* In this example It will be more expedltioue to neume • jiy -f- J9y* 4 CV* + «to., though it 
is not esnentlal. 

t Transpose the 1, put s » y 1, and then revert the series s«fl» + |t»*+ 

This lt> necessnry, since the theory of Indeterminate CostBdents assumes that both vaiiables 
become 0 at the same time ; 4. that »w0, makes •mQ, 
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formula for finding tho nth term of a seriefl bj the Method of DiJZerenceB 
viz., 

The nth term = a + (n - 1)A + i>,+eta 

But for our present purpose it is more convenient to replace the (n— 1) of the 

formula, where n represents the number of the term sought, by ^ , a fraction 

which indicates the distance of the term sought, from the first term used, 
this distance being measured by calling the distance between any two given 
terms 1. Thus in the series a, 6, c, d, s, etc., a term f of the way from & to c, 

would be reckoned at a distance 1 J, or | from a, i. s., ~ would be | in this case. 

Now by this method of reckoning it is evident ^^lat the (n— 1) of the formula must 

be replaced by - , for n stands for the number of the term, which is one more 

than the number of intervals between it and the first term. Thus the 4th 

n 

term is 3 intervals from the first term. Making this substitution of - for w— 1 
the formula becomes 

Term to be interpolated =;a4- ^ S (f 

S25* ScH. 1. — On this formula we observe that when the series of func- 
tions is such that the differences vanish, i, e.^ Z> 3 , i> 4 , or some order 

becomes 0, the formula gives an absolutely correct result. But when the 
differences do not vanish, the result is only an approximation. However, 
such is the closeness of approximation, that for practical purposes only 
second differences are usually needed, although sometimes third and fourth 
become necessary. 

Examples. 

1. Finding from the tables the logarithms of 233, 233, 234, 235, 
to be 2.365488, 2.367356,2.369216, and 2.371068, required to inter- 
polate the'logarithm of 233.4. 


arguments.^ 

FUNCTIONS. 

1st diff's. 

2d diff’s. 

8d diff's. 

m 

2.865488 

.001868 



m 

2.867856 

.001800 

-.000008 

.000000 

234 

2.869216 

.001852 

-.IKKIOOS 


285 

2.871068 





* In »uch a cane the number It called the Argume«t^ and Its lofu^rlthm the function. Thi» 
meant aimply that the logarithm it a hinctiou of the number (or argument). 
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Ill fldg cage o = 2.865488, Di = .001868, J>, = -.000008, D, = 0, and^ = I 

S o 

Hence we have 

log 283 = a = 2.865488 


“ 1>» = I (.001868) = .002615 


•1 P 

2‘r 


(£-l)i>. = _^| (.000008) = -. 


000002 


log 288.4 = 

HCtly as it Is in the tables. 


2.868101, which is ex- 


2. Finding from the table the logarithms of 61, 62, eta, interpo- 
late the logarithm of 62.23. 


3^0, Sen. 2. — When second differences only are to be used, and four 
functions of the series are known, a convenient and excellent formula is 
obtained thus : Let the four functions be a, 5, c, d, and let it be required to 

interpolate between 6 and c. Let — be the interval from h to the place of the 

term to be interpolated. Now if we compute from &, instead of from a, the 
preceding formula will become 


The interpolated function = & + + 


In which Di is the second of the first differences, i. c., the one which falls 
between b and c ; or, in general, if we tabulate tlie differences as above, it 
is the first difference which falls in the same horizontal line with the func- 
tion to be interpolated. Aga|n, as the second differences are supposed to be 
different, it is best to take the arithmetical mean of the two, which mean 
will also fall in the same horizontal line with the interpolated function. 


3. Find by { 326 ) the logarithm of 68.53 from the logarithms of 
67, 68, 69, 70. (See table.) 


ARGUMENTS. 

FtTNCTIONB. 

IST DIFP’S. 

2d dipf’s. 

MEAN OP 
2d diff’b. 

67 

68 

* 

1.826075 

1.832509 

.006484 

.006340 

-.000090 

« 

-.0000905 

69 

70 

1.838849 

1.845098 

.006249 

-.000091 



Here we have 6 = log 68 = 1.882509, ~ = .006840, and 

^ 100 

Diz:z .0000905. The student should make the substitutions and compare 
with the table. 
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327 • ScH. 8. — But it is not for interpolating logarithms that this 
method is chiefly used. For this purpose the method given in (196) is 
preferable. The student will readily discover that the method of (106) 
is identical with that just given if only first differences are used. Wlien 
great accuracy is required, and the tables used give the logarithms to 8 or 
10 places, it sometimes becomes necessary to use mean second differences, 
as above. It is, however, in Astronomy that Interpolation has its most im- 
portant applications. Thus, suppose the Right Ascension (analogous to 
terrestrial longitude) of a planet has been observed four times at intervals of, 
say one day. By interpolation we may find its Right Ascension at each intenne- 
diate hour, or point of time. In this problem the Right Ascension is the 
and the time is the argument. 

4. The Right Ascension of Jupiter to-day, July let, at noon, is 
lOh.Sm. 38.6s.; July 2d, at noon, it will be lOli. 6m. 18.86s.; on July 
3d, lOh. 6m. 59.41s., and July 4th, lOh. 7m. 40.24s. What will it bo 
July 2d, at midnight ? 


SOLUTION. 


ARGUMENTS,* 

FUNCTIONS.* 

1st diff’s. 

2i) uiff’b. 

MEAN 

2d difp's. 

July 1. 

July 2. 

July 3. 

July 4. 

toil. 5 m. 88.6 e. 

10 h. 6 m. 18.86 s. 

10 h. Cm. 59.41 s. 

lOh. 7 m. 40.24 s. 

40.26 s. 

40.65 s. 

40.83 b. 

0.29 s. 

0.28 8. 

0.285s. 


1 

In this case ~ , h ~ lOh. 6m. 18.86s., = 40.56s., and = 0.285s. 

q 4 

The answer is lOh, Cm. 39.1s. 


5. To-day, July 1st;, at noon, the moon’s declination (distance 
from the celestial equator) is 6° 38' 10".8 north ; at 4 o’clock it will 
be 5 ° 45' 51".3 ; at 8 o’clock, 4° 53' 7".8 ; at midnight, 4° 0' 2".8; and 
at 4 o’clock in the morning it will be 3® 6' 38''.7. Interpolate for 
the intermediate hours. 


* In this example the argument i« the Hme^ and the function is the Right Ascension, i. 
the Right Ascension is a funciion of the time. 
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SECTION IL 

PERMUTATIONS. 

328. Conibifiations are the different groups which can be 
made of ni things taken n in a group, n being less than m, 

III. — Taking the 6 letters a, b, c, d, e, we have the 10 following comhincUionn 
when the letters are taken 8 In a group, or, as it is usually expressed, taken 3 
and 3 : abe, abd^ abe, a4id, acet ode, bed, bee, bde, cde. Taken 2 and 2, wo have the 
following 10 combinations : ab, ac, ad, ae, be, bd, he, cd, ce, de. It is to be noticed 
that no two combinations contain the same letters; i. e., they are different groups. 

329. l^er mutations are the different orders in which things 
can succeed each other. 

III. — Thus the two letters a, b have the two permutations db, ba. The three 
letters a, b, c have the 6 permutations abe, aeb, cab, bac, bca, eba. 

330. Arrangements are permutations of combinations. 

III. — Taking the 10 combinations of 5 letters taken 8 and 8, and permuting 
each combination, we get the arrangements of 5 letters taken 8 and 8. Thus 
the combination abe gives the 6 arrangements abe, aeb, cab, bac, bca, cba. In like 
manner each of the 10 combinations of 5 letters taken 3 and 8 will give 6 arrange- 
ments ; whence, in all, 5 letters taken 8 and 8 have 60 arrangements. 

331. JErop. — The number of Arrangements of m things taken 
n and n is 

in (m — 1) (m — 2) (m — 3) - - - - (m — n + 1). 

Demt. — L et ns consider the number of arrangements which can be made of the 
m letters a, b, e, d, etc., taken 2 and 2. Letting a stand first, we can have ab, ac, 
ad^ etc., to m — 1 arrangements. Letting b stand first, we can have Im, be, bd, 
etc., to wi — I arrangements. Thus taking each of the m letters in turn we can 
have TO — 1 arrangements in each case, or to (to ~ 1) arrangements in all. 

Again, each of these to (to — 1) 2 and 2 arrangements will give to — 2 arrange- 
xnents 8 and 8, by placing before it each of the letters not involved in it. Tims 
we have to (to — 1) (to — 2) arrangements of to letters taken 8 and 8. 

Once more, each of these to (to — 1} (to — 2) 8 and 8 arrangements will give 
TO — 8 arrangements 4 and 4, by placing before it each of the letters not involved 
In it. Thus we have to (to — 1) (to — 2) (to — 8) arrangements of to letters taken 
4 and 4. 

Finally, we observe the law ; i.e., the number of arrangements is equal to 
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^ oontinued product of m(m — 1) (m — 2) (m — 8) - - • • — (n — 1)} or 

♦»(f» — 1) (m — 2) (f» — 8) - - • - («» — u + 1). 

S32» Gob. 1 . — The number of Permutatione ofjXL things is 
I.2.3.4 m. 

This i8 evident since arrangements become permutations 'urhen the number in 
a group is equal to the whole number considered ; i. e.^ when n = m. 

333. Cor. 2. — If ig of them letters are alike (as each a), q others 
alikey r others alike, etc,, the number of permutations is 

1.2«3.4 ■ - . - m 
|p X Iq X [r X etc. ’ 

Thus consider the permutations of a, 5, c, d, viz., dbcd^ hoed, aedb, hedat acbd, 
head, abde, bade, add), hdea, etc. Suppose b to become a, then since for any par* 
ticular position of c and d, as in abed, there are as many permutations of the four 
letters as there can bo permutations of the two letters a and b, viz., 1x2; if 6 
becomes a there will be 1 x 2 fewer permutations when these two letters are 

alike than when they are different, i. e., ^ ^ ^ ^ . 

1 * 2 

So, in general, if p of the letters are alike, there will be 1-2-8 - - - - p, or 
[p fewer permutations than if they are all different, etc. 

334. Gob. 3. — TTie number of Combinations of m things taket^ 
n and n is 

m (m — 1) (m — 2) (m — 3) - - - - (m — n + 1) 

1.2.3-4 n 

Since arrangements are permutations of combinations, the number of ar- 
rangements of m things taken n and n is equal to the number of combinations 
of m things taken n and n multiplied by the number of permutations of n 
things. Hence the number of combinations is cjqual to the number of arrange- 
ments of m things taken n and n divided by the number of permutations of n 
things. 

Examples. 

1. Btow many permutations can be made of the letters in the word 
marblef Of those in home? Of those in logarithms^ 

2. How many arrangements can be made of 10 colors taken 3 and 

3 ? Of 7 colors taken 2 and 2 ? Taken 3 and 3 ? 4 and 4 ? 5 and 
5 ? 6 and 6 ? 7 and 7 ? How many mixtures in each case, irre- 

spective of proportions ? 

3. How many different products can be made from the 9 digits 
taken 2 and 2 ? 3 and 3 ? 4 and 4 ? 5 and 5 ? 6 and 6 P 7 and 
7? Sands? 9 and 9? 
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4 . How many different mimbei*s can be represented iJy the 9 digits 
taken 2 and 2? 3 and 3 ? 4 and 4 ? etc. 

5. In a certain district 3 representatives are to be elected, and there 
are 6 candidates. In hqw many different ways may a ticket be made 
up? 

6. There are 7 chemical elements %vhich will unite with each other, 
How many ternary compounds can be made from them ? How many 
binary ? 

7. How many different sums of money can be paid with 1 cent, 1 
3-cent piece, 1 5-cent piece, 1 dime, 1 15-cent piece, 1 25-cent piece, 
and 1 50-oent piece ? 

Bug. — I f taken 1 and 1 , how many ? If 2 and 2, how many ? If 3 and 3, etc.? 
How many in all ? 

8. In how many ways can 12 ladies and 12 gentlemen arrange 
tliemselves in couples ? 

9. If you are to select 7 articles out of 12, how many different 
choices have you ? 

10. How many different sums can be made from 1, 2, 3, 4, 5, G, 
taken 2 and 2 ? 

11. How many permutations can be made from the letters in the 
word possessions? (See 3S3») IIow many from the letters 
in the word consistencies? 

12. How many different signals can be made with 10 different- 
colored flags, by< displaying them 1 at a time, 2 at a time, 3 at a time, 
etc., the relative positions of the flags with reference to each other 
not being taken into account ? 


Probabilities. * 

335. The Mathematical Trohahility of an event is the 
number of favorable opportunities divided by the whole number of 
opportunities. The Mathematical ImprohaMUty is the number of un- 
favorable opportunities divided by the whole number of opportunities. 

III. — A man draws a ball from a bag containing 5 white and 2 black balls ; 
the opportunities favorable to drawing a white ball aro^tJe, and the whole num- 
ber of opportunities is seven ; hence the mathematical probability of drawing 
a white ball is Tlie mathematical improbability of drawing a white ball is f 
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Examples^ 

1. I learn that from a vessel on which my friend had taken pass- 
age, one has been lost overboard. There were 40 passengers, 

and 20 in the crew. What is the probability that my friend is safe ? 
What the improbability ? If I learn that a passenger is lost, what 
then is the probability that my friend is safe? What that he is 
lost? - 

2. A man fires into a fiock of birds of which 6 are white, 4 black, 
6 slate-colored, and 3 piebald. If he kills one, what is the probability 
of its being a black bird ? What the improbability of its being pie- 
bald ? How much more probable is it that ho will kill a white than 
a piebald bird ? A black than a piebald ? 

3. Twenty-three persons sit around a table. What is the proba- 
bility of any given couple sitting together? 

III. --Call the two porsons A and B, Then wherever A may sit, there are 23 
others who mag sit beside him in one of two places (on his right or left). There 
are therefore 3 favorable and 30 unfavorable opportunities. 

4. What are the odds against the fourth of J uly coming on Sun- 
day in any year taken at random ? 

Suo. — The odds against an event is the ratio of the unfavorable to the favor- 
able opportunities. 

5. The moon changes about once in 7 days. What is the proba- 
bility that a change of weather will come within 3 days of a change 
in the moon ? 

6. The letters a, e, w, n, can be arranged so as to form four words, 
viz., mane, mean, name, amen. If they are arranged at random, 
what is the probability of their forming a word ? What the " odds 
against ” their forming a word ? 

7. Show that the probability that, a leap-year will contain 53 Sun- 
days is 

8. Three balls are to be drawn from an um which contains 5 black, 
3 red, and 2 white balls. What is the probability of drawing 2 
black balls and 1 red ? 

gxjo’s, — The first question is, How many opportunities in all ? Tliat is, how 
many different groups {eomJnnations) can be .made o< 10 balls taken 8 and 8. 
Second, How many opportunities favorable to drawing two black balls and one 
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red at the same time ? There are 5 black balls, and these can be <!binbined 2 and 

2 in , or 10, ways ; and as one of the three red balls can be obtained in 8 

ways, each one of these combined with one of the 10 ways of obtaining the 
black balls will giye 10 x 8, or 80, favorable opportunities for selecting the balls 
as desired. The probability is therefore or 

9. If from a lottery of 30 tickets, marked 1, 2, 8, etc., 4 tickets are 
drawn, what is the probability that 3 and 5 are among tliem ? What 
are the odds against it ? 

Sue's. — From 80 how many combinations of 4 and 4? From 28 how many 
combinations of 2 and 2 ? Od^ against drawing 8 and 5, 148 to 2. 

10. A bag contains a $5 bill, $10 bill, and 6 blanks. What is the 
expectation of one drawing ? That is, what is one drawing worth ? 

Bug. — The probability that one draught will take the $5 bill is and hence 
is worth The probability that the $10 note will bo drawn is also and 
hence this eapeetation is $V‘. The entire expectation is therefore $^^, or 
$1.87^. Hence a gambler who should sell such chances at $2 eu.ch, would iu 
the long run make money. 

11. What is the expectation of a draught from a bag containing 5 
$2 bills, 4 $5 bills, 2 $10 bills, 1 $100 bill, and 50 blanks ? 

12. In a given bag are 5 $2 bills, 3 $5 bills, and 6 blanks. What 
is the expectation of 2 draughts ? 

Bug’s. — There are opportunities, or ways in which 2 things can 

be drawn from 14. 

5 • 4 

There are r — jr ways in which $2 bills map be drawn. Hence the probability 
1 • « 

of drawing 2 $2 bills is and this expectancy is 

In like manner the probability of drawing 2 $5 bills is and this expect- 
ancy is $1^. 

The probability of drawing 2 blanks is and this expectancy 0. 

The probability of drawing 1 $2 and 1 $5 bill is and this expect^cy is 

The probability of drawing 1 $2 bill and 1 blank is and this expectancy 

i8 m- 

The probability of drawing 1 $5 bill and 1 blank is and this expectancy 

The entire expectancy, or worth, of 2 draughts is therefore 4- f ^ 

-f- dollars, or $a.57f. 

Observe that the sum of all th.^ pr /jabllities, i. s., 4- 4- 4“ it” 4- M 4-^f, 

is 1, as it should be. 
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That the probability of drawing 1 $2 bill and 1 $5 is ^ * There 

are 6 opportunitien favorable to drawing 1 $2 bill, and with eaush of these there 
are 8 opportunities favorable to drawing 1 $5 bilL 

13. There are 4 white balls and 3 black ones in one bag, and 2 
white ones and 7 black ones in another bag. What is the probability 
of drawing a white ball from each bag at the first draught from 
each ? 

SoLtJTiON. — There are In all 7 opportunities of drawing a ball from the first 
bag, and with each one of these there are 9 opportunities from the second 
bag ; hence there are 7 x 9, or 88 opportunities in all. Again, there are 4 favor- 
able opportunities for drawing a white ball from the first bag, and with each of 
these there are 2 favorable opportunities for drawing a white ball from the 
second bag; i. there are in all 4x2, or 8, favorable opportunities. Hence 
the probability is V’i* Notice that this compound probability is the product of the 
two simple probabilities. 

14. The probability that A can solve a problem is and that B 
can do the same is what is the joint probability ? 

Bug's. — The student will observe that there are 4 possible results, viz. : 
1. Both may succeed, of which the probability is ; 2. A may succeed and B fail, 
of which the probability is B may succeed and A fail, of which the prob- 

ability is sV; aod 4. Both may fail, of which the probability is ^11^. Now either 
the first, second, or the third result will give a solution. Hence the probability 
of success is fis 4- if + -h = tfi or f. 

This result may be more expeditiously obtained by considering that they 
will succeed if both do not fail. The probability of A*s failure is f, and of B*s f . 
Hence the probability that both will fail is f x f, or f ; and the probability of 
success is l-“f, or f. 

15. It may be said that on an average 10 persons will die during 
the next 10 years 

Out of every 62 whose present age is 30, 




" 45 


« 40, 

• 

U 

" 35 


« 50, 


4( 

« 25 


« 60. 


What is the probability that a person who is 30 will live till he is 
60 ? What that a person who is 40 will live till he is 70 ? 

Bug's. — Let us examine the probability that the man who is 80 will die before 
he is 60. The probability that he dies before 40 is and that he lives to 40 
. Now the probability that a man who is 40 dies before 50 Is f f . Hence the 
probability is H r>f f f that this man lives to 40 and dies between 40 and 60, or 
it is Jf of that he lives to 50. Finally, the probability that he dies between 
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50 and ^ is of H bJ» <» It in H of H of f I that he lives from 60 to 60i 
Hence the probability that a man who is will die before he is 60<iB 

e + X H tl X H X or its; . 

and, consequently, the probability that he will live is 1 — ifS, or if^; t. e., it is 
a little more probable that a man who is 80 will die before he is 60, than that 
he will live to 60. 

16. What is the probability that two persons, A and B, aged .re- 
spectively 30 and 40, will be alive 10 years hence ? 

Bug’s. — Chance of A*8 being alive of B*a of both x f i, or it|. 



LOGARITHMS OF NUMBERS. 


N. 

Log. 1 

K. 

Log. 

N. 

Log. 

N. 

Log. 

1 

2 

8 

4 

5 

0*000000 j 

o- 3 oio 3 o , 
0 - 477*21 ■ 

0* 602060 
0-698970 1 

26 

27 

28 

29 

80 

1-414973 

i- 43 i 364 

1 -447158 
1-462398 
1 - 477*21 

61 

63 

53 

64 

65 

1-707570 

1-716003 

1-724276 

1.732394 

i *740363 

76 

77 

75 

bO 

1 -880814 

i •tiv.6491 
1-892095 
1-897627 
1-903090 

C 

7 

8 

9 

10 

o-778i5i 

0-845098 

0-903090 

0- 964243 

1 - oooooo 

81 

82 

8.3 

84 

85 

1-491362 

1 • 5 o 5 1 5 o 
i* 5 i 85 i 4 

I -531479 

1 *544008 

66 

67 

68 

69 

60 

1-748 188 
1.755875 
1.763428 

I -770852 
1-778151 

61 

82 

83 

84 

85 

I -908485 

1-913814 

1-919078 

1.924279 

1.929419 

11 

12 

13 

14 

15 

I -041303 
1-079181 

1-113943 

1-146128 

1 • 176091 

86 

37 

88 

89 

40 

1 - 5503 o 3 

1 *6uu202 

1.579784 

1.591065 

1.602060 

61 

62 

63 

64 

65 i 

1-785330 

1-792392 

1-799341 

1 -806180 
1-812913 

86 

87 

88 

60 

90 

I -934498 
1.939510 
I.94448J 
1.949390 

1 -954243 

10 

17 

18 

19 

20 

I -204120 

1 - 23 o 449 
1-255273 
1-278754 

1 -301030 

41 

42 

43 

44 

45 

1-612784 

1 .623249 

1 -633468 
1-643453 

1 -633213 

66 

67 

63 

69 

70 

1-819544 
1-826075 . 

1 -832509 

1 • 838849 
1-845098 

91 

92 

93 

94 

95 

1 -959041 

i.9637{:i 

l.9684e3 

1-973128 

1-977724 

• 22 

23 

24 
23 

1-322210 

1-342423 

1-361728 

1 -380211 
1*397940 

46 

47 

48 

49 

60 

1-662758 

1-672098 

1-681241 

1-690196 

1*698970 

71 

72 

73 

74 

75 

1-851258 

1-857333 

1-863323 

1-860232 

1-875061 

96 

97 

9S 

99 

100 

1-982271 

1-986771 

1- 991226 

1 *995635 

2- 000000 


Bemark. — the following Table, the Jimt tvjff in the first column of 

Itogarithma, are to be prefixed to each of the numbers, in the same horizontal 
line, in the next nine columns; but when a point (•) occurs, a 0 is to be put 
in its place, and the i%oo initial Ji^es are to bo taken from the next line bclo> 7 . 





SCO 


27 

28 

29 110^90 I 093 


1734 

ai66 

^8 

3029 

3461 

3891 

43 a 

6^8 

6466 

0894 

7321 

1148 

8174 

438 

«3oo 

•724 

a 147 

1670 

*993 

24t5 

434 

4531 

4940 

5360 

5779 

S‘?i 

6616 

Vi 

8700 

3841 

9116 

3252 

9532 

3664 

9947 

4075 

• 36 1 
4486 

s 

4JO 

411 

6943 

7350 

77^7 

8164 

8571 

8978 

408 

1004 

1408 

1813 

2216 

3619 

3o3I 

404 

6029 

5430 

5830 

62 3 o 

6629 

7028 

400 

9017 

9414 

9 S 11 

•207 

•602 

•998 

396 


1 347 
4934 

a490 
1667 3018 

6169 55 i 8 

8644 

2091 3434 

55 to 585 i 
8903 9341 
26o5 


3426 36 o 

6004 357 

o 352 355 

3071 35 i 

6563 340 

••26 346 

3462 343 

687 1 340 

•253 338 

3609 335 


56 ii 

5943 

6276 

6608 

6940 

333 

8926 

9256 

9586 


•245 

33 o 

2216 

2544 

2831 

3198 

3525 

328 

5481 

56 o 6 

6 i 3 l 

6436 

6781 

325 

8722 

9045 

9368 

9690 

••12 

323 


2260 
5451 i 

258o 

5769 

2900 

6086 

3210 

6403 

321 

3 i 8 

83 o 3 

8618 

8934 

9249 

9564 

3 i 5 

i 45 o 

1763 

2076 

2389 

2702 

i 3 i4 

4574 

4885 

5196 

5507 

58 i 8 

3 x 1 


7367 I 
•449 
35 io I 
6549 ' 

3564 

5541 
8407 
1444 

4351 1 4641 I 4933 I 5233 
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802 


220 I 3434a3 


230 361728 

281 36i2 

-232 5488 

233 7356 

284 9216 

235 371068 

286 2912 

287 4748 

238 6677 

289 8398 

240 38o2 1 1 

241 2017 


260 397940 

251 ^74 I 

252 40140 I 


2 

8 

4 

6 

6 

r 

8 

9 

D. 

2817 

3oi4 

3312 

3409 

36o6 

38oa 

3999 

4196 

>97 

4785 

4981 

5«78 

5374 

5570 

5766 

5962 

6167 

196 

6744 

6039 

7135 

733o 

7625 

7720 

791 5 

81 10 

195 

8^4 

6889 

^83 

9278 

9472 

9666 

9860 

••54 


0636 

0829 

1023 

1216 

1410 

i6o3 

1796 

1989 

193 

2568 

4493 

2761 

4^5 

2954 

4876 

3i47 

5o68 

3339 

6260 

353a 

5432 

3724 

5643 

3916 

6834 

193 

19a 

6408 
83 16 

8*22 

1222 

6981 

8B86 

7172 

9076 

7363 

9266 

7554 

9436 


191 

190 

•ai5 

•404 

•593 

•783 

•97a 

1161 

i35o 

1539 

189 

2To5 

2294 

2482 

2671 

2859 

304S 

3236 

3424 

188 

3988 


4363 

4561 

4739 

4926 

5i i3 

53qi 

188 

5862 

6049 

6236 

6423 

6610 

6796 

6983 

7169 

18? 

7729 

7916 

8hoi 

8287 

8473 

86^9 

8845 

9o3o 

186 

9587 

9772 

9958 

•146 

•328 

•5i3 

•698 

^883 

iS5 

1437 

1622 

1806 

1991 

2175 

236o 

2544 

2728 

184 

3280 

3464 

3647 

38 J I 

401 5 

4198 

4382 

4565 

184 

5ii5 

52q8 

5481 

5664 

5846 

6029 

6212 

6394 

1 83 

6942 

7124 

7306 

7488 

7670 

7852 

8o34 

8216 

18a 

8761 

8943 

9*24 

9306 

9487 

9668 

9^^49 

••3o 

i8x 

0573 

0754 

0934 

iii5 

1296 

1476 

1 656 

1837 

181 

2377 

2d57 

2737 

2917 

3^7 

3277 

3456 

3636 

180 

4174 

4353 

4633 

47*2 

4891 

5070 

5249 

5428 

*79 

6964 

6142 

6321 

6499 

6677 

6856 

7034 

7212 

178 

7746 

7923 

8101 

8279 

8450 

8634 

881 1 

^80 

178 

1 >77 

9020 

9(>98 

9875 

••5i 

•228 

•406 

•582 

•759 

1288 

1464 

1641 

1817 

1993 

2169 

2345 

2621 

176 

3048 

3224 

3400 

3576 

3751 

3926 

4101 

4277 

176 

4802 

4977 

5i52 

5326 

55oi 

5676 

585o 

6025 

175 

6548 

672a 

6896 

7071 

7245 

7419 

759a 

7766 

174 

8287 

8461 

8634 

8808 

8981 

91^4 

9328 

gSoi 

173 1 

••20 

•192 

•365 

•538 

•71 1 

•883 

io56 

1228 

>73 

1745 

1917 

2080 

2261 

2433 

260 5 

2777 

2949 

172 

3464 

3636 

3807 

3078 

4140 

4320 

4492 

4663 

>7* 

5176 

5346 1 

5517 

5688 

5858 

6029 

6199 

6370 

171 

6881 

7061 

7221 

7301 

7561 

7731 

7901 

8070 

170 

8579 

8749 

8918 

9087 

9257 

9426 

9595 

9764 

169 

•271 

•440 

•609 

•777 

•940 1 

1 1114 

1283 

i45i 

169 

1956 

2124 

2293 

2401 

2620 

2796 

2064 

3f32 

168 

3635 

I 38o3 

3970 

4i37 

43o5 

4472 

4639 J 

4806 

167 


260 1 

414973 

5 i 4 o 

5307 

5474 

5641 

58 o 8 

5974 

6141 

63 o 8 

6474 

167 

261 

6641 

6807 

6073 


^ 3 o 6 

7472 

7638 

7804 

7070 

8 i 35 

1^ 

262 

83 ot 

8467 

8633 

6796 

8964 

9129 

0296 

9460 

9625 

9791 

i 65 

260 

9066 

•121 

•286 

•451 

•616 

•781 

Vs 

1110 

1275 

1439 

i 65 

264 

421604 

1768 

^33 

2097 

2261 

2426 

2690 

2754 

2918 

3082 

164 

266 

3246 

3410 

3574 

3737 

3901 

4 o 65 

4228 

4392 

4555 

4718 

164 

266 

4882 

5 o 45 

5208 

5371 

5534 

6697 

586 o 

6023 

6186 

6349 

i 63 

267 

65 ii . 

6674 

6836 

6999 

7161 

7324 

7486 

7648 

7811 

797J 

i 6 a 

268 

8 i 35 

8297 

i 8459 

8621 

8783 

8944 1 

9106 

9268 

9429 

9591 

162 

269 

9762 

9914 

••75 

•236 

•398 

•559 

•720 

•881 

1042 1 

1203 

i6x 


270 43 i 364 

271 2969 

S72 4^9 

278 6i63 

274 7761 

276 9333 

276 440909 

277 24® 

278 4045 

279 5^4 


2007 2167 

36io 3770 
5207 5367 

1312 

9964 *122 
x538 1695 
3io6 32^ 
4669 48a5 
^6296 6302 


2328 2488 

3980 4090 I 

5526 5685 j 

2 116 7275 

701 8859 


3419 3576 
49B1 5i37 
6537 669a 









ANSWERS, 

PARTI. 

E.—Thc ftill-fiiced figures in connection with the number of the page refer to the Arti- 
cles In the text. The numbers in parenthesis In the paragraph refer to the particular Example. 
• * * indicate that it is not thought expedient to give the answer.] 

ADDITION. 

(Page 13, es.) 

(1.) -~7a. (2.) (3.) 

7wM5*y*. (4.) 4aj^— a;*--8. (5.) x. (G.) 

(7.) (a+c)a!+(w—5a)y (8.) (3rtH-2&+8c— 2;t>c^H-(t2ft+4/t4"2)y^. 

(0.) (a4-6+l)a;*H-(6— a+l)a^+(a— 6+l)y*. (10.) (aH-w)(.r+y)4-(&— y). 

(11.) 3(^?t+w— 2) Vx^-y, (12.) (8— w)3^-*»-h8c. (18.) % 

(14.) 0. (15.) (16.) (»+&+c) (17.) 2(a-2m)»^ 

+8(«i— l)y*+86S!. 

SUBTRACTION. 

(Page 15, 73.) 

(2.) aj»+!»*-2aj-8. (8.) -2(®*-+‘<Mr). (t) (5.) 

(6.) 10^r?i*~6ay* (7.) a(y*-y)4'(10~flj) l/Sft. (8.) &e^-5)- 

(0.) 2 V'i-ft— (10). a— j-hc-y ^ ; fikt ; ? and 

(11.) * * *. 
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AXSWERB. 


MVLTIF^LICATIOK. 

(Page 20, 87 .) 

(1.) 72GWy6. (2.) 24m*+»^l!«+*+»-^ (8.) lOOoj^y^ ; and ~ 9aM 

(4.) 1; a« ; \ \ c^, (5.) 8a*-i-10ae>-.8ft*. (0.) aj*+«V+y*- 

(7.) w®— (8.) «•«—«*»+«+«*»+*-- +«»+»— a=*. (9^) *♦— 
(rt+ft+c+d)*® + (oft+Gc-f-ftc+ad+id+c#?)** — 4- abd -h «€!d H- bed)g + abed. 

8m » 

(10.) a!«-y«. (11.) (12.) 

(18.) * * *. (14.) * * * 

(15.) -a*4-2«*5*-6^H-2(a*-h6*)c*-c^ 

(Page 21 , 88 .) 

(8.) 6G*-10a®a;~22a*a:*4-40<fa;®-20c*. (4.) 4/i® -lCa®2^*H-10a®5®+15a6* 

-25&«. (5.) (6.) aj«-5j;^-flOj5a~10jJ*-»-5a:-l. 


i>irisjLOK. 


(Page 24 , 105 .) 


(X.)nA-, 


iw 4 -i> >w«— I ^ 

n • ; (ab)~^; — ; 

a* 


1^. 

a*’ 



( 2 ) . ^*hey 

“'y*’ 8 <**‘*' 


( 8 .)***. ( 4 .) Last two, % Sx— . 

(6 to 11 .) * * * ( 12 .) (x+y)>. ^ 18 .) * * *. ( 14 .) * * *. ( 16 .) o+». 

( 16 .) ( 17 .) w^+an***. ( 18 .) maj^+na?*^ 

rw?+m. ( 19 .) A»*— 2 aj + A;. ( 20 .) a^— 


(Page 26 , IOC.) ’ 

( 2 .) e*- 6 fl*+ 4 o‘. ( 8 .) 2 »*+ 4 <»*+ 8 «+ 18 . ( 4 .) 8 »*- 4 **. ( 6 .) 

4*<c*y*— a5®y*4-«*y**“‘*y*4“y® » »*+y*« 


(Page 27 , 107 .) 

( 8 .) 2 y*— ^*-hi 2 y*— Oy+s. ( 4 .) 

1 4 * a? + + «» 4 - -f- «• + S»^ 4 - + *• etc. ( 5 .) ♦ ♦ ( 6 .) * ♦ <>. 

( 7 .) * • * 



ANSWEBS* 


SOS 


Fj^CTOniNG. 

(Page 31, 122. 

'•m 

, Examples in factoring are, in general, of sucli a nature that the answers can* 
not be given without destroying the utility of the problem ; hence only the fol- 
lowing are given: (28.) 

(24.) +z^y^—x^^y^ ^x^y^-^x^y"^^ •¥y^ . 

(26.) * * * ; 1 — G=;:(l + Vo) (l— Vtf) ; 1 + G is divisible by 1 + 4^a, 1 -I- 4^, 
etc. (27.)10<.(J-A)‘. 


OREATEST OR ETIGSEST COMMON DIVISOR. 

(Page 84, 124.) 

it.) 13. (2.) 13. (8.) 8. (5.) (0.) 2a*b. (7.) x^y'h\ 

(8.) x^y. (10.) 4i*a:-46*. 

(Page 38, 129.) 

(8.) a:— 1. (4.) oj+I. (5.) 2a4-8a;. (6.) 3a— 6. (7.) 4(sb*— 2ay+y*). 

(8.) 2aa*--6aa!*-hl0aa“-2a. 

(Page 38, 130.) 

(1.) a!-i-6. (2.) 2{x^y). 


DO WEST OR DEAST COMMOI^ MULTIRDE. 

(Page 39, 132.) 

{S.) {a+h)’{a-b)‘. (8.) a* -4 (4.) 4(a*-aa*+l). (6.) 4959<»‘6*«»,» 
(«.) l-18fie+81»*. (8.) (a*-39a+70)(a-10). (9.) (a-l)(a+2)(®-8). 

(10.) (o»-4(»‘6+9rt6*-l(»*)(a+4J). (11.) a‘-14c>+71»»-M4aH-180. 

(12.) a*+7*«-10»”-70**+9a+03. 
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ANSWSBS. 


FMACTION8. 
(Page 48, 167*) 


a.) * * *. 

«±y 


( 2 .) 


18 


(8.) l 4 -® 4 -aj*H-»*+«tc.; a*-|.10— — 


m+n— ; 1— a® -a* ; l +5 + -r + " 5 ’+iA 
m-Hw » 4 o lo 

+ etc. ; , a-\-x\ ®"+l+i*r^+«~*"4'®~*"4- etc. ; 1— n*a“®* 

etc. (4.) 8-7~*a-V; 


( 6 .) * * *. 


/si_L. ®. 

l-a ’ 2 ’ 


10a;* -fa; -1-4 


5a; 


c(a-fft) 

a— 6 ’ 


(&-+-C)* 


25 c 


g(i-g) 

1-fa; 


a;(a-fa;) 
ala* -a;*)' 
(1-a*)* 
(1+a;)® (l-a**)* 


( 9 .) 


( 11 .) 


(7.) • * * 

iKa— y) g* 

(g-y)* ' (g-y)' 

n*) 


/« ^ (<»^+g) (g-g) * g(a~g )* 

^ *' a;(a*— g*) ’ g{a*— a*)* 

(10) (l±£!MlrEl) 

n'*) 


m*?i*(m*-f »*) (»?i*— a*) * w*7i.*(w*-f 7i*/ 


etc. 


(12.) 


2(9®* -18) 

8g(»g*-10)’ 


0g*(3g-4) 
8g(9®*-16) * 

adfh-^hcfh 
205*y*-f7c*g^ ’ 9-f3ay* ’ * 


10a* 


8a<2-f 3®) 
8a;(9g*-10) * 

m®-f win-*— m*a 


(18.) 


a-f5 . 

<i6c 


a/df-f ac 


(U.) 


8B6a^ 
1165 ’ 


6(g-7) . 
49 ’ 


2 

1— a* 


w— a * bdf+be+cf 

6g+l 


0 ; 


ai;*-f2g4-13 ^ ,^c^2(<^*+g*) 


2a5g— Sea* 


g*-f27 ' ■ ' ' ’ ' a*-fa“ 

2 8g»-f20a;*-33g-2a5 


g®-f®*4*l * ®*-f8g*— 5g— 84 

(18.) 0. 


g±y 

y 

4a5 

(a-5)*; 

(«4-l)* . 


(19.)^; 


(17.) 


4; 


be 

2a+d+e 


. (16.) 


«*-l ’ 

3ftt_2a*6-2a-S 


a(5^-l) 

y-px-Zmpy* 

(a-fc)(a-fd)(a-f c) ’ (37»y*— a)* ' 

(20.) Ga-f ?~t?; 


aj*_10a;-f21* 


( 21 .) 

4 

8 * 


2®-8 

(®*-l)(2i+8) • 
(28.) o-'+S; 




1 ; 


-ig; 


46 

27a®* 


1— ®* ; y**. <24.) 


a*— aa -fay— ay 
6* — 6g-f^6y— ay ' 


y-l 


a^c-f6rc^2c*+* 
6*C»>y)) (2a«-36) * 

a*— y* a®-fa*+l 

8(»*+p)* 5* • 




(26.)?^. (26.) l+ai«+ir-»i 

a 


(27.) 


91a* 

W’ 


. 1 • i 

m*n* * ’ ** 


(28.) 


7a»6^ 1 

r21»a®y * l-81a'®* 


4a6 

a* -6** 
1 

a*-* • 
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(29.) l+a*+a*; B{a+b); 

0/ 

+ mw-®— 71“^ ; 


bc{c^h)* 


ic+a* 2aj*~l* c*+<j*^+d** 

6~i)* 


(80.) tn* 


86*(«+2») ’ 

(82.) 1. (88.) (84.) 


a*-3ac + c*--.&* ; 1. (81.) t 






a®+&» 




(*— y)‘‘(»*+y*) * a*b* * 

( 88 .) 


./m—n . (w-f-w> . 

tn-hn ’ (w— »)•• ^ 

0a*— (KP—ay ; 1; (a*— 6*)*. 


a*6*d^-a*6*c** 

a.y'5 ' 

(89.) +5 (40.) 1; 


(1.) 9a6 ; 4a^aj* ; ^ 


INVOLUTION. 

(Page 59, 190.) 

9 , 25 1 w* 

i .c ; 5 ; 2 . 


(2.) 1— 2ar + 3a;*— 2aj* + «^ ; 


25 4^;b ’ 49 

4a*-12^wj'* + 9®6. (3.) 9-12a;-2aj*+4aj® + aJ* ; 27a56-27<P’* + 9a5*-l ; l-2aj^ 

+JC ; a?^— 3a?y^4-3a;^y— y^. (4.) 81a*aj» ; 4a*aj‘^; 16a*a;”; a®"*a?» ; a*aj^ ; a^a;^ ; 


i a . :2. 1 

6 ’iC'*y^ ; Swa^swy* ; 


(5.) 25<i*' ; 618a»®^ ; — ; 

o* (1681)V 




oV* =,■ 


(6.) a?’'4-7a;®yH-21a;«y*4-35ajV®+35«®y*+21a?V4-7iry®-Hy’j 

d7h^ 

ac^— 4a;*y-+-6a;*y*— ■4iry®+y‘* ; 27a®— 27a*fl;4*9tf*a;*— a;® ; a:-*— 6a;“*y+13a:“’y* — 
85aj-»y® + 70a;-'’y* — etc. ; x-^ + 4j7~®y + 10a;-®y*-h 20.T-’y® 4* Z^xr^y* 4- etc. ; 


5^+- 


5jr® 


8a* . 5a® 


35a« 


2 6^ 8 . 63 16 - 5* 128 - 6 


i 


a; 2a:® ^ 8a® ICa’ ^ 128®* 
3® (J®* 10®® 15®* 


1 A 3® (J®* 10®® 15®- 

4-etc.> 1.>4®*4-6®*-4®«4-®*; ***; ^ 

4- etc.^ ; ♦ * ♦ ; * * *. (7.) *****. 


JEVOLUTION. " 

(Page 61, 195.) 

(1.) 2 - 2 ■ 2 * 69 = 472 ; 2 . 78=146 ; 5 - 7 • 67=2845 ±{a-e^ (a4*5)} 

^ ±(a*c4-a6c); * *. (8 to 6.) * * * *. 



ANSWEBS, 


sod 


(Page 65, 197^ 

To ^five the roots in problems in evolution would be to destroy the benefit of 
the exercise ; hence they are omitted. 


MEI>UCTION OF RAJOICJLLS. 

(Page 70, 20^.) 

(!)*»*** (2.) *; 1/7; *<»* <^ * *; 

Vlh{x*—y*). In such examples bo careful to leave only integral* 
forms under the radical sign, in the reduced expression. (8 and 4.) * * * 

V? = (6.) * • *, <,5^1 (8.) ^ and V'O ; 

1 K — 1 

****; V(ir~y)* and V^+y. (7.) ***. (8.) —VIS; *♦**; — ^ - ; 

3 y 




(9.) -i - i 
x—y 9— 0^!* «*— y 


x-^V^^y , 8( 4^ - 9 >^5 + ^3^ -15 + 1^3 fe* - 

* ft 


a?— y 


S(1^+ ^0+^16), 114^-4i^5; 3 H- 2 + 3 ^ 2 4/« 


g l ± , ? , t' ^ ± g!; Sa!* + l-2* fS« + l; -(*+4^*^); ®»+«r+ fS<+2F+a!«-l 

/I* 


2(- V6+ V2+2) ; 


2V3 + 4/30- 3 i^2. 
6 


(10.) x^^^+x^^y^+x*y^+x^y^ 


+ + a? V + +• V® + * V + + a; 

+»^y^+ «*y^+ x^^y^+ x*y'^'^+x'^y^ + x^y^+ a:*y®+ x^y^ 

-+/^ ; ( 4^8 + V 8 ~ 1/5 ) (8-2 1/0). (11 to IS.) * * *. 


COMBIjy'ATIOy' OF MAOICAZS. 
(Page 74, 2IT.) 

2a* 2a 


(1.) * * *. (2.) * * *; ^ (8, 4, 5.) * * *. ' (6.) 1/864; 

AV181876; ?^8»V> j 6»V^; ^iHrSa* +10»*+10*« +lte’+-.»“ 



ANSWERS. 


.8V^: 80; I8V3. (7.) 41; ®+y! 846+684^ 

-iVE-mVOi 8^85-18'^8 - vli5 + 12. (8.)i'/l0; 4f'»; 

VsVEi }V^. (».) V+iV^; 8*v^; f V6 + V2; 6V®'; V^’ 

VS + 4^ + 4^: (10.) to^; 

6-8^6; 27(a-«i)Va^; o*-8ai*+8a*6-6*. 

(11.) 9* V^*; i^/oVy; ; Vi^; iV'sIIto; 

i^3; (12.)8+8V5; 8^8+84^; oVi-V5i; ***. 


IMAGIKART QUAJfTITlES. 

(Page 78 , 223 .) 

( 2 .) 18 ( 4 ^+ 1 ) ; 19 a 4 ^ ; ( 46 »+ 8 «) 4 ^^. ( 4 .) ( 4 ^ ± Vj) 4 ^. 

(6.)14'3T; 18(4^-1)V^; 11o4^; (aVb-e^)V^. 

(6.) 14C:T. (7.)64'a4^: 104 ^ 4 '^; 14 '^; 4 ^ 4 ^. 

(Page 79 , 225 .) 

6-7 V^T, and 9 4^-1 ; 8a+( 4'* + V7) 4^, and ( Vb- VT) 4^ 


MULTIPLICATION AND INVOLUTION OP 
IMAOINAHIE8. 

(Page 80 , 226 .) 

( 2 .)b-®y: - 18415 "; -6 4 ^. ( 8 .) 18 4^3 4 ^, ( 4 .) 89-8 4 ^^ 

8 . ( 6 , 6 .) * * *. ( 7 .) 888 4 ^ ;-486 ■ 4'3 4 ^. ( 8 .) tegm. 


DIVISION OF IMAGINABIES. 
(PAGE 81 , 227 .) 

8. j- 4 fls®*— 3at5* 

(8.) -i V* 4^3 ; _ Va 4'-l. («•) —nsr- 
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PART II. 


SIMPLE EQUATIONS. 

(Page 87, 28.) 

a.) 13: 34; aai: 8A: 8; 4; 

3a— Sd c Vs 

,o^ I, . »e-6*. »(7-p) Sa<2J-«) 8a!)‘+4ft»-12a*& 

(8.) 6 + -^—, 5. — — J 


8a*4-»6~ac+6c 
' 25’ 


adfh’\-'bcfh~\-hd€h-^hdfg , o, n. a 

^ , 8, 0. 8. («.)~; 4; 4; 4i. 

o*-26ej 16; 6; 4(a-l); 8; 1; 6; 6; 8; ± ; 

6+1 


4m* 


i/iri75EliV. {±=11!. s. 8a 

r V 86 / ’ 2a ’ 16 ’ T • 


2.9; 2§f. 
2k* 

28p+5^* ’ 
(4.) 81 ; 
81 


a 


APPLICATIONS OP SIMPLE EQUATIONS. 

(Page 90, 33.) 

(l.)^’s 84, jys 42, CTs 14. (2.) A’s — "* - , .B’s; — — , 

1 -hn+mn l + n + mn 


CTb 


l+n+mn' 


(8.) 80, 18. 


( 4 .) 


s +d 
“2 ’ 


s-d 


C7-) (8-)». (»)^^- (18.) HI of an hour; 


(«.) 85. 
mm 




ns’^^ma+mn 


(14.) 817,951,1268,2219; f^. (16.) 90; 


«+6 /Ifll**# mpa--pa-¥mb^na-^me 

p+2— n* * w+w— 

a+6+«kJ €m~-h’--mc 


(18.) 19, 80; 
u-~mb+fm 


2m 

m, SO ; W. 281, 42^ 
<S0.) 60. 


m+1 * 

( 20 .) 8 . ( 21 .) 


(17.) 8; 
(19.) 73, 77 ; 


6«~ac 
o— 26 + c' 

a'—mh-’-mo 


w + 1 

na ma 
i»+n* m+n 
(26.) 1200. (27.) 50. 


2m ’ 
(24.) 20, 40, 60; 16?. 

(28.) 6712. 



ANSWEBS. 
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aiMBLE EQUATIONS WITH TWO UNKNOWN 
QUANTITIES. 

(Page 96, 4L2.) 

(f)a=10,y=8. (8.)ie,a.t (8.) 16,85. 

(6.) a. 8. (7.) 18.9. (8.) -8, 19. (».) -8, 1. (10.) 

8a*-i«+ee 


(11.) 1. i. (1!.) 

ab cd 


(4.) 7, 3. (5.) 7, 17. 

236 ' 59 * 


(18.) 




(14.) (^4-e>)*, (a~6)*. 
61 61 


O’oi- ^ 


3a ' 86 

(16.) 10, 5. (16.) 18, 12. 

i(«- — (20.) 20. 5, 6,8; 7,10; 8y.-78=0; 

y*-88y+180=0; y“-V ■t-lV-2C)!f*+9=0. 


(18.) i 


(1.) 18}, 31}. (2.) 8. 


APPLICATIONS. 

(Pagk 98, 4».) 

(3.) 80, 8. (4.) .5000, 5000. 


(7.) 89, 38. 
bm+a 


( 10 .) 


(8.) 5000, 6. 
an-hb 


( 9 .) 


mn—1 * mri—1 ' 


(11.) 48, 16. 


pm4~ qn—'qmn . 

/J. ' 

(12.) 24, 32. 


(5.) I. (6.) 24. 
pm n—qn-^p m 
mn—m—n 


SIMPLE EQUATIONS WITH MORE THAN TWO 
UNKNOWN QUANTITIES. 

(Page 101, 13.) 


(2.) 4,3,2. 
(7.) 25, 55, 05. 


(3.) 3, 8, 4. (4.) 24, 60, 120. (6.) 64, 72, 84. 

^q^6*4-c*-~g* 6* a*+6*— c* 

26^ ' * 3a6 


( 6 .) 8 , 2 , 1 . 
7 


(9.) 


6 * 


1 

2 ' 10 * 



3 


_J 1 

(6— a) (6—c) ' (o—a) (c— 6) * 

7 , 4 . ( 15 .) 2 , 1 , 8 , ~ 1 , - 2 . 


8. (ll.)8G,85,8e. , (12.) 

I?!. _M (U.)18.8. 

64 -c «+■<? <* 4-6 

(16.) 3, 4, 5, 1, 2. (17.) g+<j-6. 


(18.) ~ 


a4-6— e. 


t The VAlaes of the unknown quantities are given in the order a;, y, «, etc. 
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APPLICATIONa 
(Paos 102.) 

(2.) f2. 20 cent*. 10 cents. («.) £3000 at etc. (4.) ^ 

(6.) 142867. («.)2e,»,6. (7.) 140.60,46,80. (8.) 18i%, 84», 

23A> 80. 


( 1 ) 2 : 

1 ^ 16 ^ ^ ^ 
a*+-y * ^ * 

«*:&*; 27:125; 

($.) The former. 


JRATIO. 

(Page 105, 50.) 

(8.) 6:11}* 1 2(a-a:):(a+a;). 

6:4; V3:V?; 3:4; 


4 3 

8 ' 5a’ 

(4.) 9:25; 

a 

Vx : VF. 


(7.) 4:1. 


JPJBOPOBJPTOJr.— APPLICATIONS. 


{Pace 111.) 

(8.) 18. 26, 89. (4.) 8, 6. + (0.) 120, 160. 200. 

(7.) 8:9. (8.) 252. (0.) 56, 84, 70. (10.) 20. (11.) 150, (12.) 300. 

(14.) 8h. 82i*fm., 3h. 49A-m., 31i. 16, ^m. (15.) Every l-,^i hours, hours, 

and li^ ; or 11 times in 12h., 22 times, and 11 times. (10.) No ; siiu e it takes 
the minute hand 1-jV hours to gain a round, and -,V to gain half a round. 

(17.) 8:45 A.M. (18.) iBt. etc.; 2d. — —4, etc.; 

2«+a4-^^ . s—a—mt 2«-~a— wf ^ ^ 

M-m* M^mT* m-Jf ’ 


f— a-fitfU 2tf—a+3!f^ 
if-m ' M-m ’ 

-I, 


« w 


AsiTnatBTicAi. PBoanmaiOK. 

(Page 117, SS.) 

(1.) 83, 903. (2.) -89, -884. (8.) (4.) 0, 2^. 
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248. .298* 343. .893 . 448. (7.) -46, (8.) 100. (9.) , 

n+TO . 

2 ' "^4“* 


OEOMETBICAJL EROQRESSIOJST. 

(Page 120, 90,) 

(1.) 46875, 68593. (2.) 6, 18, 54, 162, 486. (8 ) 16384, 21845^. (4.) 

-If. (5.) i, h Si. (6.) ¥ J .3 ; i8 ; ih (10.) -*[(--S)--lJ ; 
nm; I; f. 


VARIA TlOy. 
(Page 124, 9S,) 

(6.) ««*. (12.) 18. (18.) /J=i/<*. 


HARMONIC EROEORTION ANE PROGRESSION. 
(Page 126, 100.) 

(0.) i» A. 


PURE QUADRATICS. 

(Page 128, 108.) 

(1.) ±4. (2.) ±6. (3.) ± V2a6 - &*. (4.) ± Vo. (5.) ±4«V8. 

(6.) ±6. (7.) (8.) ivCri. (9.) ±^V5. (10.) ±8 

ai.)*|V=IO. (12.)**. (13.)v^|p. (14.) 


(1.) 12,20. (2.)±ia4^8: 

VT 


APPLICATIONS. 

d: m 


: n VJ 


(4.) 4560. 


n uri’-n , _ , ^ . 

(5.) -7== , — p=:rr=r . (6.) 6.67+, 

' ^ Viin—m In—m 


Vm*+n*+^»* 

18.12— 40.61 + . C^O 149,247.2 + mites from the surface of the earth (8.) 240. 
/o 'k 182 4^- /|0,j . from the louder hell 
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AFFECTJED i^UAVMATICS. 
(Page 1^, 11 A ») 


(1.) 8, -2. 

(2.) 6.2. (8.) <i(2± Vll). 

(4.) 8, 

-1. (6.) 2 ± V-41. 

(«.) 1. -a. 

(7.) 2, -1. (8.) 7, 4. 

(9.)‘-, 
' ae 

. (11.) 8. -6*. 
ac 

(12.) 5, -if. 

(18.) (14.)i,iV 

(16.) im8,6. (16.) 2,-?. 

(17.) f. 

(18.) i(-l ± 4^). (19.) 4, 4. 

(20.) ia(-8 ± 

(21.) ± i 

(22.) 8, (28.) — 

-3«Z>+2&* 

. &. (24.) 4. -5. 


(26.) 12, 4, 

(26.) 4, i. (27.) 7.12-h, - 

■5.73+. 

(28.) ia(l±3 V^). 

(29.) l,fr. 

(80.) 6. 3. 




HIGHER EQUATIONS SOLVER AS QUADRATICS. 
(Page 136, 122.) 

(1.) ±3, ±3 V —-I. (2.) 2 ; the other lour roots not required. (3.) ± 

«l 

(4.) 87. (5.) 181. (6.) 64. (7.) 6=. (8.) ± 8. (9.) ± 4^, ± V8. 

(10.) V'K-l ± (11-) 4, (12.) {hi-^ * 

(18.) V'(« ± (14.) 843, (-88)®. (16.) 16, 

(16.) |i(j ± V'P+SSi)} (17.) 8, (18.) y-g; d# ) 4. 

1, 1 ± 8 Vie. (20.) 9, -18. (21.) 8, -1, i(5 ± Vim). (22.) 4, 69. 

(28.) t(l ± Ve). (24.) J(l ± Ve). (26.) 8, 4. 4(-8.± VB). (26.) 8, IJ, 

i(7±VB). (27.) (28.)6,-1.8±V=i4: (20.)^ 5, -8, 

i(8*V^). (80.) 8, 8,1. (81.) 8, -}, l(l ± V=48). (82.) 1, -8, -8. 

(88.) 2, 8 ± 4^^. (84.) 6, 4 ± VtI (86.) -2, -1, -6. (86.) 6, 20, 3. 

(87.) 6, 4, 6. (88.) 1, 1, -2, -2. (89.) 4, 1, 8, 2. (40.) 3, -1, 1 ± V^g; 

(41.)5, -4.8, -2. (42.) 8, -8, i(-18 ± V::i66). (48.) 4, 8, i<7± Voo). 

(44.) 9, 4, 4(-8± V^. (46.) +1, -1. ± V=T ; -1, 4(l ± V^) ; 1. 

*(_l±yC=8); 1,-1, ±4^; i ± V=T. *( * 4^ * 4^) f 
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* ; i(* Vi±Vd ± V'-2* Vs). 

(46.) ± (48.) *(«=.= +^4). 

(i#.)!^* i-vCsTv^+f). (50.) i{l ± Vs). (61.) 2, -i. i(8 ± V508)- 
(52.) 1, 1, -2, -2. (68.)f(-l±4^). (54.)±-l^ j -r -^ — + »'^»T2 I , 

* ^ * I J 

=<=jKVr+^»-i)(Vi^*+i)l^ 4,J. 

(56.) O.i,*. - 1 , + 2 , - 2 . (57.) J, J(-l± VIISS), ± 1 , ±VK-U±v«e)- 


8I]U:ULTA.irX!OUS QUADRATICS. 
(Paqb 142, 127 .) 


(1.) a=8, -M ; y=-4, W- (2.) *=± Vl ; y=2T VJ. (8.) *=2 ; 
y=2. (4.) *=±7, ±4; v=±i,±7. {&.) x=±S, ±i VI ; y=±2, ±tV2. 

(6.) *=±2, ±i ■I'lO ; y=±i, TfVlO. (7.) ®=±3. ^8; y=±6. 

(8.) a!=±f 4'i4i y=±|4'i4. (».)a!=±tVS; y=±|V^. (10.) *=±1, 

±^V^-, y—±2, (ll.)»=±2, iJ'lT; y=s±S, ±^Vz'. 

(12.) *= ± 10, y=±8, Tj^4Cl47. (18.)» = 4, 2, 

4(-18 ± V877) : y = 2, 4, i(-13 T VWf). (14.) *=4, -2, 0 ; y=2, -4, 0. 
(15.)» = 2,8i y = 8, 2. (16.)® = ±8V2; y=±Vi. (17.)* = 9, 4; 

y = 4,9. (18.) * = 11, l(l±4^m); y = 8, 

(10.) * = 1S, 0;y=46, 0. (20.)*= ±4^; y = %wV^. (21.) ® = 0,S; 

y = -2,0. (22.)* = !, 4; y = 4,l. (28.) ® = 1, 8, 2 T 64^; y = 8, 

1,2 ±64^. (24.) * = 5,-2, i(8 ± 4^-67); y = 2, - 6, i(-8 ± 4'^^^- 


(26.) »=±8, ±2; y=±2, ±8. (26.) * = ± 2, ±1, t 2 4^^, ± V^ ; 

y=±l? ±2, ± 4^, T2 4^. (27.) * = '^4( 4^8-1); y = "y ^ 


<•»« w - 2aifl 
^ ■' ao+ie— o5’ 


y = 


Sodo 


2a^ 


V'2(4^_l)' 
(20.) a = ±8, 


' a6H-6c-~a<j * afr+oo— &c* 

y=±2, *=±1. (80.)a = ±2, y= ±4. *= ±6. (81.) * = 1, y = 2, 

» = 8. (82.)*=±¥, ±6, t 44':ST; y=±V. ±V4^ 

±4i ±64^. (88.)*=±14^. ±8. ±84^j y= ± 4'2, ±1, 

± 4^7. (84.) *=8,0:y=8,0. (86.) *=S, 8 ; y=8, 2. (86.) *=10 t44^, ’ 

lOTfV'iSj y = 10±44/6, 10±|47B. (87.)*=±54^, ±|V^ 



dk«4^; y=r±yf^.O.“' (S8.) <i>a4, », -8^44^^; y = 9, 4 , 

~8±4VZ^. ew.) *“A(18±«*^. 6.1j y = A(88±10V^\ 8, i 

(40.)®=*; y=16. (41.) »*4.1,0:»«8,0 (48.) **=8744, 8 ; ^=8604, -1. 

APPLICATIONS. 

(1.) 8. (2.) 18, $80. (8 ) 10 and 3 day*, 180 and 80 mile*. (4.) 18, 36. 

(5.) 14, 10. (6.) 6 mil?* an hour. (7)4 and 5. (8.) 

(» ® ) 1* 8. 8. 7. (11) 8, 

3, 4, 6,0. (12.) 3,6,18. (18.) 8, 4, 8. (14.) 5, 10, 80, 40. (Ifi.) 8, 4, 

8. (16.) 0, 8, 10, 18. (17.) 1,8, 4,8. (18) 108,144,103,260. (19.) 73, 

68, 66. (20.) 7, 3. (21.) 85. (22 ) 8960, 81180. (28.) 848. 

(I&4.) 0 and 7 per cent. (26.) 3 and 14. 


IJfJEQ UALITXEli. 

(Page 150, JSX.) 

(8.) if and V. (9.) Any number between 15 and 20. 


PART II L 


I>IFFEBENTIA TION. 

(Page 157, 15fi.) 

(g.) 166jr*da* - mrdx -fr Ux. (4 ) 2Axtlx + ^Bx^dx + ^CxUlx 


(7 to 18.) 


4jydr-~2a;*d.v , 




X * 




<aa?^-~m»+12a;*-2aj)<to; (®-2a;* +!)<&;. (18 to 17.) 15(a*-f-J5*)**»'*d-*‘ ; 


%{2x^2ydm ; 4(2~ay*)-^(to ; 


dx 




(18 to 22.) - 


dx 

(l+a-)* 


2{t+xy 

%d3^ SdSr ^dx %mdx ^ a i 

- (J:h^ ' - w ‘ (i+ip • wh«« ' > 1. <•"<“ I 

1 1 

fiMter x<]t and > — ;=■ . When x = — — , they both change at the eaim 

8 y a ZV2 

taie* When x < , ff changes slower than x. 
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FUNCTIONS. 

(Pagb 161, jTM.) 

(3.) 1— i»*— iiB*— etc. ; a?— «•+»*— »*4-etc. ; ^ ® 

-i-etc. ; l+laJ4-|a5**4-TVB*+lV^+etc. (4.) 2-h2a5— 3aj*--6»*— «♦— etc.; 


4-etc. ; l+laJ4-|a5**4-TVB*+lV^+etc. (4-) 2 

1 4* 2® + 8®* -h 6a;* -+- 9iu* + etc. ; ^ — A + 

(5.) 1— 1®— I®*— /r*®— etc.; iH-f®— l®*4-TjV®®-~etc. 


1 5 15 46 185 , ^ 


DECOMPOSITION OF FRACTIONS. 

(Page 164, 167.) 

2 8 1 54^ 7 

(Stoo.) 2(®~2) 2®* ®-4 ®~8* 2(®-4) 

■ 2(®~2) ’ 2(®4-l) ^4-2"^ 2(®4-8) ‘ (®-l)« (®-l)* ®>~i ^ 


(a+8)“ 

“ (®4-"^ 

®4-3’ 

' “ S5 + i + 

4(1-®) 2(14-®)* 

4(14-®)' 

1 

1 

1 

1 

2.1. 

2 

4(j!-1) 

4(®-hl) 

20i* + l)^ 

25(®~2)* 125(®~2) ^ 25(®4’8)* ^ 

126(®4-8) * 

<*2‘oWsji-I 

2®-2 

2 3(®+4) 

__‘_ + J_. i_ 


(iC'+l)* ■ 

®‘^(®*-2)*‘^ 


®^®4-l' 

1- 

1 

®-S 

®-4-2 ) 

. J. , 

1 

6 U-1 

®4-l 


®*4-®4“1 ) 

’ 4a’*(a4-®) 

4g*(o— tB) 


2a*(a*4'®*)’ («— ft)(®— «) (a— &)(®--&)* »•— 3 ®--l ®— 2' 


TJGTJS: BINOMIAL FORMULA. 
(Page 167, i7i.) 


(1 fo «.) a«-eA«&4-15a*5*-20a*^;»4‘16a*6*-6(i6«4-ft® ; ®’'-7®«y4-2lB«F* 

— 85®*y* 4* 85®®^* — 21® *y® 4- 7ay® — ~ ® 4- 


ai^ — ® 4- 


_ !fcW»r±) +2ferilfc2)^r2)„...^._,te.; H-4«+te.+4*. 

4-«* I l-<^-hi07*— 10y«4-^*— y* ; 1-By+ y* — 

^ ^etc. (7 to U.) * # ♦ (13, 1115017.) • ♦. 

{13 ter M) ^ 2^ 
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AHSWIBfiS. 


lOa* 

fl* 4-4a*o^4“«a*e+4a*o^4‘e*. 

(28.) — 


LOGARITHMS. 



(Page 179, 199.) 



(1.) 4. 6, * ♦ (2.) -2, * * * (8.) 4, * *. (5.) To the 8291147th 

power, and the 1000000th root extracted. (6.) The 1000000th root of the 
8414689th power. (7 to 9.) * * * * (10.) .23108, .17677, * *. (11.) 4.449419, 

4.627084, 1.890210. (12.) 12.42, .00010081, 18.3625, 1.8358. (14.) f log so 

•fiPog (1 -f-a;)H-log (1-®)], Klog a-i-log x- log 5-~log y), ^[log (s-al+log («-&) 


-hlog («~c)~log 8 ], iPog a?+log (l~ic)]-f logy; J (m log a+p logJ-flogc), 

^ log <!-> 1 log i (log {m 4-ar)4-log (w— a*)]— m log a-\-n log b. (16.) ~ jr 

(19.) .065712, 4.49134. 


mdx 9md x 

X * X 


Ttidx mdx 
'~x~* 


StrCCESSIVB niFFBRENTIATION. 
(Page 182, 204:.) 

(8.) 12a!d**. (6.) * * *. (7.) 2[(*-J)+(a>-(!)+(a!-o)]<to'. 


EIFEEEENTIAI, COEFFICIENTS. 

(Page 185, 207 .) 

(•.) I0a*+12»»-10*, 40»*+86»*-10, 180®»+72a, 240*+72, 340; ***• 


TATLOE>S FORMULA. 

(Page 188. 212.) 

(8.)***, ! #-* 

"y •4*8«r**y* 4-4ar‘*y® 4"6«~®y* + 6»“*’'a>® 4* etc. ; . 

Pag* 189, (2.) 

•f («ai»<‘-2)A« + 80aj»A» + 15a;^* 4 
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IlfliBTBBXmATE BQUATIOKa. 

(paob m , aia .) 

8 ?: 55 : 1 ; 

<?/= 5, 14, 28, 82, 41, 50, 59, 68, 77,86,95,104,118,122,181,140,149. 
U=215, 202, 189, 176, 168, 150, 187, 124, 111, 98, 85, 72, 59, 46, 83, 20, 7. 

(y= 8. 28. 47, etc. jy =2, 119, 286, etc. 

^ ^ U=17. 28.^^ ' (®=20. U=66, 178, 290, etc. U=8, 131, 259. etc. 

W6»+9y=40. None. 5*-9j,=«. 

W fe+9,=87, \izl B*-».=87, 


APPLICATIONS. 

(2.) Yes ; 15, 163, 9. (4.) No ; yes, in an infinite number of ways ; 4 Smliil* 

ling pieces and 192 guineas ; possible ; possible ; possible. (5.) 190. 


IJSrjDETMBMINATE EQUATIONS BETWEEN TUJREE 
QUANTITIES. 

(Page 194, 219 .) 


(«=r 1, 2, 3, 4, 5, 6, 11, 12, 13, 14. 

(2.)^y=ll, 9, 7, 5, 8, 1, 8, 6, 4, 2. 

(aj=10, 11, 12, 13. 14, 15, 1, 2, 3, 4. 


(4.) «=1 I 


y= 2, 4,6,8,10.) 
a?=15. 12, 9, 6, 8.) 


2=2 


(?/=!. 3, 5, 7, 9.) 
<a;=14, 11, 8, 5, 2. f 


«=4 


<y=i,8, 5.) 
(a;=9, 6, 8.) 



(8.) 59 sets of valuea 


2=8 


y= 2,4,6, 8.) 
aj=10,7,4, IJ 


(Page 194, 220 .) 


(1.) f=7,y=2,a;=10. 


(2.) 2=15. 80, y=82, 40, «f=15, 50, (8.) None, 


APPLICATIONS. 

. (1.) 8 of 1st, 6 of 2d, 2 of 8d, and in 9 other way# ; 23 and 3, 16 and 6, 9 and 
8, 8 and 11. (2.) $4, |2, |7 ; Infinite variety of prices. (8.) 6, 8, 1, 16. 

(4i) Humber of the 8d kind equals twice the number of the 1st kind, plus the 
number of the 2d kind ; 1 of 1st, 6 of 2d, 8 of 8d kind. (5.) 40, 60, 24. 
(6*) 56> 10, 85 is one result in integem; There are an infinite number of other 

way#. (T.)’*'*. ( 8 ,>#=: 10 ,y=:l,(c=: 18 . 
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ASflSimilS. 

XOCX OF MQUJ.TZOFS. 

A LARGE nnniber of tlieae couBtructions are exhibited in the text, and to give 
more would be to destroy the poicdbillty of the student's deriving an/ benefit 
from the exercise. 


SIGHE^ JS?ai7:45rrO^5.—TBANSP0RMATI0N. 

(Page 205, 228 ») 

(2*) Multiply by y*‘t and then put y=a;“. Finally put x=. ^ , etc. 

It is not deemed expedient to give farther explanations. 

(Page 214, 249 .) 

(2 to 84.) To give the roots of these equations would destroy the practical 
value of the examples. 

(Page 216, 2 & 0 .) 

a.) ®*~2a;*-llaj+12=0. (2.) aJ^-~2a;®-6a}*+4fl5+6=0. (8.) * * * 

(4.) a5«~aj*-7aj+16=0. (5.) * * *. (6.) 80»’~17a>»-llaJ4-6=0. 

(7 to 10.) ****** (11.) «6_ioa.5^33^i_5Q^3_73aj*^00aj+89=O. 


EQUA.TIONS WITH INCOMMEN SUM ABLE BOOTS. 
(Pages 216-247.) 

To givo the answers to these examples would bo to destroy their value to the 
student. 


CABBAIP8 BBOCESS. 

(Page 261, 281 .) 

(8.) -1.3.2. (8.)3, -liVS. and the lirt* of 

g* + (IT- i'x)a! + ( - »^)*+ 6 = 0, which ai» 

± 4 / ( 6 .) (a*-4*)’, { -i(o*-J*)±i(a*+4*) } *. 

(6.) 1, -a ± 8 (7.) * • * (8.) 8. a ± 1^. (».) 8. -4, -4. 

(10.) * ♦ * (11.) * ♦ *, (12.) * * ♦. (12.) One wot to 8.887«+. 
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DESCA.RTEB*S JPSOCEB8. 
(Paoe S68, il8S.) 

Ex. 4, -8, -1 + and -1 - 


BECUJBItlXG EQTTATIONa. 

(Page 855, 291.) 

a.) 8±V8,*(l±V^). (2.) -1, i(9±V77),*(8±V6). 

J, — 8,' — i. (4.) — 1, 4m ± Vjm* — 1, in which m = 

©.) -1, l,t, -1,-1, 4(1 ±v:^). 


(8.) 1,8,. 
l+4(t±V6+30a 

r(i3^ • 

(6.) 2, Jyn ± V^m* ~ 1, in v^hich > 


m = 4 (- 6 ± V6). a.) 2, 4> 2, 4, 4 (1 * ^-8. (8.) |(8 * VS), | (-7*8 V5). 

(9.) 4(V5-1± V-IO-SVS), -4(V5 + 1t V-lo + iVE). (la) 4»» 

± — 1, in which m = 2 (1 ± VS), 


BINOMIAL EQUATIONS. 

(Page 256, 292.) 

(1 to 5.) Seo answers to (45). page 188, and multiply them respectirely by/ 
V 8, V2, VH. (7.) See as above. 


EXPONENTIAL EQUATIONS. 

(Page 266, 209.) 

(2 to 6.) 8.O057+, 11.884+, 8.292+, 0, 0. (8.) 8.597+. (9.) 2.816+. 

log(6± 


(10.) 2.879+. (11.) 8.288+. 


(14.) 


2 log G+log g 


(16.) : 


a2.) 2.001+. 

logg 


(18.) 


log a 


(16.) 2i, 8f. a7.) 


a\«-6 

V 


$108.98, $800.17, $359.87, $865.83, $868.81, $180.61, $181.48, $184.88. 



txmEa^ 


(25.) 7.18, 10J34, 18J88, 20.48 yeare. <2«.) 29.91 yeaw. (27.) $1602.68 
(28.) $1988.97. ($0.) $1197.28. (82.) $4794.52, $8600. (88.) $577.00 

(85.) The former by $629.08. ( 88 .) $500.01. (88.) 13.68 yeata. (88.) $796.87. 

(40.) $8229.70. (41.) Gaina $1756m 

APPENDIX. 


SERIES. 

(Page 275, 311.) . 

(2.) 12,6,0. (8.) 8, 32. (4.) (5.) 1. (6.) -14. 

(Page 276, 313.) 

(4.) -aj», 4-aJ*, Bx\ 6a!^ (5.) -27, 4-9, +3. 82805, 934t5. 

(6.) +3a>*,+2a?. 1093aJ^ 3281a;«. (7.) —4, +4. 192,448. (8.) 

+2x. S7x\ 17a?je. (0.) ~~ x\ - (10.) -1, +4, -0, -4-4. 

56, 84, 120. (11.) +1, -3, 4-3. 26, 34, 43. 


(Page 277, 314.) 

(1.) 4616aJ^ (2.) 17x\ (8.) -a;®. (4.) 2733. (5.) 29526. (6.) 1365. 

(7.) 20. (8.) n{n + l). (0.) 6396ar”. (10.) +1, -5, 

4-10, —10, 4-5. 4-1, —3, 4-3. 4-1, —3, 4-3. 4-3*^, —a;*, 4-2aJ. (11.) n^, 

(12.) 8694. (IS.'i 26. 84, 43, 58, 64. 26a;” 84a!”, 43a!” 63a;” 64a!’*®. 196, 336, 
640, 836, 1210, 1716. 

(Page 270, 313.) 

(2,) No. (8 to 6.) Yos. 

(Page 282, 316.) 

1-* l+« /O, I+® ... 8-:r -(te« 

l-to-jj*"* • • '“•' (T^^ • ’ l-2*-a*-i-2r'’ ' 

(5.) «. («.) sh- ”*• = 


n(n4-l) 

2 


(10.) 278256 ; 


w." -htOn* 4^85w’’ 4-50w-* 4-24» 

. u. 


(11.) 1031560; 


6»i^ -f- 44n* 4- 99n* 4* 61n 
8 


(12.) 60710 ; 
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(18.) r»(«+y+i) . (18,) I. (18.)“. 

<*»•)*• (**•)*• 

<26.) (26.) i. (27.) (28.) *. (29.) (80.) 


PILING BALLS AND SHELLS. 
(Page 287, S22,) 



(1.) 1540, 18244, 903. (2.) 9465. 4324, 85720, 465, 276, 1128. ($.) 7490^ 

8880. (4.) 024 (5.) 2730. (6.) 89556. 


REVERSION OF SERIES. 

(Page 288, S23.) 

(2.) x=zy — y* + 2/9 ^y* + etc. (8.) x = y — 8y* -f- IZp^ — Zip* 4- etc. 

(4.) x = p + + etc. (5;) x = ip — — etc. 

(0.) *=(y-l)-i(jr-l)* + Ji( 3 ^-l)»-iCy-l)‘+ etc. (7.) « = ^ + — * J; — 
+ - + e c. 

INTERPOLATION. 

(Page 290, 325.) 

(2.) 1.794. (5.) r * *). 


rERM VTA TIONS. 

(Page 293, 334:.) 

(1.) 720, 24, 8,628,800. (2.) 720, 42, 210, 840, 2520, 5040, 5040. 120, 21, 

35, 35, 21, 7. 1. (8.) 36, 84. 120, 126, 84, 36, 1. (4.) 72. 504, 8024. (5.) 20. 
(15.) 3«, 21. (7.) 127. (8.^ 479,001,000. (9.) 792. (10) 15. 

:ll. >166,320. 64W,800. (12.) 1023. 

PROBABILITIES. 

(Page 295, 335.) " 

(I.) §8, its ; n. (2.) h h 2:1. 4:3. (4.) 6 to 1. (&.) (* 

(6.) Jf, 6 to 1. (11.) 62if. 









